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The Annals of Mathematics, 2nd Ser.,
Vol. 61, No. 2 (Mar., 1955), p. 197-278.

 
 
 



ii



888   ¹¹¹

Ú Ø . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1

111���ÙÙÙ   ��� 3

§ 1 �nØ�Ä�¯¢ . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3

|" 1 ��½Â . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3

|" 2 ���¡ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3

|" 3 ���E�{ . . . . . . . . . . . . . . . . . . . . . . . . . . . 4

|" 4 ��ÅÜ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6

|" 5 ��òÿÚ�� . . . . . . . . . . . . . . . . . . . . . . . . . . 6

|" 6 ��Ú�� . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7

|" 7 f�Úû� . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8

|" 8 ��Ó� . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8

|" 9 ���Ú . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9

|" 10 ��ÜþÈ . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9

|" 11 ü���Ó�Þ� . . . . . . . . . . . . . . . . . . . . . . . . 11

§ 2 và�� . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11

|" 12 �
½Â . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11

|" 13 và��Ì�5� . . . . . . . . . . . . . . . . . . . . . . . . 12

|" 14 và�þ��
$� . . . . . . . . . . . . . . . . . . . . . . . 14

|" 15 và�� . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15

|" 16 UC� . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16

iii



8 ¹ 8 ¹

|" 17 và��òÿÚ�� . . . . . . . . . . . . . . . . . . . . . . . 16

§ 3 ÿÀ�m��XêþÓN . . . . . . . . . . . . . . . . . . . . . . . . 17

|" 18 mCX¤½Â�þó . . . . . . . . . . . . . . . . . . . . . . . 17

|" 19 ü/Ü|$� . . . . . . . . . . . . . . . . . . . . . . . . . . . 17

|" 20 þóE/ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18

|" 21 mCX�\[ . . . . . . . . . . . . . . . . . . . . . . . . . . . 19

|" 22 X ���3� F ¥�þÓN+ . . . . . . . . . . . . . . . . . 20

|" 23 ��Ó� . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21

|" 24 ��ÜS�µ���/ . . . . . . . . . . . . . . . . . . . . . . 21

|" 25 ��ÜS�µ X �;��/ . . . . . . . . . . . . . . . . . . . 23

|" 26 4f�m�þÓN . . . . . . . . . . . . . . . . . . . . . . . . 24

§ 4 ØÓmCXe�þÓN+�m�'� . . . . . . . . . . . . . . . . . . 25

|" 27 VE/ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25

|" 28 dü�mCX¤½Â�VE/ . . . . . . . . . . . . . . . . . . 26

|" 29 A^ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27

111���ÙÙÙ   ���êêêõõõ���NNN — ������õõõ���NNNþþþ������êêê555vvvààà��� 31

§ 1 �êõ�N . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31

|" 30 Noether �m . . . . . . . . . . . . . . . . . . . . . . . . . . . 31

|" 31 ���m�ÛÜ4f8 . . . . . . . . . . . . . . . . . . . . . . 32

|" 32 �~N� . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33

|" 33 ¦È . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34

|" 34 �êõ�N(��½Â . . . . . . . . . . . . . . . . . . . . . . 35

|" 35 �~N�§p�(�§¦È . . . . . . . . . . . . . . . . . . . 36

|" 36 Ø��õ�Nþ�kn¼ê� . . . . . . . . . . . . . . . . . . 37

§ 2 �ê5và� . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39

|" 37 �êõ�N�(�� . . . . . . . . . . . . . . . . . . . . . . . 39

iv



8 ¹ 8 ¹

|" 38 �ê5và� . . . . . . . . . . . . . . . . . . . . . . . . . . . 40

|" 39 4fN¤½Â�n�� . . . . . . . . . . . . . . . . . . . . . . 40

|" 40 ©ªn�� . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41

|" 41 �þm��)� . . . . . . . . . . . . . . . . . . . . . . . . . . 41

§ 3 ��õ�Nþ��ê5và� . . . . . . . . . . . . . . . . . . . . . . 42

|" 42 ��õ�N . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42

|" 43 Ø��õ�N�A�Ä�5� . . . . . . . . . . . . . . . . . . 43

|" 44 þÓN+��²5 . . . . . . . . . . . . . . . . . . . . . . . . 44

|" 45 ��õ�Nþ��ê5và���¡ . . . . . . . . . . . . . . 46

|" 46 ��õ�N���3���ê5và�¥�þÓN+ . . . . . 47

|" 47 �êõ�N���mCX . . . . . . . . . . . . . . . . . . . . 48

§ 4 k�.�Ú�ê5và��m�éA'X . . . . . . . . . . . . . . . 49

|" 48 ���)� . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49

|" 49 �ê5���)� . . . . . . . . . . . . . . . . . . . . . . . . 50

|" 50 Ý��Ú�þm . . . . . . . . . . . . . . . . . . . . . . . . . . 51

111nnnÙÙÙ   ���KKKõõõ���NNNþþþ������êêê555vvvààà��� 53

§ 1 �Kõ�N . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53

|" 51 eZPÒ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53

|" 52 �K�m�fN�þÓN . . . . . . . . . . . . . . . . . . . . 54

|" 53 Ø���ê��þÓN . . . . . . . . . . . . . . . . . . . . 55

§ 2 ©g���K�mþ��ê5và� . . . . . . . . . . . . . . . . . . 56

|" 54  £$� F (n) . . . . . . . . . . . . . . . . . . . . . . . . . . 56

|" 55 F (n) ��¡ . . . . . . . . . . . . . . . . . . . . . . . . . . . 57

|" 56 ©g� . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 58

|" 57 ©g S ���)�ê5� . . . . . . . . . . . . . . . . . . . . 59

|" 58 ¼f M̃ ��
Ä�5� . . . . . . . . . . . . . . . . . . . . . 60

v



8 ¹ 8 ¹

|" 59 �ê5���)©g S � . . . . . . . . . . . . . . . . . . . . 61

|" 60 �ê5và���/ . . . . . . . . . . . . . . . . . . . . . . . 63

§ 3 �K�m���3�ê5và�þ�þÓN . . . . . . . . . . . . . . 63

|" 61 E/ C•
k(M) Ú C•(M) . . . . . . . . . . . . . . . . . . . . . . 63

|" 62 é,
 M äN/O� Hq
k(M) . . . . . . . . . . . . . . . . . . 65

|" 63 Hq(M) �Ä�5� . . . . . . . . . . . . . . . . . . . . . . . . 67

|" 64 + Hq(M) Ú+ Hq(X, M̃) �'� . . . . . . . . . . . . . . . . . 68

|" 65 �
A^ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 69

|" 66 �Kõ�Nþ��ê5và� . . . . . . . . . . . . . . . . . . 70

|" 67 ��Ö¿ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71

§ 4 �¼f Extq
S �'X . . . . . . . . . . . . . . . . . . . . . . . . . . . . 72

|" 68 ¼f Extq
S . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 72

|" 69 r Hq
k(M) )º� Extq

S . . . . . . . . . . . . . . . . . . . . . . 73

|" 70 ¼f Tq(M) �½Â . . . . . . . . . . . . . . . . . . . . . . . . 74

|" 71 Tr(M) �(½ . . . . . . . . . . . . . . . . . . . . . . . . . . . 75

|" 72 Tq(M) �(½ . . . . . . . . . . . . . . . . . . . . . . . . . . . 77

§ 5 3�ê5và�þ�A^ . . . . . . . . . . . . . . . . . . . . . . . . 78

|" 73 ¼f Extq
S Ú Extq

Ox
�'X . . . . . . . . . . . . . . . . . . . . 78

|" 74 � n → +∞�þÓN+ Hq(X, F (−n)) ��²5 . . . . . . . . 80

|" 75 ²wõ�N . . . . . . . . . . . . . . . . . . . . . . . . . . . . 81

|" 76 �5õ�N . . . . . . . . . . . . . . . . . . . . . . . . . . . . 82

|" 77 k {.õ�N�ÓNªA�5� . . . . . . . . . . . . . . . . . 83

|" 78 ����N . . . . . . . . . . . . . . . . . . . . . . . . . . . . 85

§ 6 «5¼êÚ�âº� . . . . . . . . . . . . . . . . . . . . . . . . . . . 86
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§ 1 ���nnnØØØ���ÄÄÄ���¯̄̄¢¢¢

|" 1 ������½½½ÂÂÂ

� X ´��ÿÀ�m"X þ��� Abel +�£½{¡�¤́ de¡�
��
¤|¤�µ

(a) ��¼ê x 7→ Fx §§rz�: x ∈ X ÑéA��� Abel + Fx §
(b) ��ÿÀ§½Â3ù
8Ü Fx �Ã�¿8 F þ"

e f ´ Fx ¥�����§K·�- π(f) = x §¿�rù�N� π ¡�l F �
X þ�ÝK¶ F ×F ¥���f8§=d÷v π(f) = π(g) ���| (f, g) ¤|¤
�8Ü§·�P�� F ⊕ F "

Äuù
½Â§·�y3�±�ã (a) Ú (b) ¤I÷v�ü^únµ

(I) é?¿ f ∈ F §þ�é� f ����� V Ú π(f) ����� U §¦� π 3
V þ���´ V � U þ���Ó�"

£�é{`§ π 7L´��ÛÜÓ�¤"

(II) N� f 7→ −f ´ F � F ���ëYN�§¿�N� (f, g) 7→ f + g ´ F ⊕
F � F ���ëYN�"

·��±*	�§=¦ X ´©l�£·�òØb�ù�^�¤á¤§ F ��
7´©l�§¼êÞ��~fÒ�±`²ù�: (ëì |" 3)"

��~f — G ´�� Abel +§é?¿ x ∈ X §- Fx = G §K8Ü F �±
�Óu¦È X × G §·�2�§D�¦ÈÿÀ§= X þ�ÿÀ� G þ�lÑÿÀ
�¦È§ùÒ�����§¡� G Xê�~��§Ï~�P� G"

|" 2 ���������¡¡¡

� F ´�m X þ����§¿� U ´ X ���f8"¤¢ F 3 U þ��

3



4 1�Ù �

¡§´�ù���ëYN� s : U 7→ F §§¦� π ◦ s Ò´ U �g��ðÓN
�"lé?¿ x ∈ U §þk s(x) ∈ Fx"·�r F 3 U þ��N�¡�8ÜP
� Γ(U,F ) ¶ún (II) L² Γ(U,F ) ´�� Abel +"e U ⊆ V §¿� s ´ V þ�
���¡§K s 3 U þ���´ U þ����¡¶����Ó� ρV

U : Γ(V, F ) →
Γ(U,F )"

e U 3 X ¥´m�§K s(U) 3 F ¥´m�§¿�XJ U �H X ���ÿÀ
Ä§K s(U) ��H F ���ÿÀÄµùØL´ún (I) ,�«Lã�ª"

5¿�ún (I) kù���íØµé?¿ f ∈ Fx §þ�é����¡ s §½Â
3 x �,���þ§�÷v s(x) = f §?ekü��¡Ñäkù�5�§K§
�3 x ��������þ´Ü�"�é{`§ Fx Ò´ù
 Γ(U,F ) ÷X x �
��È�kS8�8B4�"

|" 3 ���������EEE���{{{

b�é?¿m8 U ⊆ X Ñ�
�� Abel + F [U ] §¿�é?¿�ém8 U ⊆
V §Ñ�
��Ó� ϕV

U : F [V ] → F [U ] §�¦�D45^� ϕV
U ◦ ϕW

V = ϕW
U éu

z�| U ⊆ V ⊆ W Ñ´¤á�"

lù
 (F [U ], ϕV
U ) ÑuÒ�±½ÂÑ��� F §1 �{Xeµ

(a) ·�- Fx = lim−→F [U ]£ù�8B4�´÷X x �m�� U �È�kS8
��¤"le x á3m8 U �¥§Kk��;�Ó� ϕU

x : F [U ] → Fx"

(b) � t ∈ F [U ] §·�^ t(U) 5L«Ã ϕU
x (t) ¤|¤�8Ü§Ù¥ x �H U §

Kk t(U) ⊆ F §y3·�� F D�dù
 t(U) ¤)¤�ÿÀ"ù��5§�
� f ∈ Fx 3 F ¥�����Ä 2 Ò´dù��
8Ü t(U) ¤|¤�§Ù¥ x ∈
U � ϕU

x (t) = f"

�±á=�y (a) Ú (b) ¥�ù
��÷vún (I) Ú (II)§�é{`§ F (¢
´���"·�r§¡�dù| (F [U ], ϕV

U ) ¤½Â��"

e t ∈ F [U ] §KN� x 7→ ϕU
x (t) ´ F 3 U þ����¡¶�k��;�Ó

� ι : F [U ] → Γ(U,F )"

···KKK 1. – �
¦ ι : F [U ] → Γ(U,F ) ´ü� 3§7L��Ie¡�^�´¤á
�µ

éu���� t ∈ F [U ] §XJ�±é� U ���mCX (Ui) §¦�é?¿ i §
þk ϕU

Ui
(t) = 0 §Kk t = 0 "

1È5µ�5rù| (F [U ], ϕV
U ) ¡�/ý�0§r§��Ñ5��¡�/ý��©Y�0"

2È5µ½¡/Ä���|0"
3�P� (ëì [1]) ¤¢��N� f : E → E′ ´ü�§´� f(e1) = f(e2) %º e1 = e2 §¤¢§

´÷�§´� f(E) = E′ §¤¢§´���§´�§Q´ü�q´÷�"
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e t ∈ F [U ] ÷vþã^�§Kk

ϕU
x (t) = ϕUi

x ◦ ϕU
Ui

(t) = 0

Ù¥ x ∈ Ui §ùÒ¿�X ι(t) = 0"�L5§b�·�k ι(t) = 0 §Ù¥ t ∈
F [U ] §KÏ�éu x ∈ U k ϕU

x (t) = 0 §�·��±é� x ���m�� U(x) §
¦� ϕU

U(x)(t) = 0 §ù´�â8B4��½Â"u´ù
 U(x) �¤ U ���mC
X§¿�÷vþã^�"

···KKK 2. – � U ´ X ���m8§¿b�é?¿m8 V ⊆ U § ι : F [V ] →
Γ(V, F ) Ñ´ü�"K�
¦ ι : F [U ] → Γ(U,F ) ´÷�£l´���¤§7L
��Ie¡�^�´¤á�µ

éu U �?¿mCX {Ui}§Ú?¿�|�� ti ∈ F [Ui] §��éz�é (i, j) §
þk ϕUi

Ui∩Uj
(ti) = ϕ

Uj

Ui∩Uj
(tj) §K7�é� t ∈ F [U ] §¦�é?¿ i §þk ϕU

Ui
(t) =

ti "

^�´7��µz� ti Ñ½Â
 Ui þ����¡ si = ι(ti) §�3 Ui ∩ Uj þ·
�k si = sj ¶l�±é� U þ����¡ s §¦�é?¿ i §§3 Ui þÑÜ
u si ¶e ι : F [U ] → Γ(U,F ) ´÷�§K�±é� t ∈ F [U ] §¦� ι(t) = s"e
·�- t′i = ϕU

Ui
(t) §K t′i 3 Ui þ¤½Â��¡fÐÒ´ si ¶�� ι(ti − t′i) = 0 §

ùÒL«` ti = t′i §Ï� ι ®b�´ü�"

^�´¿©�µe s ´ F 3 U þ����¡§K�±é� U ���mCX
{Ui}§Ú�|�� ti ∈ F [Ui] §¦� ι(ti) Ò�u s 3 Ui þ���¶dd��§�
� ϕUi

Ui∩Uj
(ti) Ú ϕ

Uj

Ui∩Uj
(tj) 3 Ui ∩ Uj þ½Â
Ó���¡§l´���§ù´

�âé ι ¤��b�"e t ∈ F [U ] ÷v ϕU
Ui

(t) = ti §K ι(t) 3z� Ui þÑ� s 
Ü§l3 U þÜ§y²�."

···KKK 3. – e F ´ X þ��� Abel +�§Kd (Γ(U,F ), ρV
U ) ¤½Â���±

;�Ó�u F "

ù�d |" 2 ¥¤`�'u�¡�@
5�á�"

·K 3 L²§z���Ñ�±^·���| (F [U ], ϕV
U ) 5½Â"5¿�Ø

Ó�|k�U¬½ÂÑÓ��� F ¶,e·��¦ù| (F [U ], ϕV
U ) ÷v·

K 1 Ú 2 ¥�@
^� 4§K£3����Ó��¿Âe¤§ù�|´���¶§
Ò´d (Γ(U,F ), ρV

U ) ¤|¤�"

~f — � G ´�� Abel +§·�� F [U ] ´ U þ� G �¼ê�8Ü¶2½
Â ϕV

U : F [V ] → F [U ] Ò´¼ê���"ù�·�Ò���| (F [U ], ρV
U ) §?

����� F §¡� G �¼êÞ�"éN´�y (F [U ], ϕV
U ) ÷v·K 1 Ú 2 ¥�

^�¶dd��§·��±r F 3m8 U þ��¡�Óu F [U ] ¥���"
4È5µù
^��5Ò�¡�/��^�0½ö/��ún0"
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|" 4 ������ÅÅÅÜÜÜ

� F ´ X þ����§¿� U ´ X ���f8§K8Ü π−1(U) ⊆ F ë
Ó F 3Ùþ¤p��ÿÀÒ�¤ U þ����§¡� F 3 U þ�c\�§�
P� F |U£$���¤ F §��Ø¬��Ø)¤"

·�e¡5`²§�L5�±l X �mCXþ��
�Ñu½ÂÑ X þ��
��µ

···KKK 4. – � U = {Ui}i∈I ´ X ���mCX§éz� i ∈ I §� Fi ´ Ui þ��
��¶é?¿�| (i, j) §� θij ´ Fj|Ui∩Uj

� Fi|Ui∩Uj
���Ó�¶b�é?¿�

| (i, j, k) §3 Ui ∩ Uj ∩ Uk �¤k:?þk θij ◦ θjk = θik "
K·�k��� F §±9éz� i ∈ I l F |Ui

� Fi ���Ó� ηi §¦�
3 Ui ∩ Uj �¤k:?þk θij = ηi ◦ η−1

j "?§ F Úù
 ηi �þã^�¤�
�(½§3��Ó��¿Âe"

{F , ηi}���5´w,�¶�
y²�35§·��±�{r F ½Â�
ù
 Fi �Ú�m�,�û�m"·�òÌ�æ^ |" 3 ¥��{µéu X ¥��
�m8 U §� F [U ] ´ù���+§Ù¥�z���Ò´ù��| {sk}k∈I §Ù
¥ sk ∈ Γ(U ∩ Uk, Fk) §¿�3 U ∩ Uj ∩ Uk þk sk = θkj(sj) ¶e U ⊆ V §K
�±^²w��{5½Â ϕV

U"Kdù| (F [U ], ϕV
U ) ¤½Â��Ò´·�¤��

� F ¶?§e U ⊆ Ui §Kr�| {sk} ∈ F [U ] éA��� si ∈ Γ(Ui, Fi) �N
�Ò´��l F [U ] � Γ(U,Fi) Ó�§ù´�âD45^�¶u´·�����
Ó� ηi : F |Ui

→ Fi §§w,Ò÷vþ¡�^�"

·�r� F ¡�dù
� Fi /ÏÓ� θij ÅÜ¤�"

|" 5 ������òòòÿÿÿÚÚÚ������

� X ´��ÿÀ�m§ Y ´ X ���4f�m§ F ´ X þ����"¤
¢ F 8¥3 Y þ§½ö3 Y �	�u 0 §´�é?¿ x ∈ XrY §þk Fx = 0"

···KKK 5. – e� F 8¥3 Y þ§KÓ�

ρX
Y : Γ(X, F ) −→ Γ(Y, F |Y )

´���"

e F 3 X þ����¡3 Y þ�u 0 §K§??�u 0 §Ï�éu x /∈ Y o
k Fx = 0 §ùÒy²
 ρX

Y ´ü�"�L5§� s ´ F |Y 3 Y þ����¡§K
·��±r s òÿ� X þ§=3 x /∈ Y ?- s(x) = 0 ¶N� x 7→ s(x) 3 X r Y þ
w,´ëY�¶,��¡§e x ∈ Y §K�±é� F 3 x �,��� U þ���
�¡ s′ §¦� s′(x) = s(x) ¶du s 3 Y þ´ëY�§ù´�âcJ^�§��
é� x ����¹3 U ¥��� V §¦�é?¿ y ∈ V ∩ Y §þk s′(y) = s(y) ¶
du� y /∈ Y � Fy = 0 §�éu y ∈ V r (V ∩ Y ) §·��k s′(y) = s(y) ¶l
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 s Ú s′ 3 V þ´Ü�§ùÒy²
 s 3 Y ���þ´ëY�§l§´??
ëY�"Ïd ρX

Y ´÷�§ùÒ�¤
y²"

y3·�5y²§� F |Y �±��/(½� F µ

···KKK 6. – � Y ´ÿÀ�m X ���4f�m§ G ´ Y þ����"éu x ∈
Y §- Fx = Gx §�éu x /∈ Y §- Fx = 0 §¿� F ´ù
 Fx �Ã�¿8"K
�±� F D���½Â3 X þ��(�§¦� F |Y = G §¿�ù��(�´�
��"

� U ´ X ���m8¶e s ´ G 3 U ∩ Y þ����¡§K�±r s 3 U r
(U∩Y ) þ?1"òÿ¶u´� s �H Γ(U∩Y, G ) �§·�Ò����l U � F �
N�+ F [U ]"·K 5 L²§e� F D�ù���(�§¦�÷v F |Y = G §
Kk F [U ] = Γ(U,F ) §ùÒy²
�(����5"§��35��±Ï
L |" 3 ¥��{5��§��rT�{A^� F [U ] Ú��Ó� ϕV

U : F [V ] →
F [U ] þ"

·�r� F ¡�d� G ÏL3 Y �	?1"òÿ���§P� G Y §$�
{P� G §��Ø¬��Ø)"

|" 6 ������ÚÚÚ������

|" 1 ¥¤½Â�����u Abel +�"´�aq�½Â�{�·^u?¿��
ê(�£$��±½Â/8Ü�0§d� Fx þvk?Û�ê(�§¯K��9ú
n (I)¤"3e©¥§·�òÌ�?Ø��Ú��µ

�� A ´�ù��� Abel +� Ax § x ∈ X §Ù¥z� Ax Ñ�k���(
�§¿�N� (f, g) 7→ f.g ´ A + A � A ���ëYN�£PÒ� |" 1 �Ó¤"·
�ob�z� Ax Ñäkü �§��X x ëYCz"

e A ´��÷vþã^����§K Γ(U,A ) ´��¹ü ���§¿�é
u U ⊆ V § ρV

U : Γ(V, A ) → Γ(U,A ) ´��;ªÓ�"�L5§e�
�|¹ü
 ��� A [U ] §9�|;ªÓ� ϕV

U : A [V ] → A [U ] §�÷v ϕV
U ◦ ϕW

V = ϕW
U §

Kdù| (A [U ], ϕV
U ) ¤½Â�� A Ò´����"Þ~5`§e G ´��¹ü

 ���§K G �¼êÞ�£½Â� |" 3¤́ ����"

� A ´����"¤¢��� F ´�� A ��§´�z� Fx Ñ�k���
ü �� Ax �(�£�²(å�§�Ä��¤§��X x/ëY0/Cz§¿
g´`µe A + F ´ A × F �ù���f8§d�N÷v π(a) = π(f) ���
| (a, f) ¤|¤§KN� (a, f) 7→ a.f ´ A + F � F ���ëYN�"

e F ´�� A ��§K Γ(U,F ) ´ Γ(U,A ) þ����ü ���"�L
5§b� A ´d�| (A [U ], ϕV

U ) ¤½Â�§¿� F ´dù��| (F [U ], ψV
U ) ¤

½Â��§Ù¥z�� F [U ] Ñ´���ü �� A [U ] �§¿�éu a ∈ A [V ], f ∈
F [V ] §ok ψV

U (a.f) = ϕV
U (a).ψV

U (f) §K F ´�� A ��"
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?Û Abel +�Ñ�±w�´�� Z ��§ùp� Z ´�Ó�u�ê��~�
�"Ïd·�3e¡�±�u�Ä��"

|" 7 fff���ÚÚÚûûû���

� A ´����§ F ´�� A ��"é?¿ x ∈ X §� Gx ´ Fx ���f
8"¤¢ G =

⋃
Gx ´ F ���f�§´�µ

(a) é?¿ x ∈ X § Gx Ñ´ Fx ��� Ax f�§
(b) G ´ F ���mf8"

^� (b) ��±L�¤e¡�/ªµ

(b′) e x ´ X ���:§¿� s ´ F 3 x �,���þ����¡§�÷
v s(x) ∈ Gx §Ké?¿¿©�C x � y §þk s(y) ∈ Gy "

´�§eù
^���÷v§K G ´�� A ��"

� G ´ F ���f�§¿�é?¿ x ∈ X §- Hx = Fx/Gx"·�� H =⋃
Hx D� F �ÿÀe�ûÿÀ§KN´wÑ§ù�Ò�±���� A ��§

¡� F Ø± G ��û�§�P� F/G "·���±¦^ |" 3 ¥��{5�Ñ
��,	�½Âµ=e U ´ X ���m8§K- H[U ] = Γ(U,F )/Γ(U,G ) §¿
� ϕV

U Ò´ÏLé ρV
U : Γ(V, F ) → Γ(U,F ) �û���Ó�¶u´ù| (H [U ],

ϕV
U ) ¤½Â��fÐÒ´ H "

H �þã?Û��½ÂÑL²§e s ´ H 3 x ���þ����¡§K�
±é� F 3 x ���þ����¡ t §¦�3?¿¿©�C x � y ?§ t(y) mod
Gy ��daÑ�u s(y)"·���§ù�¯3�Nþ��´Øé�µ=e U ´
X ���m8§K·�=k�ÜS�µ

0 −→ Γ(U,G ) −→ Γ(U,F ) −→ Γ(U,H ) §

Ó� Γ(U,F ) → Γ(U,H ) ��5`Ø´÷� (ëì |" 24)"

|" 8 ������ÓÓÓ���

� A ´����§ F Ú G ´ü� A ��"K F � G ��� A Ó�£= A �
5Ó�§½{¡Ó�¤́ �é?¿ x ∈ X §þ�Ñ
�� Ax Ó� ϕx : Fx →
Gx §�¦�dù
 ϕx ¤½Â�Ó� ϕ : F → G ´ëY�"ù�^���±L
�¤ù�µe s ´ F 3 U þ����¡§K x 7→ ϕx(s(x)) ´ G 3 U þ����
¡£·�òr§P� ϕ(s) §½ö ϕ◦s ¤"Þ~5`§e G ´ F ���f�§K¹
\ G → F ÚÝK F → F/G Ñ´Ó�"

···KKK 7. – � ϕ ´ F � G ���Ó�"é?¿ x ∈ X §� Nx ´ ϕx �Ø§¿
� Ix ´ ϕx ��"K N =

⋃
Nx ´ F ���f�§ I =

⋃
Ix ´ G ���f

�§¿� ϕ ½Â
 F/N � I ���Ó�"
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Ï� ϕx ´�� Ax Ó�§¤± Nx Ú Ix ©O´ F Ú G �f�§¿� ϕx ½Â

 Fx/Nx � Ix ���Ó�",��¡§e s ´ F ���ÛÜ�¡§�÷v s(x) ∈
Nx §Kk ϕ ◦ s(x) = 0 §Ïéu¿©�C x � y §·�Ñk ϕ ◦ s(y) = 0 §�
� s(y) ∈ Ny §ùÒy²
 N ´ F ���f�"e t ´ G ���ÛÜ�¡§�
÷v t(x) ∈ Ix §K�±é� G ���ÛÜ�¡ s §¦� ϕ ◦ s(x) = t(x) §l
3 x ���þk ϕ ◦ s = t §ùÒy²
 I ´ G ���f�§�Ó�u F/N "

·�r� N ¡� ϕ �Ø§�P� Ker(ϕ) ¶r� I ¡� ϕ ��§�P� Im(ϕ) ¶
r� G /I ¡� ϕ �{Ø§�P� Coker(ϕ)"¤¢��Ó� ϕ ´ü�§´�z
� ϕx Ñ´ü�§ù��du Ker(ϕ) = 0 ¶¤¢§´÷�§´�z� ϕx Ñ´÷
�§ù��du Coker(ϕ) = 0 ¶¤¢§´���§´�§Q´ü�q´÷�§d
�·K 7 L²§§´ F � G ���Ó�§¿� ϕ−1 �´��Ó�"¤k'u�Ó
��@
½ÂÑ�±����Ó�þ¶'X`§¤¢��Ó�S�´�Ü�§´
�z��Ó���ÑÜue��Ó��Ø"e ϕ : F → G ´��Ó�§KS�

0 −→ Ker(ϕ) −→ F −→ Im(ϕ) −→ 0

0 −→ Im(ϕ) −→ G −→ Coker(ϕ) −→ 0

Ñ´�ÜS�"

e ϕ ´ F � G ���Ó�§KN� s 7→ ϕ ◦ s ´��l Γ(U,F ) � Γ(U,G ) �
Γ(U,A ) Ó�"�L5§b� A , F , G ©O´d (A [U ], ϕV

U ), (F [U ], ψV
U ), (G [U ],

χV
U ) ¤½Â�£Uì |" 6 ��{¤§¿�é?¿m8 U ⊆ X §Ñ�
�� A [U ] Ó

� ϕU : F [U ] → G [U ] §÷v χV
U ◦ ϕV = ϕU ◦ ψV

U §KÏL�8B4�§ù
 ϕU �
±½ÂÑ��Ó� ϕ : F → G "

|" 9 ���������ÚÚÚ

� A ´����§ F Ú G ´ü� A ��¶é?¿ x ∈ X §·�Ñ�±�
Ñ Fx Ú Gx �����Ú Fx+Gx §K Fx+Gx ¥�����Ò´����| (f, g) §
Ù¥ f ∈ Fx � g ∈ Gx"� H Ò´ù
 Fx + Gx �Ã�¿8§Ù¥ x �H X §
K�±r H �Óu F × G �ù���f8§d¤k÷v π(f) = π(g) ���
| (f, g) ¤|¤"e·�� H D�d F × G ¤p��ÿÀ§KéN´�y H ´
�� A ��¶¡� F Ú G ��Ú§¿�P� F + G "F + G 3m8 U ⊆ X þ
�z���¡Ñäk x 7→ (s(x), t(x)) �/G§Ù¥ s Ú t ©O´ F Ú G 3 U þ�
�¡"��`{Ò´§ Γ(U,F + G ) Ó�u�Ú Γ(U,F ) + Γ(U,G )"

ù��Ú�½Â�±8B/*Ð�k�� A ��þ"AO/§·�òr p �
Ó�u F ����Ú�P� F p"

|" 10 ������ÜÜÜþþþÈÈÈ

� A ´����§ F ´�� A m��§ G ´�� A ���"é?¿ x ∈
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X §- Hx = Fx ⊗Ax Gx ('Xëì [6], 1 II Ù § 2)¶� H ´ù
 Hx �Ã�¿
8"

···KKK 8. – 38Ü H þTÐk�����(�÷ve¡�^�µe s Ú t ©O
´ F Ú G 3m8 U þ��¡§KN� x 7→ s(x) ⊗ t(x) ∈ Hx ´ H 3 U þ���
�¡"

·�rù�½ÂÑ5�� H ¡� F Ú G 3 A þ�ÜþÈ§�P�� F ⊗A

G ¶eù
 Ax Ñ´���§K§´�� A ��"

e H þ�k��÷v¤ã^���(�§¿� si Ú ti ©O´ F Ú G 3m
8 U ⊆ X þ��¡§KN� x 7→

∑
si(x) ⊗ ti(x) ´ H 3 U þ����¡"y

3?Û h ∈ Hx Ñ�±�¤ h =
∑

fi ⊗ gi �/G§Ù¥ fi ∈ Fx, gi ∈ Gx §l�
�±�¤

∑
si(x) ⊗ ti(x) �/G§Ù¥ si Ú ti Ñ´½Â3 x �,��� U þ��

¡¶dd��§ H �?Û�¡3ÛÜþÑ7,�uþã/G����¡§ùÒ
y²
 H þ��(����5"

y3y²Ù�35"·��±b� A , F , G ©O´d (A [U ], ϕV
U ), (F [U ], ψV

U ),
(G [U ], χV

U ) ¤½Â�£Uì |" 6 ��{¤"y3- H [U ] = F [U ] ⊗A [U ] G [U ] §K
ù
Ó� ψV

U Ú χV
U ÏL�ÜþÈ½Â
Ó� ηV

U : H [V ] → H [U ] ¶?§·
�k limx∈U H [U ] = limx∈U F [U ] ⊗Ax limx∈U G [U ] = Hx£�âÜþÈ�8B4
����5§'Xëì [6], 1 VI Ù, SK 18¤"ldù
 (H [U ], ηV

U ) ¤½Â
���±�Óu H §¿� H dd¼�
���(�§w,÷v¤ã^�"�
�§eù
 Ax Ñ´���§K�±b�ù
 A [U ] �Ñ´Xd£�I� A [U ] ´
� Γ(U,A ) ¤§l H [U ] ´�� A [U ] �§ H ´�� A ��"

y3� ϕ ´ F � F ′ ��� A Ó�§ ψ ´ G � G ′ ��� A Ó�§K ϕx⊗ψx ´
��Ó�£��5`´ Abel +Ó�§� Ax ���§K´ Ax �Ó�¤§¿
� F ⊗A G �½ÂL²§ù| ϕx ⊗ ψx ´ F ⊗A G � F ′ ⊗A G ′ ���Ó�¶·
�rù�Ó�P� ϕ ⊗ ψ ¶e ψ ´ðÓN�§K·�^PÒ ϕ �� ϕ ⊗ 1"

¤k'uü���ÜþÈ�~55�Ñ�±��ü����ÜþÈþ"Þ~5
`§?Û�ÜS�

F −→ F ′ −→ F ′′ −→ 0

Ñ�±�)���ÜS�µ

F ⊗A G −→ F ′ ⊗A G −→ F ′′ ⊗A G −→ 0 "

·�k;�Ó�µ

F ⊗A (G1 + G2) ∼= F ⊗A G1 + F ⊗A G2 , F ⊗A A ∼= F "

¿�£�
{zPÒ§b� Ax Ñ´���¤µ

F ⊗A G ∼= G ⊗A F , F ⊗A (G ⊗A K ) ∼= (F ⊗A G ) ⊗A K "



§ 2. và�� 11

|" 11 üüü���������ÓÓÓ���ÞÞÞ���

� A ´����§ F Ú G ´ü� A ��"e U ´ X ���m8§K·��
H [U ] ´ F |U � G |U �Ó�+£·�r/F |U � G |U �Ó�0�¡�/F � G �
½Â3 U þ�Ó�0¤"Ó����$�½Â
 ϕV

U : H [V ] → H [U ] ¶·�rù
| (H [U ], ϕV

U ) ¤½Â��¡� F � G �Ó�Þ�§�P� HomA (F , G )"eù

 Ax Ñ´���§K HomA (F , G ) ´�� A ��"

HomA (F , G )x ¥�����§�� F � G ���½Â3 x �,���þ�
Ó�Þ§��/½Â
��l Fx � Gx � Ax Ó�¶�k��;�Ó�

ρ : HomA (F , G )x −→ HomAx(Fx, Gx) "

,§��8c��·����@
$�ØÓ§Ó� ρ ��5`Ø´���¶·
�ò3 |" 14 ¥�Ñ��¦�¤���N��¿©^�"

e ϕ : F ′ → F Ú ψ : G → G ′ ´ü�Ó�§K·��±^²w��{½ÂÑ�
�Ó�

HomA (ϕ, ψ) : HomA (F , G ) −→ HomA (F ′, G ′) "

?Û�ÜS� 0 → G → G ′ → G ′′ Ñ�±ÚÑ���ÜS�µ

0 −→ HomA (F , G ′) −→ HomA (F , G ′′) −→ HomA (F , G ) "

·��k;�Ó�µ HomA (A , G ) ∼= G §

HomA (F , G1 + G2) ∼= HomA (F , G1) + HomA (F , G2) §

HomA (F1 + F2, G ) ∼= HomA (F1, G ) + HomA (F2, G ) "

§ 2 vvvààà������

3�!¥§ X L«��ÿÀ�m§ A L« X þ�����"b�¤k Ax (x ∈
X) Ñ´���§¿�äk��ü �§�X x ëYCz"�� |" 16§·��Ä�
�Ñ´ A ��§¿�¤kÓ�Ñ´ A Ó�"

|" 12 ���


½½½ÂÂÂ

� F ´�� A ��§¿� s1, . . . , sp ´ F 3m8 U ⊆ X þ��|�¡"e·

�r Ax ¥��|�� f1, . . . , fp éA� Fx ¥���
p∑

i=1

fi.si(x) §K�±����

Ó� ϕ : A p → F §½Â3m8 U þ£�O(/`§ ϕ ´ A p|U � F |U ���Ó
�§ù´3 |" 4 �PÒe¤"Ó� ϕ �Ø R(s1, . . . , sp) ´ A p ���f�§¡�ù
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 si �m�'X�¶ ϕ ��Ò´ù
 si 3 F ¥¤)¤�f�"�L5§?Û��
Ó� ϕ : A p → F Ñ½Â
 F ��|�¡ s1, . . . , sp §=ÏLe¡�úªµ

s1(x) = ϕx(1, 0, . . . , 0) , . . . , sp(x) = ϕx(0, . . . , 0, 1) "

½½½ÂÂÂ 1. – ¤¢�� A �� F ´k�.�§´�§3ÛÜþ�dk���¡¤
)¤"

�é{`§é?¿: x ∈ X §þ�é����¹ x �m8 U §Ú F 3 U þ
�k���¡ s1, . . . , sp §¦�é?¿ y ∈ U § Fy ¥�?Û��Ñ�±�¤ù

 si(y) ��� Ay Xê��5|Ü"�âþ¡¤ã§ù���u`§ F 3 U þ�
���±Ó�u,�� A p �û�"

···KKK 1. – � F ´��k�.�"e s1, . . . , sp ´ F ��|�¡§½Â3: x ∈
X �,���þ§¿�)¤ Fx §Ké?¿¿©�C x � y §§��U)¤ Fy "

Ï� F ´k�.�§¤±·�U F 3 x ���þ�k���¡§�� t1, . . . , tq §
¦�éu¿©�C x � y §§�Ñ�±)¤ Fy"Ï�ù
 sj(x) ��±)¤ Fx §

¤±·�U
3 x ���þé��|�¡ fij §¦� ti(x) =
p∑

j=1

fij(x).sj(x) ¶Ï

éu¿©�C x � y §·�kµ

ti(y) =

p∑
j=1

fij(y).sj(y) §

ùÒL«`§ù
 sj(y) ��±)¤ Fy §y²�."

½½½ÂÂÂ 2. – ¤¢�� A �� F ´và�§´�µ
(a) F ´k�.�§
(b) e s1, . . . , sp ´ F 3m8 U ⊆ X þ��|�¡§Kù
 si �m�'X�´

��k�.�£3m8 U þ¤"

5¿�½Â 1 Ú 2 ÑäkÛÜz�A�"

···KKK 2. – 3ÛÜþ§?Ûvà�ÑÓ�u��Ó� ϕ : A q → A p �{Ø"

ù�dþã½Â±9½Â 1 �c�5)á�"

···KKK 3. – và��k�.f�Ñ´và�"

¯¢þ§e��� F ÷v½Â 2 ¥�^� (b)§K´� F �¤kf��÷vd
^�"

|" 13 vvvààà������ÌÌÌ���555���

½½½nnn 1. – � 0 → F
α−→ G

β−→ H → 0 ´��Ó���ÜS�"eùn�
� F , G , H ¥kü�´và�§K1n��´Xd"
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b� G Ú H ´và�"l3ÛÜþ·�k��÷Ó� γ : A p → G ¶
� I ´ β ◦ γ �Ø¶Ï� H ´và�§¤± I ´��k�.� (^� (b))¶l
 γ(I ) ´��k�.�§Ï´và�§ù´�â·K 3¶du α ´ F � γ(I )
�Ó�§�dd�� F ´và�"

b� F Ú G ´và�"Ï� G ´k�.�§¤± H �´k�.�§��2
5y² H ÷v½Â 2 ¥�^� (b)"� s1, . . . , sp ´ H 3: x ∈ X ���þ�k
���¡"¯K´ÛÜ5�§��b�·�Ué� G ��|�¡ s′1, . . . , s

′
p §¦

� si = β(s′i)",��¡§� n1, . . . , nq ´ F 3 x ���þ�k���¡§�é
u¿©�C x � y §§�Ñ�±)¤ Fy"�
¦ Ay ¥��|�� f1, . . . , fp á
3 R(s1, . . . , sp)y ¥§7L��IUé� g1, . . . , gq ∈ Ay §¦�3 y ?

p∑
i=1

fi.s
′
i =

q∑
j=1

gj.α(nj) "

y3ù
 s′i Ú α(nj) �m�'X�´k�.�§Ï� G ´và�"l� R(s1,
. . . , sp) §��þã'X�3 A p+q � A p þ�;�ÝKe��§�´k�.�§
ùÒy²
 H ´và�"

b� F Ú H ´và�"du¯K´ÛÜ5�§��b� F£�= µ H ¤
�dk���¡ n1, . . . , nq £�= µ s1, . . . , sp ¤¤)¤¶?�±b�·�U
é� G ��|�¡ s′i §¦� si = β(s′i)"d�´�ù
�¡ s′i Ú α(nj) �±)
¤ G §ùÒy²
 G ´��k�.�"y3� t1, . . . , tr ´ G 3: x ���þ�
k���¡§KÏ� H ´và�§��é� A r ��|½Â3 x ���þ�
�¡ f i

j (1 6 i 6 r, 1 6 j 6 s) §§��±)¤ù
 β(ti) �m�'X�"

- uj =
r∑

i=1

f i
j .ti ¶Ï�

r∑
i=1

f i
j .β(ti) = 0 §¤±ù
 uj Ñ�¹3 α(F ) �¥§�d

u F ´và�§��ù
 uj �m�'X�3 x ���þ�dk���¡¤)

¤§�� gi
k (1 6 j 6 s, 1 6 k 6 t)"·��Ñ§ù


r∑
i=1

gj
k.f

i
j 3 x ���þÒ

�±)¤� R(t1, . . . , tr)"¯¢þ§e3 y ?k
r∑

i=1

fi.ti = 0 §Ù¥ fi ∈ Ay §K

k
r∑

i=1

fi.β(ti) = 0 §u´�±é� gj ∈ Ay §¦� fi =
s∑

j=1

gj.f
i
j ¶r

r∑
i=1

fi.ti = 0 Ð

m§·���
s∑

j=1

gj.uj = 0 §��ù
 gj Ñ´ gj
k ��5|Ü§ùÒy²
þã¯

�"Ïd G ÷v^� (b)§ùÒ�¤
y²"

íØ — k��và���Ú�´��và�"

½½½nnn 2. – � ϕ ´và� F �và� G ���Ó�"K ϕ �Ø!{Ø!�Ñ´
và�"

Ï� F ´và�§¤± Im(ϕ) ´k�.�§l´và�§ù´�â·K 3"
r½n 1 A^��ÜS�

0 −→ Ker(ϕ) −→ F −→ Im(ϕ) −→ 0
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0 −→ Im(ϕ) −→ G −→ Coker(ϕ) −→ 0

þ§K·�w� Ker(ϕ) Ú Coker(ϕ) Ñ´và�"

íØ — � F Ú G ´và� H �ü�vàf�"K� F + G Ú F ∩G Ñ´v
à�"

éu F + G §ù´�g·K 3¶�u F ∩ G §§Ò´ F → H /G �Ø"

|" 14 vvvààà���þþþ������


$$$���

·�ffw�§k��và���ÚE,´và�"y3·��y²§aq�
(Jéu¼f⊗Ú Hom �¤á"

···KKK 4. – e F Ú G ´ü�và�§K F ⊗A G �´và�"

�â·K 2§ F 3ÛÜþÓ�u,�Ó� ϕ : A q → A p �{Ø¶l F ⊗A

G 3ÛÜþÓ�u ϕ : A q⊗A G → A p⊗A G �{Ø", A q⊗A G Ú A p⊗A G ©
OÓ�u G q Ú G p §§�Ñ´và� (½n 1 �íØ)"l F ⊗A G ´và� (½
n 2)"

···KKK 5. – � F Ú G ´ü��§Ù¥ F ´và�"Ké?¿ x ∈ X § Ax �
HomA (F , G )x ÑÓ�u HomAx(Fx, Gx) "

�(�/`§·��y² |" 11 ¥¤½Â�Ó�

HomA (F , G )x −→ HomAx(Fx, Gx)

´���"Äk� ψ : F → G ´��½Â3 x �,��þ�Ó�§¿�3 Fx þ
´ 0 §Kdu F ´k�.�§��á=íÑ ψ 3 x ���þ´ 0 §ùÒy²

 ρ ´ü�"e¡y² ρ ´÷�§�é{`§e ϕ ´ Fx � Gx ��� Ax Ó�§
K�±é���½Â3 x �,��þ�Ó� ψ : F → G §¦� ψx = ϕ"
� m1, . . . ,mp ´ F 3 x ���þ�k���¡§�é?¿¿©�C x � y §§�
Ñ�±)¤ Fy §2� f i

j (1 6 i 6 p, 1 6 j 6 q) ´ A p 3 x ���þ��|�¡§
��±)¤ R(m1, . . . ,mp)"K�±é� G ��|ÛÜ�¡§�� n1, . . . , np §¦

� ni(x) = ϕ(mi(x))"- pj =
p∑

i=1

f i
j .ni, 1 6 j 6 q §Kù
 pj �� G �ÛÜ�¡

3 x ?´ 0 §l3 x �,��� U ¥�¤k:?Ñ´ 0"Ïd§éu y ∈ U §
úª

∑
fi.mi(y) = 0£Ù¥ fi ∈ Ay ¤%ºX

∑
fi.ni(y) = 0 ¶lé?¿�

� m =
∑

fi.mi(y) ∈ Fy §·�Ñ�±-µ

ψy(m) =

p∑
i=1

fi.ni(y) ∈ Gy §

Ï�ù�úª�±��/½ÂÑ ψy(m)"u´ù| ψy (y ∈ U) Ò�Ñ��Ó
� ψ : F → G §½Â3 U þ§�¦� ψx = ϕ §ùÒ�¤
y²"
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···KKK 6. – e F Ú G ´ü�và�§K HomA (F , G ) �´và�"

¯K´ÛÜ5�§��â·K 2§�±b�·�k���ÜS� A q → A p →
F → 0"u´dþ�·K�§S�

0 −→ HomA (F , G ) −→ HomA (A p, G ) −→ HomA (A q, G )

´�Ü�"y3� HomA (A p, G ) Ó�u G p §l´và�§Ón��§� HomA (A q, G ) �
´Xd"Ï½n 2 L²§ HomA (F , G ) ´và�"

|" 15 vvvààà������

�� A ��±w�´�� A ��¶eù� A ��´và�§K·�` A ´
��và��"du A w,´k�.�§ùÒ¿�X A ÷v·K 2 ¥�^
� (b)"�é{`µ

½½½ÂÂÂ 3. – ¤¢� A ´��và��§´� A 3?Ûm8 U þ�k���¡
�m�'X�Ñ´ U þ�k�.�"

~f — (1) e X ´��E)Û6/§K X þ��X¼êÞ�´��và�
�§ù´�â K. Oka ���½n (ëì [3], �w XV, ½ö [5], § 5)"

(2) e X ´���êõ�N§K X �(��´��và�� (ëì |" 37, ·
K 1)"

XJ A ´��và��§K·�ke¡�(Jµ

···KKK 7. – �
¦�� A ��´và�§7L��I§3ÛÜþ�±Ó�u,
�Ó� ϕ : A q → A p �{Ø"

7�5fÐÒ´·K 2¶¿©5�g A p Ú A q Ñ´và�ù�¯¢±9½
n 2"

···KKK 8. – �
¦ A p ���f�´và�§7L��I§´k�.�"

ù´·K 3 ���AÏ�/"

íØ — và��k���¡�m�'X��´��và�"

¯¢þ§ù��´k�.�§ù�´�âvà��½Â"

···KKK 9. – � F ´��và A ��"é?¿ x ∈ X §� Ix ´ Ax �ù���
n�§§´d@
é?¿ f ∈ Fx þ÷v a.f = 0 ��� a ∈ Ax ¤|¤�"Kù

 Ix �¤��vàn��£¡� F �"zf¤"

¯¢þ§ Ix ´Ó� Ax → HomAx(Fx, Fx) �Ø¶u´·��±A^·K 5 Ú 6§
±9½n 2"

���/§��và� G �§���vàf� F �DÑf F : G ´��và
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n��£§´ G /F �"zf¤"

|" 16 UUUCCC���

k�.�Úvà��Vg��½��� A ���'"XJ·�Ó��Äõ�
��§K·�ò¦^/3 A þ´k�.�0!/A và�0��ª5�²ù´
'u A ���5�"

½½½nnn 3. – � A ´��và��§ I ´ A ���vàn��§ F ´�� A /I �
�"K�
¦ F ´ A /I và�§7L��I§´ A và�"AO/§ A /I ´
��và��"

´�/3 A þ´k�.�0�du/3 A /I þ´k�.�0",��
¡§e F ´ A và�§¿� s1, . . . , sp ´ F 3m8 U þ��|�¡§Kù
 si �
m� A Xê'X�3 A þ´k�.�¶ddá�§ù
 si �m� A /I Xê
'X�3 A /I þ´k�.�§Ï�§Ò´þ��'X�3;�Ó� A p →
(A /I )p e��"l F ´ A /I và�"AO/§Ï� A /I ´ A và�§
¤±§�´ A /I và�§�é{`§ A /I ´��và��"�L5§e F ´
A /I và�§K§3ÛÜþÓ�u,�Ó� ϕ : (A /I )q → (A /I )p �{Ø§�
du A /I ´ A và�§�� F ´ A và�§ù´�â½n 2"

|" 17 vvvààà������òòòÿÿÿÚÚÚ������

� Y ´�m X ���4f�m"e G ´ Y þ����§K·�^ G X 5P
d G ÏL3 Y �	?1"òÿ����¶ù´ X þ���� (ëì |" 5)"e A ´ Y þ
�����§K A X ´ X þ�����§e F ´�� A ��§K FX ´�
� A X ��"

···KKK 10. – �
¦ F 3 A þ´k�.�§7L��I FX 3 A X þ´k�.
�"

� U ´ X ���m8§¿� V = U ∩ Y "K V þ�?ÛÓ� ϕ : A p → F Ñ
½Â
 U þ���Ó� ϕX : (A X)p → FX §¿���§�
¦ ϕ ´÷�§7L
��I ϕX ´Xd"·Kddá�"

Ón�yµ

···KKK 11. – �
¦ F ´ A và�§7L��I FX ´ A X và�"

2� F = A §Kkµ

íííØØØ. — �
¦ A ´��và��§7L��I A X ´��và��"
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§ 3 ÿÿÿÀÀÀ���mmm������XXXêêêþþþÓÓÓNNN

3�!¥§ X L«��ÿÀ�m§�7´©l�"

|" 18 mmmCCCXXX¤¤¤½½½ÂÂÂ���þþþóóó

� U = {Ui}i∈I ´ X ���mCX"e s = (i0, . . . , ip) ´ I ¥���k�S�§
K·�-µ

Us = Ui0...ip = Ui0 ∩ · · · ∩ Uip "

� F ´�m X þ��� Abel +�"e p ´���K�ê§K¤¢ U ���
��3 F ¥� p �þó§´�ù���¼ê f §§r I ¥��| p + 1 ���
�S� s = (i0, . . . , ip) éA� F 3 Ui0...ip þ����¡ fs = fi0...ip"ù
 p �
þó�¤�� Abel +§P� Cp(U, F ) ¶§Ò´¦È+

∏
Γ(Us, F ) §ù�¦È

�H I ¥?¿ p + 1 ����S� s"·�rù
 Cp(U, F ) , p = 0, 1, . . . �xP
� C•(U, F )" p �þó��¡�gê� p �þó"

¤¢�� p �þó f ´���§´�µ

(a) ��3 i0, . . . , ip ¥kü��I��§Òk fi0...ip = 0 §
(b) fiσ0...iσp = εσfi0...ip §Ù¥ σ ´8Ü {0, . . . , p}þ�����£ εσ L« σ �Î

Ò¤"

�N�� p �þó�¤ Cp(U, F ) ���f+ C′p(U, F ) ¶·�rù
 C′p(U, F )
¤�¤�xP� C′•(U, F )"

|" 19 üüü///ÜÜÜ|||$$$���

� S(I) ´ù���ü/§§�º:8Ò´8Ü I ¶ S(I) ¥���£kS¤ü/
´���d I ¥��¤|¤�S� s = (i0, . . . , ip) ¶ p ¡� s ��ê"� K(I) =
∞∑

p=0

Kp(I) ´d S(I) ¤½Â�E/µ�â½Â§ Kp(I) Ò´± S(I) ¥� p �ü/�

8Ü�Ä.�gd Abel +"

e s ´ S(I) ¥���ü/§K·�^ |s|5P s �º:8"

¤¢��N� h : Kp(I) → Kq(I) ´��üÜÓ�§´�

(i) h ´��Ó�§
(ii) éu S(I) ¥�?¿ p �ü/ s §þk

h(s) =
∑

ε′

cs′

s .s′ , Ù¥ cs′

s ∈ Z §
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¿�ù�Úª�H÷v |s′| ⊆ |s|� q �ü/ s′"

� h ´��üÜÓ�§¿� f ∈ Cq(U, F ) ´�� q �þó"é?¿ p �ü
/ s §·�-µ

(thf)s =
∑

ε′

cs′

s .ρs′

s (fs′) §

Ù¥ ρs′
s L«��Ó�µ Γ(Us′ , F ) → Γ(Us, F ) §§´k¿Â�§Ï� |s′| ⊆ |s|"

N� s 7→ (thf)s ´�� p �þó§P� thf"N� f 7→ thf ´��Ó�

th : Cq(U, F ) −→ Cp(U, F ) §

¿�éN´�ye¡ù
úªµ

t(h1 + h2 = th1 + th2 , t(h1 ◦ h2) = th2 ◦ th1 , t1 = 1 "

�5µ3¢SO�¥§·�²~r��Ó� ρs′
s lPÒ¥��"

|" 20 þþþóóóEEE///

y3·�rþ¡¤ãA^�ù���üÜÓ�

∂ : Kp+1(I) −→ Kp(I)

þ§§Ò´d·�ÙG�úª

∂(i0, . . . , ip+1) =

p+1∑
j=0

(−1)j(i0, . . . , îj, . . . , ip+1)

¤½Â�§PÒ ˆ �¿gÚÏ~��§Ò´r u§e¡�@��I�K"

ù�·�Ò����Ó� t∂ : Cp(U, F ) → Cp+1(U, F ) §P� d ¶l�â½
Â§·�kµ

(df)i0...ip+1 =

p+1∑
j=0

(−1)jρj(fi0...̂ij ...ip+1
) §

Ù¥ ρj ´���Ó�

ρj : Γ(Ui0...̂ij ...ip+1
, F ) −→ Γ(Ui0...ip+1 , F ) "

Ï� ∂ ◦ ∂ = 0 §�k d ◦ d = 0"ù��5 C•(U, F ) þÒäk
��þ>
��f§¦§¤���E/"·�rù�E/ C•(U, F ) �1 q �þÓN+P
� Hq(U, F )"Kkµ

···KKK 1. – H0(U, F ) = Γ(X, F )"
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�� 0 �þóÒ´�| (fi)i∈I §z� fi ´ F 3 Ui þ����¡¶�
¦ù�
þó´��þ�§7L��I3 Ui ∩ Uj þ·�k fi − fj = 0 §�é{`§�±é
� F 3�� X þ����¡ f §é?¿ i ∈ I §T�¡3 Ui þÑ� fi Ü"��
·K"

£ùL² H0(U, F ) � U Ã'¶�·���§��� Hq(U, F ) ¿Ø´ù��¤"

�±á=�y§e f ´���§K df �´���"�é{`§ d ¦ C′•(U, F )
�±½§l¦§�¤ C•(U, F ) ���fE/"·�r C′•(U, F ) �þÓN+
P� H′q(U, F )"

···KKK 2. – é?¿ q > 0 § C′•(U, F ) � C•(U, F ) �¹\Ñ½Â
��l H′q(U,
F ) � Hq(U, F ) �Ó�"

·��8Ü I D����S(�§¿�3 K(I) þ½Âù���üÜÓ� h µ

h((i0, . . . , iq)) = 0 §��ù
�I i0, . . . , iq ¥kü�´���§
h((i0, .., iq)) = εσ(iσ0, . . . , iσq) §ùp��I i0, . . . , iq üüØÓ§¿� σ ´�

{0, . . . , q}�ù�����§§¦� iσ0 < iσ1 < · · · < iσq"

éN´�y h � d ���§¿�� dim(s) = 0 � h(s) = s ¶dd�� (ëì [7],
1 VI Ù § 5)§·�k��üÜÓ� k §§r�êO\ 1 §�¦� 1−h = ∂ ◦ k + k ◦
∂"�3 C•(U, F ) þ·�k

1 − th = tk ◦ d + d ◦ tk "

,�±á=�y§ th ´ C•(U, F ) � C′•(U, F ) þ���ÝK�f§þ¡�ú
ªqL²§ù´��ÓÔ�f§·Ku´�y£éì [7], 1 VI Ù, ½n 6.10¤"

íØ — éu q > dim(U) §·�k Hq(U, F ) = 0 "

�â dim(U) �½Â§� q > dim(U) �§e�I i0, .., iq ´üüØÓ�§K
k Ui0...iq = ∅ ¶�� C′q(U, F ) = 0 §ùÒL«`

Hq(U, F ) = H′q(U, F ) = 0 "

|" 21 mmmCCCXXX���\\\[[[

¤¢��mCX U = {Ui}i∈I ',��mCX V = {Vj}j∈J °[§´��±é�
��N� τ : I → J §¦�é?¿ i ∈ I §þk Ui ⊆ Vτi"e f ∈ Cq(V, F ) §K·
�-µ

(τf)i0...iq = ρV
U (fτi0...τ iq) §

Ù¥ ρV
U ´� Ui0...iq � Vτi0...τ iq �¹\¤½Â���Ó�"é?¿ q > 0 §N� f 7→

τf Ñ´ Cq(V, F ) � Cq(U, F ) ���Ó�§¿�� d ���§l�±½ÂÑ�
|Ó�

τ ∗ : Hq(V, F ) −→ Hq(U, F ) "
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···KKK 3. – Ó� τ ∗ : Hq(V, F ) → Hq(U, F ) ��6u U Ú V §�N� τ �À
JÃ'"

� τ Ú τ ′ ´ I � J �ü�N�§÷v Ui ⊆ Vτi Ú Ui ⊆ Vτ ′i ¶·�I�y² τ ∗ =
τ ′∗"

� f ∈ Cq(V, F ) ¶·�-

(kf)i0...iq−1 =

q−1∑
h=0

(−1)hρh(fτi0...τ ihτ ′ih...τ ′iq−1) §

Ù¥ ρh ´� Ui0...iq−1 � Vτi0...τ ihτ ′ih...τ ′iq−1 �¹\¤½Â���Ó�"

�±ÏL��O� (ëì [7], 1 VI Ù § 3) 5�yµ

dkf + kdf = τ ′f − τf §

ùÒy²
·K"

ù��5§e U ' V °[§Ké?¿�ê q > 0 §þk��l Hq(V, F ) �
Hq(U, F ) �;�Ó�"3e©¥§·�òrù�Ó�P� σ(U, V)"

|" 22 X ���������333��� F ¥¥¥���þþþÓÓÓNNN+++

/U ' V °[0£±e·�P�� U ¹ V ¤ù�'X´ X �mCX�m��
�CS'X¶?§ù�'X´È��§Ï�e U = {Ui}i∈I Ú V = {Vj}j∈J ´ü
�mCX§K W = {Ui ∩ Vj}(i,j)∈I×J ´��' U Ú V Ñ°[�mCX"

¤¢ü�mCX U Ú V ´�d�§´�·�k U ¹ V � V ¹ U"?Û��m
CX U Ñ�duù���mCX U′ §§��I8´ P(X) ���f8"¯¢þ§
·��±� U′ ´dx U ¥�@
m8¤|¤�8Ü"l·��±`§mCX3
þã�d'Xe��da�¤��8Ü¶ù´��È�kS8 5"

e U ¹ V §Ké?¿�ê q > 0 Ú X þ�?¿� F §·�3þ��!�"�
Ñ½Â
����(½�Ó� σ(U, V) : Hq(V, F ) → Hq(U, F )"´� σ(U, U) ´
ðÓ§¿�� U ¹ V ¹ W �§ σ(U, V) ◦ σ(V, W) = σ(U, W)"Ïd§e U �d
u V §K σ(U, V) Ú σ(V, U) ´p_�Ó�"�é{`§ Hq(U, F ) ��6umC
X U ��da"

½Â — ¤¢ X ���3� F ¥�1 q �þÓN+§P� Hq(X, F ) §´�ù

+ Hq(U, F ) �8B4�§ù�4�½Â3 X �mCX�da�È�kS8þ§
¿�´ÏLù
Ó� σ(U, V) 5ë�"

��`{Ò´§ Hq(X, F ) ¥�����Ò´ù�����| (U, x) §Ù¥ x ∈
Hq(U, F ) §¿�·��rü���| (U, x) Ú (V, y) w�´�Ó�§��Ué

5��/§�NmCX¿ØU�¤/8Ü0§Ï�mCX��I8�±´?¿�"
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� W §÷v W ¹ U Ú W ¹ V §¿�3 Hq(W, F ) ¥k σ(W, U)(x) = σ(W, V)(y)"
léu X �?ÛmCX U §·�Ñk��;�Ó� σ(U) : Hq(U, F ) → Hq(X, F )"

·�*	�§ Hq(X, F ) ��±ÏL3mCX U �����fxþé Hq(U, F ) �
8B4���"ù��5§e X ´[;�£�= µ[�;�¤§K�±�u�
Äk�mCX£�= µÛÜk�mCX¤"

XJ q = 0 §KA^·K 1§·�kµ

···KKK 4. – H0(X, F ) = Γ(X, F )"

|" 23 ������ÓÓÓ���

� ϕ ´� F �� G ���Ó�"e U ´ X ���mCX§K·��±r�
� f ∈ Cq(U, F ) éA�ù����� ϕf ∈ Cq(U, G ) §§´^úª (ϕf)s = ϕ(fs)
5½Â�"N� f 7→ ϕf ´ C•(U, F ) � C•(U, G ) ���Ó�§¿��þ>�$
����§l�±½ÂÑ�|Ó� ϕ∗ : Hq(U, F ) → Hq(U, G )"·�k ϕ∗ ◦
σ(U, V) = σ(U, V) ◦ ϕ∗ §�ÏL�4�§�±��Ó�

ϕ∗ : Hq(X, F ) −→ Hq(X, G ) "

XJ q = 0 §K ϕ∗ � Γ(X, F ) � Γ(X, G ) �d ϕ ¤½Â�g,Ó�´���"

3���/§ù
Ó� ϕ∗ äke¡�
~55�µ

(ϕ + ψ)∗ = ϕ∗ + ψ∗ , (ϕ ◦ ψ)∗ = ϕ∗ ◦ ψ∗ , 1∗ = 1 "

��`{Ò´§é?¿ q > 0 § Hq(X, F ) Ñ´ F ���\5�C¼f"dd
AO��§e F ´ü�� G1 Ú G2 ��Ú§K Hq(X, F ) Ò´ Hq(X, G1) Ú Hq(X,
G2) ��Ú"

b� F ´�� A ��"� A 3�� X þ�z��¡Ñ½Â
 F ���g
Ó�§l3z� Hq(X, F ) þÑ½Â
��gÓ�"Ïù
 Hq(X, F ) Ñ´
� Γ(X, A ) þ��"

|" 24 ������ÜÜÜSSS���µµµ���������///

� 0 → A
α−→ B

β−→ C → 0 ´����ÜS�"e U ´ X ���mCX§K
S�

0 −→ C•(U, A )
α−→ C•(U, B)

β−→ C•(U, C )

w,´�Ü�§�Ó� β ��Ø´÷�"·�^ C•
0(U, C ) 5Pù�Ó���¶ù

´ C•(U, C ) ���fE/§·�r§�þÓN+P� Hq
0(U, C )"KE/��ÜS

�µ
0 −→ C•(U, A )

α−→ C•(U, B)
β−→ C•

0(U, C ) −→ 0
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�±ÚÑ��þÓN��ÜS�µ

· · · −→ Hq(U, B) −→ Hq
0(U, C )

d−→ Hq+1(U, A ) −→ Hq+1(U, B) −→ · · · §

Ù¥�þ>��f d Ò´^Ï~�ª5½Â�"

y3� U = {Ui}i∈I Ú V = {Vj}j∈J ´ü�mCX§¿� τ : I → J ´��N
�§�÷v Ui ⊆ Vτi ¶l·�k U ¹ V"��ãL

0 // C•(V, A ) //

τ
²²

C•(V, B) //

τ
²²

C•(V, C )

τ
²²

0 // C•(U, A ) // C•(U, B) // C•(U, C )

L²§ τ r C•
0(V, C ) N� C•

0(U, C ) ¥§l½Â
�|Ó� τ ∗ : Hq
0(V, C ) →

Hq
0(U, C )"?§ù
Ó� τ ∗ Ø�6uN� τ ∗ �ÀJµù´�ge¡�¯¢§=

e f ∈ Cq
0(V, C ) §K3·K 3 y²�PÒe§·�k kf ∈ Cq−1

0 (U, C )"ù�Ò�
��|;�Ó� σ(U, V) : Hq

0(V, C ) → Hq
0(U, C ) ¶d�·��±r Hq

0(X, C ) ½Â
�+ Hq

0(U, C ) 'u U �8B4�"

du�ÜS��8B4�E,´�ÜS� (ëì [7], 1 VIII Ù, ½n 5.4)§�·
�kµ

···KKK 5. – S�

· · · −→ Hq(X, B)
β∗
−→ Hq

0(X, C )
d−→ Hq+1(X, A )

α∗
−→ Hq+1(X, B) −→ · · ·

´�Ü�"

£ d ´�ù
 d : Hq
0(U, C ) → Hq+1(U, A ) ÏL�4�¤���Ó�¤"

�
U
A^þ¡ù�·K§·�I�'��e+ Hq
0(X, C ) Ú Hq(X, C )"

C•
0(U, C ) � C•(U, C ) �¹\�±½ÂÑÓ� Hq

0(U, C ) → Hq(U, C ) §�ÏL3 U þ
�4�§·���Ó�µ

Hq
0(X, C ) −→ Hq(X, C ) "

···KKK 6. – ;�Ó� Hq
0(X, C ) → Hq(X, C ) � q = 0 �´���§� q = 1 �´

ü�"

Äky²��Únµ

Ún 1. – � V = {Vj}j∈J ´��mCX§¿� f = (fj) ´ C0(V, C ) ¥����
�"K�±é���mCX U = {Ui}i∈I Ú��N� τ : I → J §¦� Ui ⊆ Vτi §
¿� τf ∈ C0

0(U, C ) "

é?¿ x ∈ X §·�À� τx ∈ J ÷v x ∈ Vτx"Ï� fτx ´ C 3 Vτx þ���
�¡§¤±·�Ué� x ����¹3 Vτx ¥�m�� Ux §±9 B 3 Ux þ��
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��¡ bx §¦�3 Ux þk β(bx) = fτx"ù
 {Ux}x∈X �¤ X ���mCX U §
¿�ù
 bx �¤ U �����3 B ¥� 0 �þó b ¶du τf = β(b) §�·�g,
k τf ∈ C0

0(U, C )"

y3·�y² H1
0(X, C ) → H1(X, C ) ´ü�"ù�N��Ø¥������

±L«¤ù��� 1 �þ� z = (zj0j1) ∈ C′
0
•(V, C ) §=�±é� f = (fj) ∈

C0(V, C ) §¦� df = z ¶rÚn 1 A^� f þ§·�����mCX U §¦
� τf ∈ C0

0(U, C ) §ùÒL«` τz 3 C•
0(U, C ) ¥þÓNu 0 §l§3 H1

0(X,
C ) ¥��´ 0"Ón�y§ H0

0(X, C ) → H0(X, C ) ´���"

íííØØØ 1. – ·�k���ÜS�µ

0 −→ H0(X, A ) −→ H0(X, B) −→ H0(X, C )

−→ H1(X, A ) −→ H1(X, B) −→ H1(X, C ) "

ù´·K 5 Ú 6 �����íØ"

íííØØØ 2. – e H1(X, A ) = 0 §K Γ(X, B) → Γ(X, C ) ´÷�"

|" 25 ������ÜÜÜSSS���µµµ X ���;;;������///

�P�¤¢��ÿÀ�m X ´�;�§´�§´©l�§¿� X �?¿mC
XÑk��ÛÜk��\[mCX"éuù���m§·��±r·K 6 *Ð�
¤k� q þ£�öØ��ù�¯UØU*Ð�Ø©l��mþ¤µ

···KKK 7. – e X ´�;�§Ké?¿ q > 0 §;�Ó�

Hq
0(X, C ) −→ Hq(X, C )

Ñ´���"

ù�·K´e¡ù�Ún�����íØ§TÚnaquÚn 1µ

Ún 2. – � V = {Vj}j∈J ´��mCX§¿� f = (fj0...jq) ´ Cq(V, C ) ¥
�����"K�±é���mCX U = {Ui}i∈I Ú��N� τ : I → J §¦
� Ui ⊆ Vτi §¿� τf ∈ Cq

0(U, C ) "

Ï� X ´�;�§�·��±b� V ´ÛÜk��"d��±é���mC
X {Wj}j∈J §¦� W j ⊆ Vj"é?¿ x ∈ X §·�À� x ���m�� Ux §÷
vµ

(a) e x ∈ Vj£�= µ x ∈ Wj ¤§Kk Ux ⊆ Vj£�= µ Ux ⊆ Wj ¤§
(b) e Ux ∩ Wj 6= ∅ §Kk Ux ⊆ Vj §
(c) e x ∈ Vj0...jq §K�±é� B 3 Ux þ����¡ b §¦�3 Ux þ·�

k β(b) = fj0...jq"
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^� (c) ´U
¢y�§ù´Äuû��½Â§±9e¡�¯¢µ x �Uá3
k��8Ü Vj0...jq �¥"�� (c) �±¢y§Ò�I·�/ � Ux ¦ (a) Ú (b)
�U
¤á"

ù
 {Ux}x∈X �¤��mCX U ¶é?¿ x ∈ X §·�À� τx ∈ J ÷v x ∈
Wτx"e¡�y τf á3 Cq

0(U, C ) ¥§�é{`§ fτx0...τxq ´ B 3 Ux0∩· · ·∩Uxq þ
�,��¡3 β e��"e Ux0 ∩ · · · ∩ Uxq ´��§Kù´w,�¶eÄ§Ké
u 0 6 k 6 q §·�k Ux0∩Uxk

6= ∅ §�du Uxk
⊆ Wτxk

§�k Ux0∩Wτxk
6= ∅ §

ùÒL« £̀�â (b)¤Ux0 ⊆ Vτxk
§�� x0 ∈ Vτx0...τxq ¶y3A^ (c)§K·�w

�§�±é� B 3 Ux0 þ����¡ b §¦�3 Ux0 þk β(b)x = fτx0...τxq §l
3 Ux0 ∩ · · · ∩ Uxq þ�,�´Xd§ùÒ�¤
y²"

íØ — e X ´�;�§Kk���ÜS�µ

· · · −→ Hq(X, B)
β∗
−→ Hq(X, C )

d−→ Hq+1(X, A )
α∗
−→ Hq+1(X, B) −→ · · ·

£ùp�f d �½Â´ Hq
0(X, C ) → Hq(X, C ) �_Ó�� d : Hq

0(X, C ) →
Hq+1(X, A ) �Ü¤¤"

·�rþ¡ù��ÜS�¡���ÜS� 0 → A → B → C → 0 ¤½Â�þ
ÓN��ÜS�"���/§��·�Uy² Hq

0(X, C ) → Hq(X, C ) ´���§
ù�S�Ò�3£·�ò3 |" 47 ¥w�§� X ´���êõ�N§¿� A ´��
�ê5và��§ù´é�¤"

|" 26 444fff���mmm���þþþÓÓÓNNN

� F ´�m X þ����§¿� Y ´ X ���f�m"� F |Y ´ F 3 Y þ
�c\�§3 |" 4 �¿Âe"e U = {Ui}i∈I ´ X ���mCX§Kù
 U ′

i =
Y ∩Ui �¤ Y ���mCX U′ ¶e fi0...iq ´ F 3 Ui0...iq þ����¡§K fi0...iq 3
U ′

i0...iq = Y ∩ Ui0...iq þ���´ F |Y ����¡"��$�´��Ó� ρ : C•(U,

F ) → C•(U′, F |Y ) §�� d ���§l½Â
 ρ∗ : Hq(U, F ) → Hq(U′, F |Y )"
e U ¹ V §Kk U′ ¹ V′ §¿� ρ∗ ◦ σ(U, V) = σ(U′, V′) ◦ ρ∗ ¶lÏLé U �4
�§ù
Ó� ρ∗ ½Â
�|Ó� ρ∗ : Hq(X, F ) → Hq(Y, F |Y )"

···KKK 8. – b� Y 3 X ¥´4�§¿� F 3 Y �	�u 0 "Ké?¿ q >
0 § ρ∗ : Hq(X, F ) → Hq(Y, F |Y ) Ñ´���"

ù�·K�ge¡ü�¯¢µ

(a) Y �?ÛmCX W = {Wi}i∈I Ñäk U′ �/G§Ù¥ U ´ X ���mC
X"

¯¢þ§�I- Ui = Wi ∪ (X r Y ) §Ï� Y 3 X ¥´4�"

(b) éu X �?¿mCX U § ρ : C•(U, F ) → C•(U′, F |Y ) Ñ´���"
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¯¢þ§ù´�g |" 5, ·K 5§A^� Ui0...iq Ú� F þ"

·���±r·K 8 L�¤e¡�/ªµe G ´ Y þ����§¿� G X ´
d G ÏL3 Y �	?1"òÿ����§Ké?¿ q > 0 §þk Hq(Y, G ) =
Hq(X, G X)"�é{`§ G Ú G X ��Ó��þÓN+´�N�"

§ 4 ØØØÓÓÓmmmCCCXXXeee���þþþÓÓÓNNN+++���mmm���'''���

3�!¥§ X L«��ÿÀ�m§ F L« X þ����"·����Ñ�

'u X �mCX U �^�§^±�yé?¿ n > 0 §þk Hn(U, F ) = Hn(X, F )
"

|" 27 VVVEEE///

��VE/ (ëì [6], 1 IV Ù § 4) Ò´��V©g� Abel +

K =
∑
p,q

Kp,q (p > 0 , q > 0)

§�kü�gÓ� d′ Ú d′′ §�äke¡�
5�µ

d′ r Kp,q N\ Kp+1,q § d′′ r Kp,q N\ Kp,q+1 §¿�

d′ ◦ d′ = 0 § d′ ◦ d′′ + d′′ ◦ d′ = 0 § d′′ ◦ d′′ = 0"

·�r Kp,q ¥���¡�Vàg�§gê� (p, q) §¿�ogê� p + q"g
Ó� d = d′ + d′′ ÷v d ◦ d = 0 §¿�·�r K 'uù�M�f�þÓN+P
� Hn(K) § n ´�ogê"

��±� K D�M�f d′ §Kdu d′ � K �V©g(�´�N�§�·��
±��þÓN+ Hp,q

I (K) ¶éu d′′ §·��kþÓN+ Hp,q
II (K)"

·�^ Kq
II 5L« K0,q �ù���f+§§´d÷v d′(x) = 0 �@
�� x ¤

|¤�§2^ KII 5L«ù
 Kq
II (q = 0, 1, . . . ) ��Ú"��±aq/½Â KI =

∞∑
p=0

Kp
I "5¿�

Kq
II = H0,q

I (K) � Kq
I = H0,q

II (K) "

KII ´ K ���fE/§¿��f d 3 KII þ��f d′′ ´Ü�"

···KKK 1. – eéu p > 0 Ú q > 0 §þk Hp,q
I (K) = 0 §Ké?¿ n > 0 §¹

\ KII → K Ñ½Â
��l Hn(KII) � Hn(K) ���N�"

£ëì [4], �w XVII-6§·�ry²L§��3e¡¤"
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r K �¤ K/KII §K�±8(�y²§eéu p > 0 Ú q > 0 §þk Hp,q
I (K) =

0 §Ké?¿ n > 0 §·�Ñk Hn(K) = 0"-

Kh =
∑
q>h

Kp,q "

ù
 Kh (h = 0, 1, . . . ) ´ K ���4~�fE/§¿� Kh/Kh+1 Ó�u
∞∑

p=0

Kp,h §

ëÓM�f d′"lé¤k n Ú h §·�Ñk Hn(Kh/Kh+1) = Hh,n−h
I (K) = 0 §

�� Hn(Kh) = Hn(Kh+1)"du� h > n � Hn(Kh) = 0 §��dd��£ÏL
é h ¦^4ü8B¤§é¤k n Ú h §þk Hn(Kh) = 0 §�du K0 Ò�u K §
·KÏd�y"

|" 28 dddüüü���mmmCCCXXX¤¤¤½½½ÂÂÂ���VVVEEE///

� U = {Ui}i∈I Ú V = {Vj}j∈J ´ X �ü�mCX"e s ´ S(I) ��� p ü
/§� s′ ´ S(J) ��� q ü/§K·�^ Us 5Pù
 Ui (i ∈ s) ��8 (ëì |" 18)§^ Vs′ 5Pù
 Vj (j ∈ s′) ��8§^ Vs 5P Us �ù���mCX§d
ù
 {Us ∩ Vj)j∈J ¤|¤§¿�^ Us′ 5P Vs′ �ù���mCX§dù
 {Vs′ ∩
Ui}i∈I ¤|¤"

·��½Â��VE/ C•,•(U, V; F ) =
∑

p,q Cp,q(U, V; F ) §�{Xeµ

Cp,q(U, V; F ) =
∏

Γ(Us ∩ Vs′ , F ) §ù�¦È�H¤k���| (s, s′) §Ù
¥ s ´ S(I) ¥� p ���ü/§ s′ ´ S(J) ¥� q ���ü/"

l���� f ∈ Cp,q(U, V; F ) Ò´ F 3ù
 Us ∩ Vs′ þ��|�¡ (fs,s′) §
½ö3 |" 18 �PÒe§ù´�|

fi0...ip,j0...jq ∈ Γ(Ui0...ip ∩ Vj0...jq , F ) "

·���±r Cp,q(U, V; F ) �Óu
∏

s′ C
p(Us′ , F ) ¶duéz� s′ §·�Ñk

��þ>�$� d : Cp(Us′ , F ) → Cp+1(Us′ , F ) §��dd�Ñ��Ó�

dU : Cp,q(U, V; F ) −→ Cp+1,q(U, V; F ) "

r dU �½ÂäN�Ñ5§·�Ò��µ

(dUf)i0...ip+1,j0...jq =

p+1∑
k=0

(−1)kρk(fi0...̂ik...ip+1,j0...jq
) §

Ù¥ ρk ´�
Ui0...ip+1 ∩ Vj0...jq � Ui0...̂ik...ip+1

∩ Vj0...jq

�¹\¤½Â���Ó�"
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�±Ó�/½Â dV : Cp,q(U, V; F ) → Cp,q+1(U, V; F ) §¿�kµ

(dVf)i0...ip,j0...jq+1 =

q+1∑
h=0

(−1)hρh(fi0...ip,j0...ĵh...jq+1
) "

´� dU ◦ dU = 0 § dU ◦ dV = dV ◦ dU § dV ◦ dV = 0"u´e- d′ = dU, d′′ =
(−1)pdV §K·�� C•,•(U, V; F ) D�
��VE/�(�"l�±rþ��
!�@
½ÂA^� K = C•,•(U, V; F ) þ¶·�rþ¡@
+ÚE/ Hn(K),
Hp,q

I (K), Hp,q
II (K), KI, KII 3ù�AÏ�¹e©OP� Hn(U, V; F ), Hp,q

I (U, V; F ),
Hp,q

II (U, V; F ), C•,•
I (U, V; F ) Ú C•,•

II (U, V; F )"

�â d′ Ú d′′ �½Â§·�w,kµ

···KKK 2. – Hp,q
I (U, V; F ) Ó�u

∏
s′ H

p(Us′ , F ) §ù�¦È�H S(J) ¥�¤
k q �ü/"AO/§

Cq
II(U, V; F ) = H0,q

I (U, V; F )

Ó�u
∏

s′ H
0(Us′ , F ) = Cq(V, F ) "

·�^ ι′′ 5P;�Ó�µ C•(V, F ) → C•,•
II (U, V; F )"le (fj0...jq) ´ Cq(V,

F ) ¥�����§Kkµ

(ι′′f)i0,j0...jq = ρi0(fj0...jq) §

Ù¥ ρi0 ´�
Ui0 ∩ Vj0...jq � Vj0...jq

�¹\¤½Â���Ó�"

N´w�§éu Hp,q
II (U, V; F ) §·K 2 �aq(J´¤á�§¿�·�k��

Ó� ι′ : C•(U, F ) → C•,•
I (U, V; F )"

|" 29 AAA^̂̂

PÒ�þ��!�Ó§·�kµ

···KKK 3. – b�é?¿ s′ Ú?¿ p > 0 §þk Hp(Us′ , F ) = 0 "Ké?¿ n >
0 §d ι′′ ¤½Â�Ó� Hn(V, F ) → Hn(U, V; F ) Ñ´���"

ù´·K 1 Ú 2 �����íØ"

3�ã·K 4 �c§·�k5y²��Únµ

Ún 1. – � W = {Wi}i∈I ´�m Y ���mCX§¿� F ´ Y þ����"
u´ek i ∈ I ¦� Wi = Y §Ké?¿ p > 0 §þk Hp(W, F ) = 0 "
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� W′ ´ Y �d����m8 Y ¤|¤�mCX§Kw,k W ¹ W′ § W þ
�cJ^�q¿�X W′ ¹ W"dd�� ( |" 22)§� p > 0 �§ Hp(W, F ) =
Hp(W′, F ) = 0"

···KKK 4. – b�mCX V 'mCX U °["Ké?¿ n > 0 § ι′′ : Hn(V, F ) →
Hn(U, V; F ) Ñ´���"?§Ó� ι′ ◦ ι′′−1 : Hn(U, F ) → Hn(V, F ) � |" 21 ¥
�Ó� σ(V, U) ´���"

rÚn 1 A^� W = Us′ Ú Y = Vs′ þ§·�w�é?¿ p > 0 §þk Hp(Us′ , F )
= 0 §l·K 3 L²§é?¿ n > 0 §

ι′′ : Hn(V, F ) −→ Hn(U, V; F )

Ñ´���"

� τ : J → I ´��N�§�÷v Vj ⊆ Uτj ¶�
y²·K�1�Ü©§·�
7Ly²e f ´ C•(U, F ) ¥��� n �þ�§Kþ� ι′(f) Ú ι′′(τf) 3 C•,•(U, V;
F ) ¥´þÓN�"

é?¿�ê p, 0 6 p 6 n − 1 §·�½Â gp ∈ Cp,n−p−1(U, V; F ) §=ÏLe¡
�úªµ

gp
i0...ip,j0...jn−p−1

= ρp(fi0...ip,τj0...τjn−p) §

Ù¥ ρp ´�
Ui0...ip ∩ Vj0...jn−p−1 � Ui0...ip,τj0...τjn−p−1

�¹\¤½Â���Ó�"

ÏL��O�£k�u f ´��þ��¯¢¤�±�yµ

d′′(g0) = ι′′(τf) , . . . , d′′(gp) = d′(gp−1) , . . . , d′(gn−1) = (−1)nι′(f) §

�� d(g0−g1+· · ·+(−1)n−1gn−1) = ι′′(τf)−ι′(f) §ùÒv±y² ι′′(τf) Ú ι′(f) ´
þÓN�"

···KKK 5. – b� V ' U °[§¿�é?¿ s Ú?¿ q > 0 §þk Hq(Vs, F ) =
0 "Ké?¿ n > 0 §Ó� σ(V, U) : Hn(U,F ) → Hn(V, F ) Ñ´���"

er U Ú V � �p�5¦^·K 3§K�±w� ι′ : Hn(V, F ) → Hn(U, V; F )
´���"u´ù�·K���g·K 4"

½½½nnn 1. – � X ´��ÿÀ�m§ U = {Ui}i∈I ´ X ���mCX§ F ´ X þ
����"b��±é� X ��xmCX Vα, α ∈ A §÷ve¡ü�^�µ

(a) éu X �?¿mCX W §þ�é� α ∈ A §¦� Vα ¹ W "
(b) é?¿ α ∈ A ! S(I) �?¿ü/ s !Ú?¿ q > 0 §þk Hq(Vα

s , F ) = 0 "
Ké?¿ n > 0 § σ(U) : Hn(U, F ) → Hn(X, F ) Ñ´���"

Ï�ù
 Vα �±v
°[§�·��±b�§�Ñ' U °["d�é?
¿ n > 0 §Ó�

σ(Vα, U) : Hn(U, F ) → Hn(Vα, F )
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Ñ´���§ù´�â·K 5"du Vα �±v
°[§�� Hn(X, F ) ´ù

 Hn(Vα, F ) �8B4�§½nddá�"

5) — (1) XJr^� (b) �¤e¡ù��f�^�§½n 1 �U�´é�µ
(b′) éu S(I) ¥�?¿ü/ s Ú?¿ q > 0 §þk limα Hq(Vα

s , F ) = 0"

(2) ½n 1 aqu Leray 'u"NmCX�½n"ëì [10]§±9 [4], �w XVII-
7"
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3e©¥§ K o´����ê4�§A�´?¿�"

§ 1 ���êêêõõõ���NNN

|" 30 Noether ���mmm

� X ´��ÿÀ�m"^� (N) ´�e¡�µ

(N) X ¥�4f8�?Û4~S�Ñ´�ª½�"

�é{`§e·�k F1 ⊇ F2 ⊇ F3 ⊇ · · · §¿�ù
 Fi Ñ´ X �4f8§K
�±é����ê n §¦�� m > n �§þk Fm = Fn"½�d�µ

(N′) X �4f8�8Ü§3�¹'X¤5½�^Se§÷v4�^�"

£È5µ÷v^� (N) �ÿÀ�m��¡� Noether ���mmm¤"

~f — e·����8Ü X D�ù��ÿÀ§Ù¥�4f8Ò´ X �k�f
8Ú X ��§K^� (N) ´¤á�"���/§?Û�êõ�N3 Zariski ÿÀe
Ñ´ Noether �m (ëì |" 34)"

···KKK 1. – (a) e X ´ Noether �m§K X ´[;�"
(b) e X ´ Noether �m§K X �z��f�mÑ´Xd"
(c) e X ´�xk�� Noether f�m Yi �¿8§K X �´ Noether �m"

e Fi ´ X �4f8���4~È�8§¿� X ÷v^� (N′)§K�±é��
� Fi §§�¹3¤kÙ§ù
4f8�¥¶le

⋂
Fi = ∅ §K�±é��

� i §¦� Fi = ∅ §ùÒy²
 (a)"

� G1 ⊇ G2 ⊇ G3 ⊇ · · · ´ X �,�f�m Y ¥���4f8�4~S�¶
e X ÷v (A)§K�±é��� n §¦�� m > n �§ Gm = Gn §�� Gm =
Y ∩ Gm = Y ∩ Gn = Gn §ùÒy²
 (b)"

31



32 1�Ù �êõ�N — ��õ�Nþ��ê5và�

� F1 ⊇ F2 ⊇ F3 ⊇ · · · ´ÿÀ�m X ¥���4f8�4~S�§�
÷v (c)§KÏ�ù
 Yi Ñ÷v (N)§��éz� i é��� ni §¦�� m >
ni �§ Fm ∩ Yi = Fni

∩ Yi ¶u´e n = sup(ni) §K� m > n �§·�k Fm =
Fn §ùÒy²
 (c)"

¤¢��ÿÀ�m X ´Ø���§´�§ØU�¤ü�ØÓu X g��4f
8�¿8¶ù���u`§ X �?¿ü���m8��8ÑØ´��"l X �
?¿�xk����m8��8�Ø´��§¿� X �z�mf8Ó�´Ø��
�"

···KKK 2. – ?Û Noether �m X Ñ�±�¤k��Ø��4f�m Yi �¿8"
e·�b�éz�| i 6= j § Yi ÑØ�¹3 Yj �¥§Kù
 Yi �� X ¤��(
½¶·�rù
 Yi ¡� X �Ø��©|"

©) X =
⋃

Yi ��35w,�g^� (N)"e Zk ´ X �,��©)§K
k Yi =

⋃
Yi∩Zk §�du Yi ´Ø���§ùÒ%ºXé,��I k §·�k Zk ⊇

Yi ¶r Yi Ú Zk � ���L5§·�Ó��±é����I i′ §¦� Yi′ ⊇ Zk ¶
�� Yi ⊆ Zk ⊆ Yi′ §2Äu Yi þ�cJ^�§ùÒ%ºX i = i′ � Yi = Zk §dd
á�©)���5"

···KKK 3. – � X ´��ÿÀ�m§¿�´�xk����mf8 Vi �¿
8"K�
¦ X ´Ø���§7L��Iù
 Vi Ñ´Ø���§¿�é?¿
�é (i, j) §þk Vi ∩ Vj 6= ∅ "

ù
^��7�5®²3þ¡�Ñ¶e¡y²§�´¿©�"e X = Y ∪
Z §Ù¥ Y Ú Z Ñ´4�§Kk Vi = (Vi ∩ Y ) ∪ (Vi ∩ Z) §ùÒy²
z� Vi Ñ
�o�¹3 Y ¥§�o�¹3 Z ¥"b� Y Ú Z ÑØÓu X §K�±é�ü
��I i, j §¦� Vi Ø�¹3 Y ¥§ Vj Ø�¹3 Z ¥¶l�âþ¡¤ã§·
�k Vi ⊆ Z Ú Vj ⊆ Y "� T = Vj r (Vi ∩ Vj) ¶ T 3 Vj ¥´4�§¿�·�
k Vj = T ∪ (Z ∩ Vj) ¶du Vj ´Ø���§ùÒ¿�X�o T = Vj §�Ò´
` Vi ∩ Vj = ∅ §�o Z ∩ Vj = Vj §�Ò´` Vj ⊆ Z §ùü��/Ñ¬��g
ñ§y²�."

|" 31 ���������mmm���ÛÛÛÜÜÜ444fff888

� r ´���K�ê§¿� X = Kr ´� K þ� r ����m"·�� X D
� Zariski ÿÀ¶�P�¤¢ X ���f83ù�ÿÀe´4�§´�§´�xõ
�ª Pα ∈ K[X1, . . . , Xr] �ú�":8"Ï�õ�ª�´ Noether �§¤±dþ
!¤ã�§ X ÷v^� (N)¶?éN´y²§ X ´��Ø���m"

e x = (x1, . . . , xr) ´ X ���:§K·�^ OX,x 5P x ?�ÛÜ�¶�P�
§Ò´d� K(X1, . . . , Xr) ¥�ù��
kn©ª R ¤|¤�f�§T©ªke
¡�/Gµ

R = P/Q §Ù¥ P Ú Q Ñ´õ�ª§¿� Q(x) 6= 0"



§ 1. �êõ�N 33

·�rù��kn©ª¡�3 x ?´�~�¶u´3@
¦ Q(x) 6= 0 �
: x ∈ X ¤|¤�8Üþ§¼ê x 7→ P (x)/Q(x) ´�� K �ëY¼ê£ K �
k Zariski ÿÀ¤§·��±r§�Óu R §Ï�� K ´Ã��"lù
 OX,x �
¤ X þ� K �¼êÞ� CX (ëì |" 3) ���f� OX ¶� OX ´����"

·��rþã?Ø*Ð� X �ÛÜ4f�mþ£¤¢ÿÀ�m X ���f8
3 X ¥´ÛÜ4�§´�§´ X ���mf8Ú��4f8��8¤"� Y ´ù
���f�m§¿� CY ´ Y þ� K �¼êÞ�¶e x ´ Y ¥���:§K¼ê
���$�½Â
��;�Ó�

εx : CX,x −→ CY,x "

OX,x 3 εx e��´ CY,x ���f�§·�r§P� OY,x ¶ù
 OY,x �¤ CY ��
�f� OY §·�r§¡� Y �(��"l�â½Â§ OY 3 Y �m8 V þ�
���¡Ò´ù���N� f : V → K §§3z�: x ∈ V �,���þÑ�
u,�3 x ?�~�kn¼ê3 V þ���¶ù���¼ê f ò�¡�3 V þ´
�~�¶ù´��ëY¼ê§��·�� V D�d X ¤p��ÿÀ§¿� K D
� Zariski ÿÀ"3 V �¤k:?Ñ�~�¼ê�¤��� Γ(V, OY )"·���
±*	�§e f ∈ Γ(V, OY ) §¿�é?¿ x ∈ V §þk f(x) 6= 0 §K 1/f �á
u Γ(V, OY )"

·��k� OY �,��£ã�{µ

···KKK 4. – � U£�= µ F ¤́ X ���mf�m£�= µ4f�m¤§¿
� Y = U ∩ F "� I(F ) ´ K[X1, . . . , Xr] �ù���n�§§´d¤k3 F þð
�u 0 �õ�ª¤|¤�"u´e x ´ Y ���:§K÷Ó� εx : OX,x → OY,x �
ØÒ�u OX,x �n� I(F ).OX,x "

´� I(F ).OX,x �¤k��Ñá3 εx �Ø�¥"�L5§� R = P/Q ´ù
�Ø¥�����§Ù¥ P Ú Q ´ü�õ�ª§¿� Q(x) 6= 0"�âcJ^
�§�±é� x ���m�� W §¦�é?¿ y ∈ W ∩ F §þk P (y) = 0 ¶
� F ′ ´ W �Ö8§§3 X ¥´4�¶Ï� x /∈ F ′ §¤±�â½Â Zariski ÿ
À§�±é���õ�ª P1 §§3 F ′ þð�u 0 §�3 x ?Ø�u 0 ¶u´õ
�ª P.P1 á3 I(F ) ¥§�·�k R = P.P1/Q.P1 §ùÒy²
 R ∈ I(F ).OX,x"

íííØØØ. — � OY,x Ó�u K[X1, . . . , Xr]/I(F ) 3: x ¤½Â�4�n�?�©ª
�"

ù�dû��©ª���E�{á� (ëì 'X` [8], 1 XV Ù § 5, ½n XI)"

|" 32 ���~~~NNN���

� U£�= µ V ¤́ Kr£�= µ Ks ¤��ÛÜ4f�m"¤¢��N� ϕ :
U → V 3 U þ´�~�£½{¡�~�¤§´�µ

(a) ϕ ´ëY�§
(b) e x ∈ U §¿� f ∈ OV,ϕ(x) §K f ◦ ϕ ∈ OU,x "
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e·�r: ϕ(x) ��IP� ϕi(x), 1 6 i 6 s §Kkµ

···KKK 5. – �
¦ ϕ : U → V 3 U þ´�~�§7L��Ié?¿ 1 6 i 6 s §
Ã ϕi : U → K 3 U þÑ´�~�"

du�I¼ê3 V þÑ´�~�§��ù�^�´7��"�L5§b
�é?¿ i §þk ϕi ∈ Γ(U,OU) ¶u´e P (X1, . . . , Xs) ´��õ�ª§K¼
ê P (ϕ1, .., ϕs) á3 Γ(U,OU) ¥§Ï� Γ(U,OU) ´���¶Ïù´ U þ���
ëY¼ê§l§�":8´4�§ùÒy²
 ϕ �ëY5"e·�k x ∈
U Ú f ∈ OV,ϕ(x) §K f 3ÛÜþ�±�¤ f = P/Q �/G§Ù¥ P Ú Q Ñ´õ
�ª§¿� Q(ϕ(x)) 6= 0"d�¼ê f ◦ ϕ 3 x ���þ�u P ◦ ϕ/Q ◦ ϕ ¶�â
·�ff¤�§ P ◦ ϕ Ú Q ◦ ϕ 3 x ���þÑ´�~�¶du Q ◦ ϕ(x) 6= 0 §�
� f ◦ ϕ 3 x ���þ´�~�§y²�."

ü��~N��Ü¤�´�~�"¤¢����N� ϕ : U → V ´V��~Ó
�£½{¡Ó�¤§´� ϕ Ú ϕ−1 Ñ´�~N�¶ù���u`§ ϕ ´ U � V �
��Ó�§�r� OU =z�� OV "

|" 33 ¦¦¦ÈÈÈ

e r Ú r′ ´ü��K�ê§K·�r���m Kr+r′ �Óu¦È Kr × Kr′"
Kr+r′ þ� Zariski ÿÀ' Kr Ú Kr′ �¦ÈÿÀ°[¶¿�e r Ú r′ Ñ´��§K
cöî�/'�ö°["dd��§e U Ú U ′ ©O´ Kr Ú Kr′ �ÛÜ4f�
m§K U × U ′ ´ Kr+r′ ���ÛÜ4f�m§l� OU×U ′ ´k½Â�"

,��¡§� W ´ Kt ���ÛÜ4f�m§ t > 0 §¿� ϕ : W → U Ú ϕ′ :
W → U ′ ´ü�N�"Kd·K 5 á�§·�kµ

···KKK 6. – �
¦N� x 7→ (ϕ(x), ϕ′(x)) ´ W � U × U ′ ����~N�§7L
��I ϕ Ú ϕ′ Ñ´�~�"

du~�N�Ñ´�~�§�þã·KL²§é?Û x′
0 ∈ U ′ §�¡ x 7→

(x, x′
0) Ñ´ U � U×U ′ ����~N�¶,��¡§ÝK U×U ′ → U Ú U×U ′ →

U ′ w,Ñ´�~�"

� V Ú V ′ ©O´ Ks Ú Ks′ �ÛÜ4f�m§¿�� ψ : U → V Ú ψ′ : U ′ →
V ′ ´ü�N�"Kþã5)ëÓ·K 6 L²§·�k (ëì [1], 1 IV Ù)µ

···KKK 7. – �
¦ ψ × ψ′ : U × U ′ → V × V ′ ´�~�§7L��I ψ Ú ψ′ Ñ´
�~�"

��µ

íØ — �
¦ ψ × ψ′ ´��V��~Ó�§7L��I ψ Ú ψ′ Ñ´V��~
Ó�"
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|" 34 ���êêêõõõ���NNN(((������½½½ÂÂÂ

½Â — ¤¢ K þ��êõ�N£½{¡�êõ�N¤§´���8Ü X §ë
Óe¡�
(�µ

1◦ ��ÿÀ§
2◦ ��� OX §§´ X þ� K �¼êÞ� CX �f�§

·���¦ù
(�÷ve¡¤`�ún (VAI) Ú (VAII)" 6

Äk5¿�e X Ú Y Ñ�D�
þãa.�(�§K·��±½Â�o
� X � Y þ�Ó�µ§Ò´ X � Y þ�ù���Ó�§§r OX =z� OY "
,��¡§e X ′ ´ X ���m8§K·��±� X ′ D�p�ÿÀÚc\�µ
l3m8þ·�kp�(��Vg"²(
ù
¯�§·�y3�±�Ñú
n (VAI)µ

(VAI) – �±é��m X ���k�mCX V = {Vi}i∈I §¦�z� Vi ë
Ó X 3§þ¡�p�(�Ñ�±Ó�u,����m�ÛÜ4f�m Ui ëÓ |" 31 ¥¤½Â�� OUi

"

�¦Qã{üå�§·�òr÷vún (VAI) ���ÿÀ�m X �� OX ¡�
��ý�êõ�N 7"���½�Ó� ϕi : Vi → Ui ��¡�m8 Vi þ����I
k¶l^� (VAI) ¿�X·��±^k��äk�Ik�m8r X CXå5"
u´ |" 30 ¥�·K 1 L²§ X ÷v^� (N)§l´[;�§�§�¤kf�m
Ñ´Xd"

X þ�ÿÀò�¡�/Zariski ÿÀ0§� OX ò�¡� X �(��"

···KKK 8. – � X ´��8Ü§¿�´�xk��f8 Xj, j ∈ J �¿8"b�z
� Xj þÑk��ý�êõ�N�(�§¿�±eÃ^�´¤á�µ

(a) é¤k i, j ∈ J § Xi ∩ Xj 3 Xi ¥Ñ´m�§
(b) é¤k i, j ∈ J §3 Xi ∩ Xj þd Xi Ú Xj ¤p��ü�(�Ñ´Ü�"

K3 X þk����ý�êõ�N�(�§¦�z� Xj 3 X ¥Ñ´m�§¿
�d(�3z� Xj þ¤p��(�Ò´�5�Ñ�@��"

X �ÿÀÚ� OX ��35���5´²w�¶��2u�ù�ÿÀÚ�
÷v (VAI)§ù´�ge¡�¯¢µù
 Xj �kk��§¿�z��Ñ÷
v (VAI)"

íØ — � X Ú X ′ ´ü�ý�êõ�N"K3 X × X ′ þk����ý�êõ
�N�(�§¦�e¡�^�¤áµe ϕ : V → U Ú ϕ′ : V ′ → U ′ ´ü��I
k£Ù¥ V ´ X �m8§ V ′ ´ X ′ �m8¤§K V × V ′ 3 X × X ′ ¥´m�§¿
� ϕ × ϕ′ : V × V ′ → U × U ′ ´���Ik"

6È5µUìV/��ó§ùéAX/�ê4�þ�Q�k�.©lV/0§ (VAII) Ò´©l
^�"ùp¿��¹/Ø��0^�"

7È5µ3V/��ó¥§ùÒ´/�ê4�þ�Q�k�.V/0"
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r X ^k��äk�Ik ϕi : Vi → Ui �m8 Vi CXå5§¿� (V ′
j , U

′
j, ϕ

′
j) ´

X ′ ���aq�CX"K8Ü X×X ′ ´ù
 Vi×V ′
j �¿8¶·��z� Vi×V ′

j Ñ
D� Ui×U ′

j þ�(�3 ϕ−1
i ×ϕ′

j
−1 e��¤½Â�ý�êõ�N(�§K·K 8 ¥

�^� (a) Ú (b) �±A^� X ×X ′ �ù�mCXþ§ù´�â·K 7 �íØ"ù
�·�Ò��
 X × X ′ þ���ý�êõ�N�(�§�÷vþ¡¤`�^�"

·��±rþãíØA^� X ′ = X �AÏ�/¶u´ X × X �±äk��ý
�êõ�N�(�§AO/§äk��ÿÀ"y3·��±5�ãún (VAII)µ

(VAII) – X × X �é�� ∆ 3 X × X ¥´4�"

b� X ´��ý�êõ�N§¿�´¦^·K 8 ¥�/ÅÜ0�{���§
K�
¦^� (VAII) ��÷v§7L��Iz� Xij = ∆ ∩ Xi × Xj 3 Xi × Xj ¥
Ñ´4�"y3 Xij Ò´d÷v x ∈ Xi ∩ Xj �@
 (x, x) ¤|¤�8Ü"u´
e·�b��3�Ik ϕi : Xi → Ui §¿� Tij = ϕi × ϕj(Xij) §K Tij ´d x �
H Xi ∩ Xj �ù
 (ϕi(x), ϕj(x)) ¤|¤�8Ü"lún (VAII) �±�¤e¡�
/Gµ

(VA′
II) – é?¿�é (i, j) § Tij 3 Ui × Uj ¥Ñ´4�"

ù�/ªÒ´ Weil �ún (A) (ëì [16], p. 167)§�ØL Weil =�Ä
Ø��
õ�N"

�êõ�N�~fµ���m�?ÛÛÜ4f�m U 3p�ÿÀÚ |" 31 ¥¤
½Â�� OU �eÑ´���êõ�N"�Kõ�NÑ´�êõ�N (ëì |" 51)"
.�Ún�Ñ´�êõ�N�@«�ê5n�m (ëì [17]) ´�êõ�N"

5) — (1) 5¿�^� (VAII) aquÿÀ6/!��©6/!Ú)Û6/þ
�©l5^�"

(2) l�
{ü~f�±wÑ§^� (VAII) Ø´^� (VAI) �íØ"

|" 35 ���~~~NNN���§§§ppp���(((���§§§¦¦¦ÈÈÈ

� X Ú Y ´ü��êõ�N§ ϕ ´ X � Y ���N�"¤¢ ϕ ´�~�§´
�µ

(a) ϕ ´ëY�§
(b) e x ∈ X §¿� f ∈ OY,ϕ(x) §Kk f ◦ ϕ ∈ OX,x "

� |" 32 ��§ü��~N��Ü¤�´�~�§¿��
¦����N� ϕ :
X → Y ´Ó�§7L��I ϕ Ú ϕ−1 Ñ´�~N�"l�~N��¤�êõ�
N�m��«��§ù´3 [1], 1 IV Ù�¿Âe 8"

� X ´���êõ�N§ X ′ ´ X ���ÛÜ4f8"·�� X ′ D�d X ¤
8È5µ¦^�Æ��ó§K�êõ�N�Æ¥���Ò�½Â��~N�"
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p��ÿÀ§¿�½Â X ′ þ�� OX′ �´d OX ¤p��£äN5`§é?
¿ x ∈ X ′ §·�½Â OX′,x Ò´ OX,x 3;�Ó� CX,x → CX′,x e��¤"Kú
n (VAI) ��÷vµe ϕi : Vi → Ui ´�|�Ik§¿� X =

⋃
Vi §K·�

- V ′
i = X ′ ∩ Vi § U ′

i = ϕi(V
′
i ) §u´ ϕi : V ′

i → U ′
i Ò´ X ′ =

⋃
V ′

i þ��|
�Ik"ún (VAII) �´¤á�§ù´Ï� X ′ × X ′ þ�ÿÀÒ´d X × X þ
�ÿÀ¤p��£��±¦^ (VA′

II)¤"ù�·�Ò3 X ′ þ½Â
���êõ
�N�(�§¡�d X ¤p��(�¶·��r X ′ ¡� X ���fõ�N§
{¡fN§��Ø¬��Ø)£ Weil [16] ¥¤`�/fN0�´·�ùp�Ø
��4fN¤"e ι ´� X ′ � X �¹\§ ι ´���~N�¶?§e ϕ ´,�
��êõ�N Y � X ′ ���N�§K�
¦ ϕ : Y → X ′ ´�~�§7L��
I ι ◦ ϕ : Y → X ´�~�£ù�)º
/p�(�0ù�¶¡�Ün5§ëì [1],
cÚ¤"

e X Ú X ′ ´ü��êõ�N§K X × X ′ ´���êõ�N§¡� X Ú X ′ �
¦Èõ�N"¯¢þ§�Iy²ún (VA′

II) ´¤á�§�é{`§e ϕi : Vi →
Ui Ú ϕ′

i′ : V ′
i′ → U ′

i′ ´ü|�Ik§÷v X =
⋃

Vi Ú X ′ =
⋃

V ′
i′ §K8Ü Tij ×

T ′
i′j′ 3 Ui ×Uj ×U ′

i′ ×U ′
j′ ¥´4�£PÒ� |" 34 �Ó¤¶,ù�de¡�¯¢á

�µ Tij Ú T ′
i′j′ ©O3 Ui × Uj Ú U ′

i′ × U ′
j′ ¥´4�"

·K 6 Ú 7 �±Ø\UC/·^u?¿��êõ�N"

e ϕ : X → Y ´���~N�§K ϕ �ã� Φ 3 X × Y ¥´4�§Ï�
§Ò´ Y × Y �é��3N� ϕ × 1 : X × Y → Y × Y e�_�¶?§
d ψ(x) = (x, ϕ(x)) ¤½Â�N� ψ : X → Φ ´��Ó�"¯¢þ§ ψ ´��
�~N�§ ψ−1 �´Xd£Ï�§´ÝK X × Y → X ���¤"

|" 36 ØØØ������õõõ���NNNþþþ���kkknnn¼¼¼êêê���

·�Äky²ü�XÿÀ�Únµ

Ún 1. – � X ´��ëÏ�m§ G ´�� Abel +§ G ´ X þ�~��§Ó
�u G "K;�N� G → Γ(X, G ) ´���"

Γ(X, G ) ¥�����fÐÒ´ X � G ���ëYN�§�ö�klÑÿÀ"
Ï� X ´ëÏ�§¤±ù��N�´~��§ùÒy²
Ún"

¤¢ÿÀ�m X þ���� F ´ÛÜ~��§´� X �z�:Ñäk���
� U §¦� F |U 3 U þ´~��"

Ún 2. – Ø���mþ�ÛÜ~��Ñ´~��"

� F ´ù���§ X ´ù���m§¿�- F = Γ(X, F ) ¶·��I�y
²§é?¿ x ∈ X §;�Ó� ρx : F → Fx Ñ´���§Ï�ddÒ�±���
�lÓ�u F �~����½�� F �Ó�"

e f ∈ F §Kd÷v f(x) = 0 �: x ∈ X ¤|¤�8Ü´m�£ù´Äu��
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��5�¤§¿�´4�£Ï� F ´ÛÜ~��¤¶lduØ���mÑ´ë
Ï�§��ù�8Ü�o´ ∅ §�o´ X §ùÒy²
 ρx ´ü�"

y3� m ∈ Fx §¿� s ´ F 3 x �,��� U þ����¡§÷v s(x) =
m ¶r X ^ù��
��m8 Ui CXå5§¦� F |Ui

3 Ui þÑ´~��§KÏ
� X ´Ø���§¤±k U ∩Ui 6= ∅ ¶·�À���: xi ∈ U ∩Ui §Kw,�±
é� F 3 Ui þ����¡ si §¦� si(xi) = s(xi) §�du�¡ s Ú si 3: xi ?
´Ü�§��§�3�� U∩Ui þÑ´Ü�§Ï� U∩Ui ´Ø���§lë
Ï"Ó�/§ si Ú sj 3 Ui ∩Uj þ´Ü�§Ï�§�3 U ∩Ui ∩Uj 6= ∅ þÜ§
lù
�¡ si ½Â
 F 3 X þ������¡ s §¿�·�k ρx(s) = m §ù
Ò�¤
y²"

y3� X ´��Ø���êõ�N"e U ´ X �����m8§K Γ(U,OX)
´����"¯¢þ§b�·�k f.g = 0 §¿� f Ú g Ñ´ U � K ��~N�¶
u´e F£�= µ G ¤́ d@
÷v f(x) = 0£�= µ g(x) = 0 ¤�: x ∈ U ¤
|¤�8Ü§Kk U = F ∪ G §¿� F Ú G 3 U ¥Ñ´4�§Ï� f Ú g Ñ´
ëY�¶du U ´Ø���§ùÒL«` F = U ½ö G = U §Ï�¿�
X f ½ g 3 U þð�u 0"l·��±!Ø Γ(U,OX) �©ª�§P� R[U ] ¶
e U ⊆ V §KÓ� ρV

U : Γ(V, OX) → Γ(U,OX) ´ü�§Ï� U 3 V ¥´È��§
¿�·�k����(½�l R[V ] � R[U ] �Ó� ϕV

U ¶ù| {R[U ], ϕV
U}Ò½Â


���� R ¶¿� Rx �;�Ó�u OX,x �©ª�"

···KKK 9. – éuØ����êõ�N X 5`§þ¡¤½Â�� R ´��~�
�"

k�uÚn 2§·��Iéu X ´,����m Kr �ÛÜ4fN��/5
y²ù�·K¶� F ´ X 3 Kr ¥�4�§¿� I(F ) ´ K[X1, . . . , Xr] �ù��
�n�§§´d@
3 F þ£½ö3 X þ§ù´�£¯¤ð�u 0 �õ�ª¤
|¤�"e·�- A = K[X1, . . . , Xr]/I(F ) §K� A ´����§Ï� X ´
Ø���¶� R(A) ´ A �©ª�"�â·K 4 �íØ§·��±r OX,x �Ó
u A 3 x ¤½Â�4�n�?�©ª�¶dd·�����l� R(A) � OX,x �
©ª��Ó�§�N´�y§ùÒ½Â
��l�u R(A) �~���� R �Ó
�§Ï�y²
·K"

�âÚn 1§� R ��N�¡�¤���§�Ó�uz� Rx (x ∈ X) §·�
P�� R(X) §¿�¡�� X �kn¼ê�"ù´� K ���k�.*Ü§§
3 K þ���gêÒ´ X ��ê£�±rù�½Âò������êõ�N§�
�r X �¤
§��
Ø��4fN Yi �¿8§,�- dim X = sup dim Yi ¤"
·�òr� R(X) �Óuù
� Rx ¶du OX,x ⊆ Rx §lù�Òr OX,x �
�Óu R(X) ���f�£§Ò´ R(X) 3: x ?�AÏz�§ù´3 Weil, [16],
p. 77 �¿Âe¤"le U 3 X ¥´m�§K Γ(U,OX) Ò´ù
� OX,x (x ∈
U) 3 R(X) ¥��8"

e Y ´ X ���fN§Kk dim Y 6 dim X ¶?e Y ´4�§¿�Ø�
¹ X �?Û��Ø��©|§Kk dim Y < dim X §ù�±ÏL8(� Kr �f
N��/��£'Xëì [8], 1 X Ù § 5, ½n II¤"
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§ 2 ���êêê555vvvààà���

|" 37 ���êêêõõõ���NNN���(((������

·�£� |" 31 ¥�PÒµ� X = Kr §¿� OX ´ X �(��"·�kµ

Ún 1. – � OX ´��và��§ù´3 |" 15 �¿Âe"

� x ∈ X § U ´ x �����§ f1, . . . , fp ´ OX 3 U þ��|�¡§�Ò´
`§´�|3 U �¤k:?Ñ�~�kn¼ê¶·�I�y²§ù
 f1, . . . , fp �
m�'X�´ OX þ���k�.�"Ø�r U �¤�������§l�
±b�ù
 fi Ñ�±�¤ fi = Pi/Q §Ù¥ Pi Ú Q Ñ´õ�ª§¿� Q 3 U þ

??Ø�u 0"y3� y ∈ U §¿���| gi ∈ OX,y �±¦�
p∑

i=1

gifi 3 y ��

�þð�u 0 ¶·���±r gi �¤ gi = Ri/S �/G§Ù¥ Ri Ú S Ñ´õ�

ª§¿� S 3 y ?Ø�u 0"u´'Xª/3 y ���þ
p∑

i=1

gifi = 00�du'

Xª/3 y ���þ
p∑

i=1

RiPi = 00§�öq�du
p∑

i=1

RiPi = 0"duù
õ

�ª Pi �m�'X�´��k�.�£Ï�õ�ª�´ Noether �¤§�dd�
�§ù
 fi �m�'X��´k�.�"

y3� V ´ X = Kr ���4fN¶é?¿ x ∈ X §� I (V )x ´ OX,x �ù�
��n�§§´d@
3 x �,� V ¥���þð�u 0 ��� f ∈ OX,x ¤|
¤�£le x /∈ V §Kk I (V )x = OX,x ¤"ù
 I (V )x �¤� OX ���f
� I (V )"

Ún 2. – � I (V ) ´��và OX ��"

� I(V ) ´ K[X1, . . . , Xr] �ù���n�§§´d@
3 V þ�u 0 �õ�
ª P ¤|¤�"�â |" 31, ·K 4§é?¿ x ∈ V § I (V )x Ñ�u I(V ).OX,x §¿
�´�ù�úª3 x /∈ V ?�¤á"y3n� I(V ) ´dk����¤)¤�§�
�dd��§� I (V ) ´k�.�§l´và�§ù´�âÚn 1 ±9 |" 15, ·
K 8"

y3·��rÚn 1 *Ð�?¿��êõ�Nþµ

···KKK 1. – e V ´���êõ�N§K� OV ´ V þ���và��"

¯K´ÛÜ5�§·��±b� V ´���m X = Kr ���4fN"�â
Ún 2§� I (V ) ´��vàn��§l� OX/I (V ) ´ X þ���và��§
ù´�â |" 16, ½n 3"ù���3 V �	�u 0 §¿�§3 V þ���fÐÒ
´ OV ( |" 31)¶l� OV ´ V þ���và�� ( |" 17, ·K 11 �íØ)"

5) — ´�·K 1 éuý�êõ�N�´¤á�"
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|" 38 ���êêê555vvvààà���

e V ´���êõ�N§(��´ OV §K·�r OV ��£3 |" 6 �¿Â
e¤�¡� V þ��ê5�¶e F Ú G ´ü��ê5�§¤¢ ϕ : F → G ´
���ê5Ó�£½{¡Ó�¤§´�§´�� OV Ó�¶�P�ù�du`z
� ϕx : Fx → Gx Ñ´ OV,x �5�§¿� ϕ r F �?ÛÛÜ�¡Ñ=z� G �Û
Ü�¡"

e F ´ V þ����ê5�§Kù
þÓN+ Hq(V, F ) Ñ´ Γ(V, OV ) þ�
�§ëì |" 23¶AO/§§�Ñ´ K þ��þ�m"

¤¢ V þ����ê5� F ´và�§´�§´ |" 12 ¥¤`�và OV �
�¶Äu |" 15, ·K 7 Úþ¡�·K 1§ù������±ke¡�A�£ã§=
§�±3ÛÜþÓ�u,��ê5Ó� ϕ : Oq

V → Op
V �{Ø"

e¡·���Ñ�
�ê5và��~f£�¡�¬�Ñ�õ§AO´3 |" 48,
57 ¥¤"

|" 39 444fffNNN¤¤¤½½½ÂÂÂ���nnn������

� W ´�êõ�N V ���4fN"é?¿ x ∈ V §� I (W )x ´ OV,x �ù
���n�§§´d@
3 x �,� W ¥���þð�u 0 ��� f ¤|¤�¶
� I (W ) ´dù
 I (W )x ¤|¤� OV �f�"K·�ke¡�·K§§´Ú
n 2 �í2µ

···KKK 2. – � I (W ) ´���ê5và�"

¯K´ÛÜ5�§·��±b� V £́l W �´¤���m Kr ���4f
N"u´rÚn 2 A^� W þ��§ W 3 Kr þ¤½Â�n��´k�.�¶Ï
 I (W ) ��;�Ó� O → OV ��Ó�´k�.�§l´và�§ù´�
â |" 15, ·K 8 Ú |" 37, ·K 1"

� OW ´ W �(��§¿� OV
W ´d OW ÏL3 W �	?1"òÿ��

� V þ�� (ëì |" 5)§Kù��;�Ó�u OV /I (W ) §�é{`§·�k��
�ÜS�µ

0 −→ I (W ) −→ OV −→ OV
W −→ 0 "

y3� F ´ W þ����ê5�§¿� F V ´d F ÏL3 W �	?1"òÿ
����§K�±r F V w�´�� OV

W ��§l�´�� OV ��§�§�"
zf�¹ I (W )"·�kµ

···KKK 3. – e F ´ W þ����ê5và�§ F V ´ V þ����ê5v
à�"�L5§e G ´ V þ����ê5và�§¿�Ù"zf�¹ I (W ) §
K G 3 W þ���´ W þ����ê5và�"

e F ´ W þ����ê5và�§ F V ´��và OV
W �� ( |" 17, ·K 11)§

l´��và OV �� ( |" 16, ½n 3)"�L5§e G ´ V þ����ê5và
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�§¿�Ù"zf�¹ I (W ) §K�±r G w�´�� OV /I (W ) ��§�§´
��và� ( |" 16, ½n 3)¶u´ G 3 W þ���´��và OW �� ( |" 17, ·
K 11)"

ù��5§ W þ�?Û�ê5và�Ñ�±�Óu V þ����ê5và
�£¿�ù��ÓØUCþÓN+§ù´�â |" 26, ·K 8¤"AO/§��õ�
N£�= µ�Kõ�N¤þ�?Û�ê5và�Ñ�±w�´���m£�= µ�
K�m¤þ��ê5và�¶·�3e©¥¬²~¦^ù�Eâ"

5) — � G ´ V þ����ê5và�§�3 W �	�u 0 §K G �"zf
�7�¹ I (W )£�é{`§ G ¿ØUo¤� W þ����ê5và�¤¶�k
�:´(½�§=§oU�¹ I (W ) �,���"

|" 40 ©©©ªªªnnn������

� V ´��Ø���êõ�N§ R(V ) ´ V þ�kn¼ê�~�� (ëì |" 36)§K R(V ) ´���ê5�§¿�� dim V > 0 �§§Ø´và�"·�
�±r R(V ) ����ê5f� F ¡���/©ªn��0§Ï�z� Fx Ñ
´ OV,x ���©ªn�"

···KKK 4. – �
¦ R(V ) ����ê5f� F ´và�§7L��I§´k�
.�"

7�5´w,�"�
y²¿©5§�Iy² R(V ) ÷v |" 12, ½Â 2 ¥�
^� (b)§�é{`§e f1, . . . , fp ´�|kn©ª§K� R(f1, . . . , fp) ´k�.
�"e x ´ V ���:§K�±é�¼ê gi Ú h §¦� fi = gi/h §Ù¥ gi Ú h 3
x �,��� U þ´�~�§¿� h 3 U þ??Ø�u 0 ¶u´� R(f1, . . . , fp)
Ò�u� R(g1, . . . , gp) §�§´k�.�§Ï� OV ´��và��"

|" 41 ���þþþmmm������)))���

� E ´���ê5n�m§n�´ r ��þ�m§.�´���êõ�N V ¶
�â½Â§ E �n�.Ò´�þ�m Kr §(�+Ò´���5+ GL(r,K) §�
§3 Kr þ��^Ò´UìÏ~��ª£'u�ê5n�m�½Â§ëì [17]¶�
ë� [15], |" 4 ¥éu)Û�þm�?Ø¤"

e U ´ V ���m8§� S (E)[U ] ´ E 3 U þ��~�¡�8Ü¶e U ′ ⊇
U §Kk����Ó� ϕU ′

U : S (E)[U ′] → S (E)[U ] ¶�·������ S (E) §
¡� E ��¡Þ�"Äu E ´�þm�¯¢§z� S (E)[U ] Ñ´ Γ(U,OV ) �§
Ï S (E) ´ V þ����ê5�"e·�r E ÛÜ�Óu V × Kr §K�±w
�µ

···KKK 5. – � S (E) 3ÛÜþÓ�u Or
V ¶AO/§§´���ê5và�"
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�L5§N´wÑ V þ�?Û�ê5� F §��3ÛÜþÓ�u Or
V §Ò�

±Ó�uù���� S (E) §Ù¥ E �±(½�����Ó� (ëì [15] ¥éu)
Û�/�?Ø)"

e V ´��²wõ�N§K·��±� E ´ V þ� p �{��þm£ p ´�
��K�ê¤¶� Ωp ´éA�� S (E) §Kéu x ∈ V § Ωp

x ¥�����Ò
´ V þ���3 x ?�~� p ��©/ª"e- hp,q = dimK Hq(V,Ωp) §K·�
��§3�;�/¥£=Eê�þ§¿b� V ´�K�¤§ hp,q Ò�u (p, q) .N
Ú/ª�m��ê£Dolbeault ½n 9¤§¿�e Bn ´� V �1 n � Betti ê§K
k Bn =

∑
p+q=n hp,q"3���/e£=?¿�ê4�þ¤§·��±^þ¡�

úª5��²w�Kõ�N� Betti ê�½Â£¢Sþ§·�ò3 |" 66 ¥w�§
ù
 hp,q Ñ´k��¤"k7��	§��5�§±
)§�´Ä÷vk��þ
�õ�N� Weil ß�¥��¦ 10"·�=�Ñ§§�äk/Poincaré éó05
� Bn = B2m−n §�� V ´Ø���§��ê´ m"

ù
þÓN+ Hq(V, S (E)) �Ñy3Ù§�
¯K¥§'X` Riemann-Roch
½n§½ö.�� V (�+���C�+ x 7→ ax + b ��ê5n�m�©a¯
K£ëì [17], § 4§T??Ø
 dim V = 1 ��/¤�"

§ 3 ������õõõ���NNNþþþ������êêê555vvvààà���

|" 42 ������õõõ���NNN

¤¢���êõ�N V ´���§´�§Ó�u���m���4fN"ü
���õ�N�¦ÈE,´����õ�N¶��õ�N�4fN�Ñ´��õ
�N"

¤¢�êõ�N X ���mf8 U ´���§´�§3d X þ��êõ�N
(�¤p��(�e´����õ�N"

···KKK 1. – � U Ú V ´�êõ�N X �ü�mf8"e U Ú V Ñ´���§
K U ∩ V �´���"

� ∆ ´ X × X �é��¶�â |" 35§N� x 7→ (x, x) ´ X � ∆ þ���V�
�K�Ó�¶lù�N�3 U ∩V þ���´ U ∩V � ∆∩U ×V þ���V�
�~Ó�"du U Ú V Ñ´��õ�N§�� U × V �´����õ�N¶,�
�¡§ ∆ 3 X × X ¥´4�§ù´�âún (VAII)§l ∆ ∩ U × V 3 U × V ¥
´4�§Ï§�´����õ�N§y²�."

£N´wÑù�·Kéuý�êõ�N´Øé�µún (VAII) 3ùpå
¢�
��^¤"

9P. Dolbeault. Sur la cohomologie des variétés analytiques complexes. C. R. Paris, 236, 1953,
p. 175-177"

10Bulletin Amer. Math. Soc., 55, 1949, p. 507.
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y3·��Ú\��~^�PÒµe V ´���êõ�N§¿� f ´ V þ�
���~¼ê§K·�^ Vf 5P V �ù���mf8§§´d@
÷v f(x) 6=
0 �: x ∈ V ¤|¤�8Ü"

···KKK 2. – e V ´�����êõ�N§ f ´ V þ����~¼ê§Km
8 Vf ´����m8"

� W ´ V × K �ù���f8§d÷v λ.f(x) = 1 ���| (x, λ) ¤|¤§
K´� W 3 V × K ¥´4�§l´����õ�N"é?¿ (x, λ) ∈ W §
- π(x, λ) = x ¶N� π ´ W � Vf ����~N�"�L5§é?¿ x ∈ Vf §
- ω(x) = (x, 1/f(x)) §KN� ω : Vf → W ´�~�§¿�·�k π ◦ ω = 1 § ω ◦
π = 1 §l Vf Ú W ´Ó��§y²�."

···KKK 3. – � V ´ Kr ���4fN§ F ´ V ���4f8§ U = V r F "K
� P �H@
3 F þð�u 0 �õ�ª�8Ü�§ù
m8 VP �¤ U ���ÿ
ÀÄ"

� U ′ = V r F ′ ´ U ���m8§¿� x ∈ U ′ §K·�I�y²§�±é��
� P §¦� VP ⊆ U ′ � x ∈ VP "�é{`§ P 7L´3 F ′ þð�u 0 �3 x ?Ø
�u 0 �¶ù���õ�ª��35�d Kr þ�ÿÀ�½Âá�"

½½½nnn 1. – �êõ�N X þ��N��m8�¤ X ���ÿÀÄ"

¯K´ÛÜ5�§��b� X ´���m Kr ���ÛÜ4fN¶3ù��/
e§½n�d·K 2 Ú 3 á�"

íØ — X �d��mCX�±v
°["

5¿�e U = {Ui}i∈I ´��ù��mCX§K Ui0...ip Ñ´��m8§ù´�
â·K 1"

|" 43 ØØØ������õõõ���NNN���AAA���ÄÄÄ���555���

� V ´ Kr ���4fN§¿� I(V ) ´ K[X1, . . . , Xr] �ù���n�§§´
d@
3 V þ�u 0 �õ�ª¤|¤�¶� A ´û� K[X1, . . . , Xr]/I(V ) ¶·�
k��;�Ó�

ι : A −→ Γ(V, OV )

§´ü�§ù´�â I(V ) �½Â"

···KKK 4. – e V ´Ø���§K ι : A → Γ(V, OV ) ´���"

£¢Sþ§ùéu Kr �¤k4fNÑ´é�§·�ò3e��!y²ù�
:¤"

� R(V ) ´ A �©ª�¶�â |" 36§�±r OV,x �Óu A 34�n� mx ?�
©ª�§ù� mx Ò´d¤k3 x ?�u 0 �õ�ª¤|¤�§¿�·�k Γ(V, OV ) =
A =

⋂
x∈V OV,x£ùpr¤k OV,x Ñw�´ R(V ) �f�¤", A �z�4�n
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�Ñ�u,� mx §Ï� K ´�ê4� (Hilbert ":½n)¶ddá� (ëì [8],
1 XV Ù § 5, ½n X)§ A =

⋂
x∈V OV,x = Γ(V, OV ) §y²�."

···KKK 5. – � X ´��Ø���êõ�N§ Q ´ X þ����~¼ê§ P ´
XQ þ����~¼ê"Ké?¿¿©�� n §kn¼ê QnP 3�� X þÑ´�
~�"

k�u X �[;5§¯K´ÛÜ5�¶l�â½n 1§�±b� X ´ Kr �
��4fN"d�þ��·KL²§ Q ´ A = K[X1, . . . , Xr]/I(X) ¥����
�"P þ�^�¿�Xé?¿: x ∈ XQ §þ�é����{ P = Px/Qx §Ù
¥ Px Ú Qx Ñáu A §¿� Qx(x) 6= 0 ¶e a ´�ù
 Qx 3 A ¥¤)¤�n�§
K a �":õ�N�¹3 Q �":õ�N�¥¶�ì Hilbert ":½n§ùÒL²
éuv
�� n §·�k Qn ∈ a §�� Qn =

∑
Rx.Qx §Ï QnP =

∑
Rx.Px §

Ù¥ Rx ∈ A §ù�Òy²
 QnP 3 X þ´�~�"

£��±¦^e¡ù�¯¢µ=e X ´���§K XQ �´���§2r·
K 4 A^� XQ þ¤"

···KKK 6. – � X ´��Ø���êõ�N§ Q ´ X þ����~¼ê§ F ´
X þ����ê5và�§ s ´ F 3 X þ����¡§�§3 XQ þ����
u 0 "Ké?¿¿©�� n §�¡ Qns 3�� X þÑ´ 0 "

¯KE,´ÛÜ5�§�·��±b�µ

(a) X ´ Kr ���4fN§
(b) F Ó�u,�Ó� ϕ : Op

X → Oq
X �{Ø§

(c) s ´ Oq
X �,��¡ σ ��"

£¯¢þ§¤kù
^�3ÛÜþÑ´¤á�¤"

- A = Γ(X, OX) = K[X1, . . . , Xr]/I(X)"K�¡ σ �±�Óu A ¥� q ��
�",��¡§�

t1 = ϕ(1, 0, . . . , 0) , . . . , tp = ϕ(0, . . . , 0, 1) ¶

Kù
 ti (1 6 i 6 p) Ñ´ Oq
X 3 X þ��¡§l��±�Óu A ¥� q ��

�" s þ�^�¿�Xé?¿ x ∈ XQ §þk σ(x) ∈ ϕ(Op
X,x) §�Ò´`§ σ �±

�¤ σ =
p∑

i=1

fi.ti �/G§Ù¥ fi ∈ OX,x ¶½ö��©1§=�±é� Qx ∈ A §

÷v Qx(x) 6= 0 §�¦� Qx.σ =
p∑

i=1

Ri.ti §Ù¥ Ri ∈ A"u´þ¡�y²�

{L²§é?¿¿©�� n § Qn Ñá3dù
 Qx ¤)¤�n��¥§�é?
¿ x ∈ X §þk Qnσ(x) ∈ ϕ(Op

X,x) §ù�Ò¿�X Qns 3�� X þÑ�u 0"

|" 44 þþþÓÓÓNNN+++������²²²555

···KKK 7. – � X ´��Ø����õ�N§ Qi ´ X þ��xk���~¼ê§
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�3z�:?ÑØ¬Ó��u 0 § U ´ X �ù���mCX§§´dù
 Ui =
XQi

¤|¤�"u´e F ´ Op
X ����ê5vàf�§Ké?¿ q > 0 §þ

k Hq(U, F ) = 0 "

Ø�r U �¤���d�mCX§l�±b�vk��¼ê Qi ´ð�
u 0 �§�é{`§é?¿ i §þk Ui 6= ∅"

� f = (fi0...iq) ´ U �����3 F ¥� q �þ�"Ù¥ fi0...iq ´ F 3 Ui0...iq

þ����¡§l�±�Óu Ui0...iq þ� p ��~¼ê¶r·K 5 A^� Q =
Qi0 . . . Qiq þ§·�w�§é?¿¿©�� n § gi0...iq = (Qi0 . . . Qiq)

nfi0...iq Ñ´
�� X þ� p ��~¼ê§�é{`§´ Op 3 X þ����¡"À����
ê n ¦�ù�¯é¤k (i0, . . . , iq) Ñ¤á§ù´�±���§Ï��I�kk�
�"�Ä gi0...iq 3và� Op

X/F ¥��¶ù��¡3 Ui0...iq þ�u 0 ¶y3A^
·K 6§K·�w�§é?¿¿©�� m §ù��¡� (Qi0 . . . Qiq)

m �¦ÈÑ3
�� X þ�u 0 §ùÒ¿�X (Qi0 . . . Qiq)

mgi0...iq ´ F 3�� X þ����¡"
le� N = m + n §K·��� F 3 X þ��¡ hi0...iq §§3 Ui0...iq þÜ
u (Qi0 . . . Qiq)

Nfi0...iq"

duù
 QN
i Ø¬3?�:?Ó�� 0 §��é��|¼ê

Ri ∈ Γ(X, OX)

¦�
∑

Ri.Q
N
i = 1"y3é?¿�| i0, . . . , iq−1 §-µ

ki0...iq−1 =
∑

i

Ri.hii0...iq−1/(Qi0 . . . Qiq−1)
N §

ù´k¿Â�§Ï� Qi0 . . . Qiq−1 3 Ui0...iq−1 þ??Ø�u 0"

ù�Ò½Â
��þó k ∈ Cq−1(U, F )"·��Ñ§ f = dk §ùÒ�±y²
þã·K"

I��y (dk)i0...iq = fi0...iq ¶�d�Iy²ùü��¡3 U =
⋂

Ui þ´
Ü�§Ï�ddÒ��§�??Ü§Ï�§�Ñ´ X þ� p �kn¼ê§¿
� U 6= ∅",3 U þ·��±�Ñ

ki0...iq−1 =
∑

i

Ri.Q
N
i .fii0...iq−1 §

��

(dk)i0...iq =

q∑
j=0

(−1)j
∑

i

Ri.Q
N
i .fii0...̂ij ...iq

§

k�u f ´þ��¯¢§Òk

(dk)i0...iq =
∑

i

Ri.Q
N
i .fi0...iq = fi0...iq §

y²�."
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íííØØØ 1. – � q > 0 �§·�k Hq(X, F ) = 0 "

¯¢þ§·K 3 L²§·K 7 ¥¤¦^�ù«mCX�±v
°["

íííØØØ 2. – Ó� Γ(X, Op
X) → Γ(X, Op

X/F ) ´÷�"

ù´�gþ¡�íØ 1 ±9 |" 24 ¥�·K 6 �íØ 2"

íííØØØ 3. – � V ´ Kr ���4fN§¿�

A = K[X1, . . . , Xr]/I(V ) "

KÓ� ι : A → Γ(V, OV ) ´���"

�±rþ¡�íØ 2 A^� X = Kr, p = 1, F = I (V )£ V ¤½Â�n�
�¤þ¶dd��§ Γ(V, OV ) ¥�?Û��Ñ´ O 3 X þ�,��¡£�Ò´
`§,�õ�ª§ù´�â·K 4§A^� X þ¤���"

|" 45 ������õõõ���NNNþþþ������êêê555vvvààà���������¡¡¡

½½½nnn 2. – � F ´��õ�N X þ����ê5và�"Ké?¿ x ∈ X §
OX,x � Fx Ñ�d Γ(X, F ) ¥���¤)¤"

Ï� X ´���§¤±·�Ur§w�´,����m Kr �4fN¶r
� F 3 X �	?1"òÿ§·��� Kr þ����ê5và� (ëì |" 39)§l
¯K8(�éù�#��5y²ù�½n"�é{`§·��±b� X =
Kr"

�âvà��½Â§�±é� X ���mCX§¦� F 3Ù¥�z�m8þ
ÑÓ�u,�� Op

X �û�"ÏL·K 3 ·�w�§�±é�k��õ�ª Qi §
3?Û:?Ø¬Ó�� 0 §¿�3z� Ui = XQi

þÑk��÷Ó� ϕi : Opi

X →
F ¶?�±b�vk��õ�ªð�u 0"

: x á3,� Ui ¥§'X` U0 ¶´� Fx �d F 3 U0 þ��¡¤)¤¶d
u Q0 3 OX,x ¥´�_�§l·��Iy²e¡�Únµ

Ún 1. – e s0 ´ F 3 U0 þ����¡§K�±é����ê N Ú F 3 X þ
����¡ s §¦�3 U0 þk s = QN

0 .s0 "

�â·K 2§ Ui ∩ U0 ´����õ�N§�w,´Ø���¶r·K 7 �í
Ø 2 A^�ù�õ�NÚ ϕi : Opi

X → F þ§·�w�3 Ui ∩ U0 þ�±é� Opi

X �
���¡ σ0i §¦�3 Ui∩U0 þk ϕi(σ0i) = s0 ¶du Ui∩U0 Ò´d Ui ¥�@
¦
� Q0 Ø�u 0 �:¤|¤�§�·��±r·K 5 A^� X = Ui Ú Q = Q0 þ§
dd��§éuv
�� n §�±é� Opi

X 3 Ui þ����¡ σi §§3 Ui ∩U0 þ
� Qn

0 .σ0i ´Ü�¶y3- s′i = ϕi(σi) §K·��� F 3 Ui þ����¡§§
3 Ui ∩U0 þ� Qn

0 .s0 Ü"�¡ s′i Ú s′j 3 Ui ∩Uj ∩U0 þ´Ü�¶r·K 6 A^
� s′i−s′j þ§K·�w�§éu¿©�� m §3�� Ui∩Uj þÑk Qm

0 .(s′i−s′j) =
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0"u´ù
 Qm
0 .s′i �±½ÂÑ F 3 X þ������¡ s §¿�3 U0 þ·�

k s = Qn+m
0 s0 §ùÒy²
Ún§��¤
½n 2 �y²"

íííØØØ 1. – � F Ó�u,�� Op
X �û�"

Ï� Fx ´��k�. OX,x �§¤±dþ¡�½n�§�±é� F �k��
�¡§§�)¤
 Fx ¶�â |" 12, ·K 1§éu¿©�C x � y §ù
�¡�)¤

 Fy"duÿÀ�m X ´[;�§�·��±é� F �k���¡ s1, . . . , sp §
§�U
)¤z� Fx (x ∈ X) §ù�Ò¿�X F Ó�u� Op

X ���û�"

íííØØØ 2. – � A
α−→ B

β−→ C ´��õ�N X þ����ê5và���ÜS
�"KS� Γ(X, A )

α−→ Γ(X, B)
β−→ Γ(X, C ) ´�Ü�"

�½n 2 �y²��§�±b� X Ò´���m Kr §l´Ø���"
- I = Im(α) = Ker(β) ¶¯K8(�y² α : Γ(X, A ) → Γ(X, I ) ´÷�"y3
�âíØ 1§�±é���÷Ó� ϕ : Op

X → A §2�â·K 7 �íØ 2§ α ◦ ϕ :
Γ(X, Op

X) → Γ(X, I ) ´÷�¶�, α : Γ(X, A ) → Γ(X, I ) �´Xd§y²�
."
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y3·��í2·K 7µ

½½½nnn 3. – � X ´����õ�N§ Qi ´ X þ��xk���~¼ê§�3z
�:?ÑØ¬Ó��u 0 § U ´ X �ù���mCX§§´dù
 Ui = XQi

¤|
¤�"u´e F ´ X þ����ê5và�§Ké?¿ q > 0 §þk Hq(U, F ) =
0 "

Äkb� X ´Ø���"�â½n 2 �íØ 1§�±é����ÜS�

0 −→ K −→ Op
X −→ F −→ 0 "

E/�S� 0 → C•(U, K ) → C•(U, Op
X) → C•(U, F ) → 0 ´�Ü�"¯¢þ§

ù��u` F 3 Ui0...iq þ�?Û�¡Ñ´ Op
X 3 Ui0...iq þ�,��¡��§ù´

�g·K 7 �íØ 2£A^�Ø��õ�N Ui0...iq þ¤"ù�E/��ÜS��±
ÚÑ��þÓN��ÜS�µ

· · · −→ Hq(U, Op
X) −→ Hq(U, F ) −→ Hp+1(U, K ) −→ · · · §

�du� q > 0 � Hq(U, Op
X) = Hq+1(U, K ) = 0 §ù´�â·K 7§��ddí

� Hq(U, F ) = 0"

y3=����/þ"·��±r X w�´,����m Kr �4fN¶�â
·K 7 �íØ 3§ù
¼ê Qi ´d�
õ�ª Pi ¤�Ñ�¶,��¡§� Rj ´n
� I(X) ���k�)¤�|"ù
¼ê Pi, Rj Ø¬3 Kr �?�:?Ó�� 0 §
l§�½Â
 Kr ���mCX U′ ¶� F ′ ´d F ÏL3 X �	?1"òÿ
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����¶rþ¡¤y²�(JA^��m Kr!¼ê Pi, Rj!Ú� F ′ þ§
·�w�� q > 0 � Hq(U′, F ′) = 0"�±á=�yE/ C•(U′, F ′) Ó�uE
/ C•(U, F ) §dd�� Hq(U, F ) = 0 §y²�."

íííØØØ 1. – e X ´����õ�N§ F ´ X þ����ê5và�§Ké?
¿ q > 0 §þk Hq(X, F ) = 0 "

¯¢þ§þã½n¥¤¦^�@«a.�mCX�±v
°["

íííØØØ 2. – � 0 → A → B → C → 0 ´��õ�N X þ�����ÜS�"e
� A ´�ê5và�§KÓ� Γ(X, B) → Γ(X, C ) ´÷�"

ù´�gíØ 1§��� q = 1"

|" 47 ���êêêõõõ���NNN���������mmmCCCXXX

···KKK 8. – � X ´����õ�N§¿� U = {Ui}i∈I ´ X ���k���m
CX"u´e F ´ X þ����ê5và�§Ké?¿ q > 0 §þk Hq(U, F ) =
0 "

�â·K 3§�±é� X þ��|�~¼ê Pj §¦�mCX V = {XPj
}' U

°["é?¿ (i0, . . . , ip) § V 3 Ui0...ip þ¤p��mCX Vi0...ip Ò´dù
 Pj 3
Ui0...ip þ���¤½Â�¶du Ui0...ip ´����õ�N§ù´�â·K 1§��
±r½n 3 A^�§þ¡§ddí�é?¿ q > 0 §þk Hq(Vi0...ip , F ) = 0"y3
A^ |" 29, ·K 5§·�w�

Hq(U, F ) = Hq(V, F ) §

�du� q > 0 � Hq(V, F ) = 0 §ù´�â½n 3§·KÏd�y"

½½½nnn 4. – � X ´���êõ�N§ F ´ X þ����ê5và�§ U =
{Ui}i∈I ´ X ���k���mCX"Ké?¿ n > 0 §Ó� σ(U) : Hn(U, F ) →
Hn(X, F ) Ñ´���"

�Ä X �k���mCX�x Vα"�â½n 1 �íØ§ù«mCX�±
v
°[",��¡§é?¿�| (i0, . . . , ip) § Vα 3 Ui0...ip þ¤p��mC
X Vα

i0...ip Ñ´��mCX§ù´�â·K 1¶l�â·K 8§éu q > 0 §·
�k Hq(Vα

i0...ip , F ) = 0"Kdu |" 29, ½n 1 ¥�^� (a) Ú (b) ��÷v§½n
Ï�y"

½½½nnn 5. – � X ´���êõ�N§ U = {Ui}i∈I ´ X ���k���mCX"
� 0 → A → B → C → 0 ´ X þ�����ÜS�§Ù¥�� A ´�ê5và
�"Ké?¿ q > 0 §;�Ó� Hq

0(U, C ) → Hq(U, C ) (ëì |" 24) Ñ´���"

w,�Iy² C•
0(U, C ) = C•(U, C ) §�Ò´`§ C 3 Ui0...iq þ�?Û�¡Ñ

´ B 3 Ui0...iq þ�,��¡��§ù´�g½n 3 �íØ 2"
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íííØØØ 1. – � X ´���êõ�N§¿� 0 → A → B → C → 0 ´ X þ
�����ÜS�§Ù¥�� A ´�ê5và�"Ké?¿ q > 0 §;�Ó
� Hq

0(X, C ) → Hq(X, C ) Ñ´���"

ù´½n 1 Ú 5 �����íØ"

íííØØØ 2. – ·�k���ÜS�µ

· · · −→ Hq(X, B) −→ Hq(X, C ) −→ Hq+1(X, A ) −→ Hq+1(X, B) −→ · · · "

§ 4 kkk���...���ÚÚÚ���êêê555vvvààà������mmm���éééAAA'''XXX
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� V ´����õ�N§ OV ´ V �(��¶·�r� A = Γ(V, OV ) ¡� V �
�I�§ù´�� K þ��ê§�vkÉu 0 ��"�"er V w�´,��
��m Kr �4fN§K·��� (ëì |" 44)§ A �±�Óu K[X1, . . . , Xr] Ø±
3 V þ�u 0 �õ�ª¤|¤�n����û�ê¶Ï�ê A ´dk����
¤)¤�"

�L5§N´�y§e A ´���� K �ê§vk£Éu 0 �¤�"�§
¿�´dk����¤)¤�§K�±é�����õ�N V §¦� A Ó�
u Γ(V, OV )"? V �±�ù�5�(½�����Ó�£�±r V �Óu A �
A�I�8Ü§�kÏ~ÿÀ¤"

� M ´�� A �§K M 3 V þ½Â
��~��§·�EP�� M"Ó�
/§ A ½Â
��~��§¿�� M �±�w�´�� A ��"- M̃ = OV ⊗A

M §ùpr� OV �w�´�� A ��¶´� M̃ ´ V þ����ê5�"?§
e ϕ : M → M ′ ´�� A Ó�§Kk��Ó� ϕ̃ = 1 ⊗ ϕ : M̃ → M̃ ′"��`{Ò
´§ M̃ ´� M ����C¼f"

···KKK 1. – ¼f M̃ ´�Ü�"

� M → M ′ → M ′′ ´ A �����ÜS�"·�I�`²S� M̃ → M̃ ′ →
M̃ ′′ ´�Ü�§�é{`§é?¿ x ∈ V §S�

OV,x ⊗A M −→ OV,x ⊗A M ′ −→ OV,x ⊗A M ′′

Ñ´�Ü�"

y3 OV,x fÐÒ´ A �ù���©ª� AS §Ù¥ S ´�÷v f(x) 6= 0 �@

 f ∈ A �8Ü£©ª��½Â�±ë� [8], [12] ½ [13]¤"l·K 1 ´eã(J
���AÏ�/µ
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Ún 1. – � A ´���§ S ´ A ���Ø�¹ 0 �¦5f8§ AS ´ A �é
u S �©ª�"u´e M → M ′ → M ′′ ´ A �����ÜS�§KS� AS ⊗A

M → AS ⊗A M ′ → AS ⊗A M ′′ ´�Ü�"

·�^ MS 5P©ª m/s �8Ü§Ù¥ m ∈ M, s ∈ S §éuü�©ª m/s Ú
m′/s′ §XJ�±é� s′′ ∈ S §¦� s′′(s′.m − s.m′) = 0 §K·�r§��Ó"N
´wÑ MS ´�� AS �§¿�N�

a/s ⊗ m 7−→ a.(m/s)

´ AS ⊗A M � MS ���Ó�§l¯K8(�y²S�

MS −→ M ′
S −→ M ′′

S

´�Ü�§ù´éN´�"

···KKK 2. – M̃ = 0 %º M = 0 "

� m ´ M ¥�����¶e M̃ = 0 §Ké?¿ x ∈ V §3 OV,x ⊗A M ¥þ
k 1 ⊗ m = 0"�âþ¡¤ã§ 1 ⊗ m = 0 �du�±é����� s ∈ A §÷
v s(x) 6= 0 Ú s.m = 0 §l m 3 M ¥�"zfØ�¹3 A �?Û��4�n�
�¥§ùÒL«`§�u A §�� m = 0"

···KKK 3. – e M ´��k�. A �§K M̃ ´ V þ����ê5và�"

Ï� M ´k�.�§¿� A ´ Noether �§¤± M Ó�u,�Ó� ϕ : Aq →
Ap �{Ø§Ï M̃ Ó�u ϕ̃ : Ãq → Ãp �{Ø"du Ãp = Op

V � Ãq = Oq
V §��

dd�� M̃ ´và�"

|" 49 ���êêê555���������)))���

� F ´ V þ����ê5�§¿� Γ(F ) = Γ(V, F ) §KÏ� F ´�� OV �
�§¤± Γ(F ) �kg,� A �(�"?Û�ê5Ó� ϕ : F → G Ñ½Â
�
� A Ó� Γ(ϕ) : Γ(F ) → Γ(G )"e·�k�ê5và�����ÜS� F →
G → H §KS�

Γ(F ) −→ Γ(G ) −→ Γ(H )

´�Ü� ( |" 45)¶r§A^����ÜS� Op
V → F → 0 þ§K·�w� Γ(F )

´��k�. A �§�� F ´và�"

¼f M̃ Ú Γ(F ) ´p/_0� 11µ

½½½nnn 1. – (a) e M ´��k�. A �§K Γ(M̃) ;�Ó�u M "
(b) e F ´ V þ����ê5và�§K Γ̃(F ) ;�Ó�u F "

Äky² (a)"?Û�� m ∈ M ½Â
 M̃ ����¡ α(m) §=ÏLúªµ
α(m)(x) = 1 ⊗ m ∈ OV,x ⊗A M ¶�·�k��Ó� α : M → Γ(M̃)"XJ M ´

11È5µUì�Æ��ó§ùü�¼fp�/[_0"
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��k�.gd�§K α ´���£�Ié M = A y²ù�:§d�ù´w,
�¤¶e M ´��?¿�k�.�§K�±é����ÜS� L1 → L0 → M →
0 §Ù¥ L0 Ú L1 Ñ´k�.�gd�¶u´S� L̃1 → L̃0 → M̃ → 0 ´�Ü�§
lS� Γ(L̃1) → Γ(L̃0) → Γ(M̃) → 0 �´Xd"���ãL

L1 //

α
²²

L0 //

α
²²

M //

α
²²

0

α
²²

Γ(L̃1) // Γ(L̃0) // Γ(M̃) // 0

L²§ α : M → Γ(M̃) ´���§ùÒy²
 (a)"

y3� F ´ V þ����ê5và�"e·�rz� s ∈ Γ(F ) éA��
� s(x) ∈ Fx §K�±���� A Ó�µ Γ(F ) → Fx §§q�±òÿ��
� OV,x Ó� βx : OV,x ⊗A Γ(F ) → Fx ¶N´�y§ù
 βx �¤���Ó� β :

Γ̃(F ) → F "XJ F = Op
V §KÓ� β ´���¶dd��£¦^Úþ¡�Ó�

�{¤§é?¿�ê5và� F § β Ñ´���§ùÒy²
 (b)"

5) — (1) ·���±l (a) �Ñ (b)¶ëì |" 65, ·K 6 �y²"

(2) ·�ò31 III w�§éu�K�mþ�và�§·�I��=
?U5�
¤aq�éA"

|" 50 ÝÝÝ������ÚÚÚ���þþþmmm

�P� ([6], 1 I Ù½n 2.2) ¤¢�� A � M ´Ý��§´�§´,�gd A �
��ÚÏf"

···KKK 4. – � M ´��k�. A �"K�
¦ M ´Ý��§7L��Ié?
¿ x ∈ V § OV,x � OV,x ⊗A M Ñ´gd�"

e M ´Ý��§K OV,x⊗AM ´ OV,x Ý��§l´ OV,x gd�§Ï� OV,x ´
��ÛÜ� (ëì [6], 1 VIII Ù, ½n 6.1′).

��§eÃ OV,x ⊗A M Ñ´gd�§Kk

proj. dim(M) = sup
x∈V

proj. dim(OV,x ⊗A M) = 0

(ëì [6], 1 VII Ù, SK 11)§ùÒ¿�X M ´Ý�� ([6], 1 VI Ù § 2)"

5¿�e F ´ V þ����ê5và�§¿� Fx Ó�u Op
V,x §K F 3 x �

,���þÓ�u Op
V ¶leù�5�é¤k: x ∈ V Ñ¤á§K� F 3Û

ÜþÓ�u� Op
V §��ê p 3 V �?ÛëÏ©|þÑ´~��"r§A^�

� M̃ þ§·���µ
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íØ — � F ´ëÏ��õ�N V þ����ê5và�"K±en�5�´
�d�µ

(i) Γ(F ) ´��Ý� A �"
(ii) F 3ÛÜþÓ�u,�� Op

V "
(iii) F Ó�u,�.�� V ��ê5�þm��¡Þ�"

?§N� E → Γ(S (E))£ E ´����þm¤ïá
�þm�Ó�a�k
�.Ý� A ��Ó�a�m�����éA¶�3ù�éAe§²��þméA
�gd�§��½,"

·��Ñ§éu V = Kr£d� A = K[X1, . . . , Xr] ¤§�öÿØ��´Ä�±
é�ù��k�.Ý� A �§§Ø´gd�§ù���u`§´Ä�±é�.�
� Kr ��²��ê5�þm 12"

12È5µQuillen Ú Suslin y²ù´Ø�3�"
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§ 1 ���KKKõõõ���NNN

|" 51 eeeZZZPPPÒÒÒ

£e¡Ú\�PÒ3ù�Ù¥Ñ´k��¤"

� r ´���K�ê§¿� Y = Kr+1 r {0}¶ K ¥��"��¦{+ K∗ �±
�^3 Y þ§=ÏLúªµ

λ(µ0, . . . , µr) = (λµ0, . . . , λµr) "

¤¢ü�: y Ú y′ ´�d�§´��±é� λ ∈ K∗ §¦� y′ = λy ¶·�
r Y 3ù��d'Xe�û�mP� Pr(K) §½{P� X ¶ùÒ´ K þ� r ��
K�m¶·�r Y � X þ�;�ÝKP� π"

� I = {0, 1, . . . , r}¶é?¿ i ∈ I §·�^ ti 5P Kr+1 þ�1 i ��I¼ê§
=µ

ti(µ0, . . . , µr) = µi "

·�¦^ Vi 5P Kr+1 �ù���mf8§§´d÷v ti 6= 0 �@
:¤|
¤�§2^ Ui 5P Vi 3 π e��¶ù
 {Ui}i∈I �¤ X ���mCX U"e i, j ∈
I §K¼ê tj/ti 3 Vi þ´�~�§¿�3 K∗ ��^eØC§l½Â
 Ui þ�
��¼ê§·�EP�� tj/ti ¶éu�½� i §ù
¼ê tj/ti, j 6= i �±½ÂÑ
����N� ψi : Ui → Kr"

·�� Kr+1 D�g,��êõ�N(�§¿�� Y D�p�(�"Ó�
·�� X D� Y �ûÿÀµl X �4f8Ò´ Kr+1 ¥�4I3 π e��"
e U 3 X ¥´m�§K·�- A[U ] = Γ(π−1(U), OY ) ¶ùÒ´ π−1(U) þ��~
¼ê�"� A0[U ] ´d A[U ] ¥�@
3 K∗ �^eØC���¤|¤�f�£�
Ò´`§ 0 gàg¼ê¤"XJ V ⊇ U §K·�k����Ó� ϕV

U : A0[V ] →
A0[U ] §lù| (A0[U ], ϕV

U ) ½Â
��� OX §¿��±r§w�´ X þ�¼
êÞ� CX ���f�"�
¦��½Â3 x ���þ�¼ê f á3 OX,x ¥§7

53
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L��I§3ÛÜþÜu��/X P/Q �¼ê§Ù¥ P Ú Q ´ t0, . . . , tr �ü�
Ógê�àgõ�ª§¿�éu y ∈ π−1(x) §þk Q(y) 6= 0£ù�¯·�ò{P
� Q(x) 6= 0 ¤"

···KKK 1. – �K�m X = Pr(K) §ëÓþ¡¤½Â�ÿÀÚ�§´���êõ
�N"

ù
 Ui (i ∈ I) Ñ´ X �m8§¿�éN´�y§þ¡¤½Â���N
� ψi : Ui → Kr Ñ´V��~Ó�§ùÒy²
ún (VAI) ´¤á�"�
y
² (VAII) �¤á§·�I�y² Kr × Kr �d��| (ψi(x), ψj(x)) §Ù¥ x ∈
Ui ∩ Uj §¤|¤�f8´4�§ù�¯¿Ø(J"

3e©¥§·�o´� X D�ff¤½Â��êõ�N(�"¤¢���ê
õ�N V ´�K�§´�§Ó�u�K�m���4fN"�	�Kõ�Nþ�
�ê5và��¯K�±8(��	 Pr(K) þ��ê5và�§ëì |" 39"

|" 52 ���KKK���mmm���fffNNN���þþþÓÓÓNNN

·��r |" 47, ½n 4 A^�þ��!¤½Â�mCX U = {Ui}i∈I þµù´#
N�§Ï�z� Ui ÑÓ�u Kr"ù�·�Ò��µ

···KKK 2. – e F ´ X = Pr(K) þ����ê5và�§Ké?¿ n > 0 §Ó
� σ(U) : Hn(U, F ) → Hn(X, F ) Ñ´���"

Ï� U ´d r + 1 �m8¤|¤�§¤±·�k (ëì |" 20, ·K 2 �íØ)µ

íØ — éu n > r §·�k Hn(X, F ) = 0 "

ù�(J�±í2Xeµ

···KKK 3. – � V ´���êõ�N§�Ó�u�K�m X ¥���ÛÜ
4fN"� F ´ V þ����ê5và�§¿� W ´ V ���fN§�¦
� F 3 W �	�u 0 "Kéu n > dim W §·�Ñk Hn(V, F ) = 0 "

AO/§� W = V §·�w�µ

íØ — � n > dim V �§·�k Hn(V, F ) = 0 "

·�r V �Óu X = Pr(K) ���ÛÜ4fN§K�±é� X ���m
8 U §¦� V 3 U ¥´4�"·��±b� W 3 V ¥´4�§ùw,´Ün
�¶u´ W 3 U ¥´4�"- F = X r U"3y²·K 3 �c§·�kïáü�
Únµ

Ún 1. – � k = dim W §K�±é� k+1 ��gê�àgõ�ª Pi(t0, . . . , tr) §
§�3 F þÑ�u 0 §¿�3 W �z�:?ÑØ¬Ó�� 0 "

£òcÂÑ\Ú�§¤¢��àgõ�ª P 3 Pr(K) �: x ?´ 0 §´�§
3 π−1(x) þ�u 0 ¤"
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é k ?18B§ k = −1 ��/´²��"3 W �z�Ø��©|þÑ�½�
�:§¿� P1 ´ù����gê�àgõ�ª§§3 F þ�u 0 §¿�3þ¡À
½�@
:?ÑØ�u 0£ P1 ��35�g F ´4�ù�¯¢§k�u Pr(K) þ
�ÿÀ�½Â¤"� W ′ ´ W �ù���fN§§´d÷v P1(x) = 0 �: x ∈
W ¤|¤�§K�â P1 ��E�{§ W �?ÛØ��©|ÑØ�¹3 W ′ �
¥§dd�� (ëì |" 36)§ dim W ′ < k"r8Bb�A^� W ′ þ§·�w��
3 k �àgõ�ª P2, . . . , Pk+1 §§�3 F þÑ�u 0 §¿�3 W ′ �z�:?Ñ
Ø¬Ó�� 0 ¶´�ù
õ�ª P1, . . . , Pk+1 Ò÷v¤�¦�^�"

Ún 2. – � P (t0, . . . , tr) ´��àgõ�ª§�gê n > 0 "Kd÷v P (x) 6=
0 �@
: x ∈ X ¤|¤�8Ü XP ´ X �����m8"

e·�rz�: y = (µ0, . . . , µr) ∈ Y éA��m KN ¥�ù���:§§
��IÒ´¤kü�ª µm0

0 · · ·µmr
r , m0 + · · · + mr = n£ N Ò´ù
ü�ª��

ê¤§KÏL�û�±����N� ϕn : X → PN−1(K)"·�k���;�(
J§�éN´�y§= ϕn ´ X � PN−1(K) �,�4fN£/Veronese N0¤þ
���V��~Ó�¶ù� ϕn rm8 XP =z� ϕn(X) ¥Øá3 PN−1(K) �,
��²¡¥�@
:�8Ü¶du�²¡�Ö8Ó�u���m§��ddí
�§ XP �±Ó�u���m¥�,�4fN"

y3·�5y²·K 3"r� F 3 U r V þ?1 0 òÿ§K�±�� U þ
����ê5và�§·�EP�� F §�·��� (ëì |" 26) Hn(U,F ) =
Hn(V, F )",��¡§� P1, . . . , Pk+1 ´÷vÚn 1 ¥^���|àgõ�ª¶
� Pk+2, . . . , Ph ´ù��|�gê�àgõ�ª§3 W ∪ F þÑ�u 0 §¿�
3 U r W �z�:?ÑØ¬Ó�� 0 £�
��ù
õ�ª§�I� W ∪
F 3 K[t0, . . . , tr] ¥¤½Â�n���|àg)¤�¤"é?¿ i, 1 6 i 6 h §
� Vi ´d@
÷v Pi(x) 6= 0 �: x ∈ X ¤|¤�8Ü§K·�k Vi ⊆ U §¿�
þã^�L²§ V = {Vi}´ U ���mCX¶?§Ún 2 L²§ù
 Vi Ñ´�
�m8§�é?¿ n > 0 §þk Hn(V, F ) = Hn(U,F ) = Hn(V, F )",��¡§
e n > k §¿��I i0, . . . , in ´üüØÓ�§KÙ¥7k���I > k + 1 §Ï
 Vi0...in � W vk�:¶ddí�§� n > k ���þó+ C′n(V, F ) Ñ´ 0 §
ùÒ¿�X Hn(V, F ) = 0 §ù´�â |" 20, ·K 2"

|" 53 ØØØ���������êêê������þþþÓÓÓNNN

e V ´�� 1 �Ø���êõ�N§K V �ý4f8Ò´k�f8"� F ´ V �
��k�f8§� x ´ F ¥���:§·�- V F

x = (V rF )∪{x}¶ù
 V F
x (x ∈

F ) �¤ V ���k�mCX VF "

Ún 3. – þ¡ù«a.�mCX VF �±v
°["

� U = {Ui}i∈I ´ V ���mCX§�±b�§´k��§Ï� V ´[;�"
Ó��±b�é?¿ i ∈ I §þk Ui 6= ∅"le·�- Fi = V r Ui §K Fi ´
k��§Ï F =

⋃
i∈I Fi �´Xd"e¡y² VF ¹ U §ùÒ�±y²Ún"

� x ∈ F §K�±é� i ∈ I §¦� x /∈ Fi §Ï�ù
 Ui �±CX V ¶u´·�
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k F r {x} ⊇ Fi §Ï� F ⊇ Fi §ùÒ¿�X V F
x ⊆ Ui §l�y²
 VF ¹ U"

Ún 4. – � F ´ V þ����§ F ´ V ���k�f8"Kéu n > 2 §·
�k

Hn(VF , F ) = 0 "

- W = V r F ¶´� V F
x0

∩ · · · ∩ V F
xn

= W §��ù
 x0, . . . , xn ´üüØÓ
�§¿� n > 1"e·�- G = Γ(W, F ) §Kdd��§��E/ C′•(VF , F ) 3
�ê > 1 ?Ó�u C′•(S(F ), G) §Ù¥ S(F ) ´�± F �º:8�ü/"Ïdé
u n > 2 §·�k

Hn(VF , F ) = Hn(S(F ), G) = 0 §

Ï�ü/�þÓN´²��"

Ún 3 Ú 4 w,�±�Ñµ

···KKK 4. – e V ´�^Ø���ê�§ F ´ V þ�?¿���§Kéu n >
2 §þk Hn(V, F ) = 0 "

5) — �öØ��aq�(J´Ø´é?¿�ê�õ�NÑ¤á 13"

§ 2 ©©©ggg���������KKK���mmmþþþ������êêê555vvvààà���

|" 54    £££$$$��� F (n)

� F ´ X = Pr(K) þ����ê5�"� Fi = F |Ui
´ F 3 Ui þ��� (ë

ì |" 51)¶?����ê n §� θij(n) ´ Fj|Ui∩Uj
� Fi|Ui∩Uj

þ�ù���Ó�§
§´d¦±¼ê tnj /t

n
i �$�¤½Â�¶ù´k¿Â�§Ï� tj/ti ´ Ui ∩ Uj þ�

���~¼ê§���3 K∗ ¥"3 Ui ∩ Uj ∩ Uk ¥�¤k:?§·�Ñk θij(n) ◦
θjk(n) = θik(n) ¶l·��±¦^ |" 4, ·K 4§dd�����ê5�§P
� F (n) §dù
� Fi = F |Ui

²dù
Ó� θij(n) ÅÜ¤"

·�k;�Ó� F (0) ∼= F Ú F (n)(m) ∼= F (n + m)"?§ F (n) 3ÛÜþ
Ó�u F §l´và�§�� F ´Xd¶dd��±�Ñ§é?¿ n ∈ Z §·
�l�ê5��?Û�ÜS� F → F ′ → F ′′ Ñ�±ÚÑ���ÜS� F (n) →
F ′(n) → F ′′(n)"

·��±rþ¡¤ãA^�� F = OX þ§dd���
� OX(n), n ∈
Z"e¡·��Ñù
��,�«£ã�{µe U 3 X ¥´m�§� An[U ] ´
d A[U ] = Γ(π−1(U), OY ) ¥� n gàg¼ê£�Ò´`§éu λ ∈ K∗ Ú y ∈
π−1(U) þ÷v�ª f(λy) = λnf(y) ¤¤|¤�f+¶ù
 An[U ] Ñ´ A0[U ] �§
l§��±�Ñ���ê5�§·�6�P�� O ′

X(n)"léu x ∈ X §
13È5µ(¢¤á"ë� Grothendieck 'uÓN�ê�©Ù"
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O ′
X(n)x ¥������±�Óu��kn©ª P/Q §Ù¥ P Ú Q Ñ´àgõ�

ª§ Q(x) 6= 0 §¿� deg P − deg Q = n"

···KKK 1. – � OX(n) Ú O ′
X(n) ´;�Ó��"

�â½Â§ OX(n) 3m8 U ⊆ X þ����¡Ò´ OX 3ù
 U ∩ Ui þ�
�|�¡ (fi) §�3 U ∩ Ui ∩ Uj þ÷v fi = (tnj /t

n
i ).fj ¶·��±rù
 fj �Ó

u π−1(U)∩π−1(Ui) þ� 0 gàg�~¼ê¶- gi = tni .fi §K3 π−1(U)∩π−1(Ui)∩
π−1(Uj) ¥�¤k:?§·�Ñk gi = gj §lù
 gi Ñ´ π−1(U) þ����
� n gàg��~¼ê g ���"�L5§��ù��¼ê g �½Â
�| (fi) §
��- fi = g/tni "lN� (fi) 7→ g ´ OX(n) � O ′

X(n) ���Ó�"

3e©¥§·�o´r OX(n) Ú O ′
X(n) w�´�Ó�£²dþãÓ�¤"�±

*	�§ O ′
X(n) 3 X þ����¡TÐÒ´ Y þ��� n gàg��~¼ê"

e r > 1 §K��ù��¼ê3 n < 0 �ð�u 0 §¿�3 n > 0 �Ò´�� n g
àgõ�ª"

···KKK 2. – é?¿�ê5� F §� F (n) Ú F ⊗OX
OX(n) Ñ´;�Ó��"

Ï� OX(n) �dù
 Oi ²d θij(n) ÅÜ¤§¤± F⊗OX(n) ��dù
 Fi⊗
Oi ²dÓ� 1 ⊗ θij(n) ÅÜ¤¶r Fi ⊗ Oi �Óu Fi §·�Òé£
 F (n) �½
Â"

3e©¥§·��r F (n) Ú F ⊗ OX(n) �Ów�"

|" 55 F (n) ������¡¡¡

·�Äky²��'u��õ�N�Ún§§��aqu |" 45, Ún 1µ

Ún 1. – � V ´����õ�N§ Q ´ V þ����~¼ê§ VQ ´d@

÷v Q(x) 6= 0 �: x ∈ V ¤|¤�8Ü"� F ´ V þ����ê5và�§¿
� s ´ F 3 VQ þ����¡"Ké?¿¿©�� n §þ�é� F 3�� V þ�
���¡ s′ §¦�3 VQ þk s′ = Qns "

r V i\,����m§¿�r F 3 V �	?1"òÿ§K�±8(� V ´
���m��/§l´Ø���"�â |" 45, ½n 2 �íØ 1§�±é��
�÷Ó� ϕ : Op

V → F ¶�â |" 42, ·K 2§ VQ ´����m8§l�±é
� ( |" 44, ·K 7 �íØ 2) Op

V 3 VQ þ����¡ σ §¦� ϕ(σ) = s"·��±
r σ �Óu VQ þ��| p ��~¼ê¶r |" 43, ·K 5 A^�Ù¥�z��¼ê
þ§·�w�3 V þ�±é� Op

V ����¡ σ′ §¦�3 VQ þk σ′ = Qnσ §�
� n ¿©�"y3- s′ = ϕ(σ′) §·�Ò�� F 3 V þ����¡§§3 VQ þ÷
v s′ = Qns"

½½½nnn 1. – � F ´ X = Pr(K) þ����ê5và�"K�±é����
ê n(F ) §¦�é?¿ n > n(F ) Ú?¿ x ∈ X § OX,x � F (n)x Ñ�d Γ(X, F (n))
¥���¤)¤"
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�â F (n) �½Â§ F (n) 3 X þ����¡ s Ò´ F 3ù
 Ui þ��|�
¡ (si) §�÷v�N5^�µ=3 Ui ∩ Uj þk

si = (tnj /t
n
i ).sj ¶

·�r si ¡� s �1 i �©|"

,��¡§Ï� Ui Ó�u Kr §�é?¿ x ∈ Ui §þ�é� F 3 Ui þ�k�
��¡ sα

i §§��±)¤ Fx ( |" 45, ½n 2 �íØ 1)¶eéu,��ê n §�±
é� F (n) ��¡ sα §¦�§��1 i �©|Ò´ sα

i §Ké?¿ x ∈ Ui § Γ(X, F (n)) w
,Ñ�±)¤ F (n)x "l½n 1 �y²8(�e¡�Únµ

Ún 2. – � si ´ F 3 Ui þ����¡"Ké?¿v
�� n §Ñ�±é�
F (n) ����¡ s §§�1 i �©|Ò�u si "

·��rÚn 1 A^���õ�N V = Uj!¼ê Q = ti/tj!Ú�¡ si 3 Ui ∩
Uj þ���þ¶ù´#N�§Ï� ti/tj ´ Uj þ�ù����~¼ê§§�":
8Ò�u Uj r (Ui ∩ Uj)"ddí�§�±é����ê p §Ú F 3 Uj þ���
�¡ s′j §¦�3 Ui ∩ Uj þk s′j = (tpi /t

p
j).si ¶éu j = i §ùÒ¿�X s′i = si §l

�±rþ¡�úª�¤ s′j = (tpi /t
p
j).s

′
i"

duù
 s′j é?¿�I j Ñk½Â£éuÓ���ê p ¤§�·��±�
Ä s′j − (tpk/t

p
j).s

′
k ¶§´ F 3 Uj ∩ Uk þ����¡§¿�3 Ui ∩ Uj ∩ Uk þ��

��u 0 ¶é§¦^ |" 43, ·K 6§·�w�é?¿¿©���ê q §3 Uj ∩ Uk þ
þk (tqi /t

q
j)(s

′
j − (tpk/t

p
j).s

′
k) = 0 ¶y3e·�- sj = (tqi /t

q
j).s

′
j Ú n = p + q §Kþ

ãúª�±�¤ sj = (tnk/t
n
j ).sk §¿�ù| s = (sj) Ò´ F (n) ����¡§§�

1 i �©|TÐ�u si §y²�."

íØ — X = Pr(K) þ�?Û���ê5và� F ÑÓ�u,�� OX(n)p �
û�§Ù¥ n Ú p ´·���ê"

�âþã½n§�±é����ê n §¦�é?¿ x ∈ X § F (−n)x Ñ�
d Γ(X, F (−n)) ¤)¤¶Äu X �[;5§ù�du` F (−n) Ó�u,��
Op

X �û�§Ù¥ p ´·���K�ê"u´dd��§ F ∼= F (−n)(n) Ó�
u Op

X(n) ∼= OX(n)p �û�"

|" 56 ©©©ggg���

� S = K[t0, . . . , tr] ´ t0, . . . , tr �õ�ª�ê¶é?¿�ê n > 0 §� Sn ´
d S ¥� n gàgõ�ª¤|¤��þf�m¶éu n < 0 §·�- Sn = 0"K
�ê S ´ù
 Sn (n ∈ Z) ��Ú§¿�·�k Sp.Sq ⊆ Sp+q"�é{`§ S ´�
�©g�ê"

�P�¤¢�� S � M ´©g�§´�·��Ñ
 M ����Ú©)µ M =∑
n∈Z Mn §ù
 Mn Ñ´ M �f+§¿�é?¿�é�ê (p, q) §þk Sp.Mq ⊆

Mp+q"Mn ¥���ò�¡� n gàg�¶¤¢ M ���f� N ´àg�§´



§ 2. ©g���K�mþ��ê5và� 59

�§´ù
 N ∩ Mn ��Ú§d�§�´��©g S �"e M Ú M ′ ´ü�©
g S �§K¤¢�� S Ó�

ϕ : M −→ M ′

´ s gàg�§´�é?¿ n ∈ Z §þk ϕ(Mn) ⊆ M ′
n+s" 0 gàg S Ó��{¡

Ó�"

e M ´��©g S �§ n ´���ê§K·�^ M(n) 5P©g S �µ

M(n) =
∑
p∈Z

M(n)p, Ù¥ M(n)p = Mn+p "

l�� S �§·�k M(n) = M §� M(n) ¥��� p gàg�Ò´ M ¥� n+
p gàg�"�é{`§ M(n) ´d M ²L�e£Ä n g���"

·�^ C 5L«ù��
©g S � M ¤|¤�a§=éuv
�� n §·
�Ñk Mn = 0"u´e A → B → C ´��©g S ��Ó��ÜS�§K
'Xª A ∈ C Ú C ∈ C w,%ºX B ∈ C"�é{`§ C Ò´ [14], 1 I Ù¤
`�@«/a0"·�ò¦^T©Ù¤Ú\�@
���â�¶AO/§¤
¢��Ó� ϕ : A → B ´ C ü�£�= µ C ÷�¤§´� Ker(ϕ) ∈ C£�= µ
e Coker(ϕ) ∈ C ¤§¤¢§´ C ���§´�§Q´ C ü�§q´ C ÷�"

¤¢��©g S � M ´k�.�§´�§�dk����¤)¤¶¤¢ M ÷
v^� (TF)§´��±é����ê p §¦� M �f�

∑
n>p Mn ´k�.�¶

ù���u`§ M �± C Ó�u��k�.�"ù
÷v (TF) ���¤���
¹X C �a"

¤¢��©g S � L ´gd�£�= µk�.gd�¤§´�§k��dàg
�¤|¤�Ä.£�= µk�Ä.¤§�é{`§§�±Ó�u�
£�= µk�
�¤� S(ni) ��Ú"

|" 57 ©©©ggg S ���������)))���êêê555���

e U ´ X �����f8§K·�^ SU 5P S = K[t0, . . . , tr] �ù���f
8§§´dé?¿ x ∈ U þ÷v Q(x) 6= 0 �@
àgõ�ª Q ¤|¤�¶ SU ´
S ���¦5f8§�Ø�¹ 0"

� M ´��©g S �"·�^ M [U ] 5L«ù��
©ª m/Q ¤|¤�8
Ü§Ù¥ m ∈ M, Q ∈ SU § m Ú Q Ñ´àg�§¿�gê�Ó¶éuü�©
ª m/Q Ú m′/Q′ §e�±é� Q′′ ∈ SU §¦�

Q′′(Q′.m − Q.m′) = 0 §

K·�rüö�Ó¶´�ù3��| (m,Q) þ½Â
���d'X"éu U =
{x}§·��r M [{x}] �¤ Mx"

rù�L§A^� M = S þ§K·�w� S[U ] ´dù��
kn©ª P/Q ¤
|¤��§Ù¥ P Ú Q Ñ´àgõ�ª§gê�Ó§¿� Q ∈ SU ¶e M ´��
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?¿�©g S �§K·��±� M [U ] D��� S[U ] ��(�§=-µ

m/Q + m′/Q′ = (Q′m + Qm′)/QQ′

(P/Q).(m/Q′) = Pm/QQ′ "

e U ⊆ V §Kk SV ⊆ SU §��;�Ó�

ϕV
U : M [V ] −→ M [U ] ¶

lù| (M [U ], ϕV
U ) §Ù¥ U Ú V �H X ���m8§�±½ÂÑ���§·

�P�� M̃ ¶éN´�y
lim
x∈U

M [U ] = Mx §

�Ò´`§ M̃x = Mx"AO/§·�k S̃ = OX §�duz� M [U ] Ñ´ S[U ] �§
�� M̃ ´�� S̃ ��§�Ò´`§§´ X þ����ê5�"?ÛÓ� ϕ :
M → M ′ Ñg,/½Â
�| SU �5Ó� ϕU : M [U ] → M ′[U ] §�����
Ó� ϕ̃ : M̃ → M̃ ′ §·�²~�r§P� ϕ"w,k

ϕ̃ + ψ = ϕ̃ + ψ̃ , 1̃ = 1 , ϕ̃ ◦ ψ = ϕ̃ ◦ ψ̃ "

l$� M̃ ´���C\5¼f§½Â3©g S ���Æþ§��3 X þ��
ê5���Æ¥"

£þ¡ù
½Âaqu1 II Ù § 4 ¥�@
½Â¶,�±*	�"S[U ] ¿Ø
´ S 'u SU �©ª�§==´§� 0 gàg©þ¤"

|" 58 ¼¼¼fff M̃ ������
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···KKK 3. – ¼f M̃ ´���Ü¼f"

� M
α−→ M ′ β−→ M ′′ ´©g S �����ÜS�§e¡·�y²S� Mx

α−→
M ′

x

β−→ M ′′
x �´�Ü�"� m′/Q ∈ M ′

x ´ β �Ø¥�����¶�â M ′′
x �½

Â§�±é� R ∈ S{x} §¦� Rβ(m′) = 0 ¶u´�±é� m ∈ M §¦� α(m) =
Rm′ §¿�·�k α(m/RQ) = m′/Q §y.£éì |" 48, Ún 1¤"

···KKK 4. – e M ´��©g S �§ n ´���ê§K M̃(n) ;�Ó�u M̃(n) "

� i ∈ I, x ∈ Ui §¿� m/Q ∈ M(n)x §Ù¥ m ∈ M(n)p § Q ∈ S{x} § deg Q =
p"-µ

ηi,x(m/Q) = m/tni Q ∈ Mx §

ù´#N�§Ï� m ∈ Mn+p � tni Q ∈ S{x}"·�á�w�§é?¿ x ∈ Ui § ηi,x :

M(n)x → Mx Ñ´���§Ï§�3 Ui þ½Â
��l M̃(n) � M̃ �Ó� ηi"
?§3 Ui ∩ Uj þ·�k ηi ◦ η−1

j = θij(n)"�â¼f F (n) �½Â§±9 |" 4, ·

K 4§ù�L² M̃(n) Ó�u M̃(n)"
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íØ — S̃(n) ;�Ó�u O(n) "

¯¢þ§·�®²w� S̃ Ó�u O"

£d	§�±��wÑ S̃(n) Ó�u O ′
X(n) §Ï� O ′

X(n)x TÐ´dù��kn
©ª P/Q ¤|¤�§Ù¥ deg P − deg Q = n §¿� Q ∈ S{x} ¤"

···KKK 5. – � M ´��÷v^� (TF) �©g S �"K�ê5� M̃ ´��và
�§¿��
¦ M̃ = 0 §7L��I M ∈ C "

e M ∈ C §Ké?¿ m ∈ M Ú?¿ x ∈ X §þ�é� Q ∈ S{x} §¦� Qm =

0 µ�I� Q �gêv
�¶l·�k Mx = 0 §�� M̃ = 0"y3� M ´
��÷v^� (TF) �©g S �§K�±é� M ���k�.©gf� N §¦
� M/N ∈ C ¶A^þ¡¤ã§±9·K 3§·�w� Ñ → M̃ ´���§l�
Iy² Ñ ´và�"Ï� N ´k�.�§¤±·�k���ÜS� L1 → L0 →
N → 0 §Ù¥ L0 Ú L1 Ñ´k�.gd�"�â·K 3§S� L̃1 → L̃0 → Ñ →
0 ´�Ü�",§�â·K 4 �íØ§ L̃0 Ú L̃1 ÑÓ�uk��� OX(ni) ��
Ú§lÑ´và�"ddá�§ Ñ ´và�"

��§� M ´��©g S �§÷v (TF)§�¦� M̃ = 0 ¶�âþ¡¤ã§
�±b� M ´k�.�"e m ´ M ¥���àg�§K·�- am ´ m �"z
f§�Ò´`§§´d÷v Q.m = 0 �@
õ�ª Q ∈ S ¤|¤�8Ü¶´
� am ´��©gn�"?§é?¿ x ∈ X þk Mx = 0 �^�¿�X am 3
Kr+1 ¥�":õ�Nòz� {0}¶u´ Hilbert ":½nL²§?Ûgê¿©��
àgõ�ªÑá3 am ¥"rùA^� M ���k�)¤�|þ§K�±á=í
�§éu¿©�� p §·�k Mp = 0 §ùÒ�¤
y²"

(Ü·K 3 Ú 5§·���µ

···KKK 6. – � M Ú M ′ ´ü�©g S �§Ñ÷v^� (TF)§¿� ϕ : M →
M ′ ´ M � M ′ ���Ó�"K�
¦

ϕ̃ : M̃ −→ M̃ ′

´ü�£�= µ÷�§���¤§7L��I ϕ ´ C ü�£�= µ C ÷�§ C ��
�¤"

|" 59 ���êêê555���������)))©©©ggg S ���

� F ´ X þ����ê5�§¿�-µ

Γ(F ) =
∑
n∈Z

Γ(F )n Ù¥ Γ(F )n = Γ(X, F (n)) "

+ Γ(F ) ´��©g+¶·�2�§D��� S ��(�"� s ∈ Γ(X, F (q)) §
¿� P ∈ Sp §K�±r P �Óu OX(p) ����¡ (ëì |" 54)§l P⊗s ´ OX(p)⊗
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F (q) = F (q)(p) = F (p + q) ����¡§ùp¦^
 |" 54 ¥�Ó�¶ù�·�
Ò½Â
 F (p + q) ����¡§·�rù� P ⊗ s �P� P.s"N� (P, s) 7→
P.s � Γ(F ) D�
�� S ��(�§��§�©g(��N"

��±^ Ui þ�©|5½Â P.s µe s �Ã©|´ si ∈ Γ(Ui, F ) §�3 Ui ∩
Uj þ si = (tqj/t

q
i ).sj §K·�k (P.s)i = (P/tpi ).si §ù´k¿Â�§Ï� P/tpi ´

Ui þ����~¼ê"

�
U
'�¼f M̃ Ú Γ(F ) §·��½Âü�;�Ó�µ

α : M −→ Γ(M̃) Ú β : Γ̃(F ) −→ F "

α �½Â. � M ´��©g S �§¿� m ∈ M0 ´ M ¥��� 0 gàg�"K
�� m/1 ´ Mx ¥���¹Â²(���§¿��X x ∈ X ëYCz¶l m ½
Â
 M̃ ����¡ α(m)"y3e m ´ n gàg�§K m 3 M(n) ¥´ 0 gàg
�§l½Â
 M̃(n) = M̃(n) ����¡ α(m) (ëì ·K 4)"ùÒ�Ñ
 α :

M → Γ(M̃) �½Â§�´�ù´��Ó�"

β �½Â. � F ´ X þ����ê5�§¿� s/Q ´ Γ(F )x ¥�����§
Ù¥ s ∈ Γ(X, F (n)) , Q ∈ Sn §¿� Q(x) 6= 0"¼ê 1/Q ´−n gàg�§¿
�3 x ?´�~�§l§´ OX(−n) 3 x ���þ����¡¶Ï 1/Q ⊗
s ´ OX(−n) ⊗ F (n) = F 3 x ���þ����¡§l½Â
 Fx ¥����
�§·�P�� βx(s/Q) §Ï�§��6u s/Q"��±¦^ s �ù
©| si 5
½Â βx µ=e x ∈ Ui §K βx(s/Q) = (tni /Q).si(x)"ù
Ó� βx Ò½Â
Ó� β :

Γ̃(F ) → F "

Ó� α Ú β �'X�±^e¡�
·K5L�§§��y²�±ÏL��O�
5�¤µ

···KKK 7. – � M ´��©g S �"KÓ��Ü¤ M̃ → Γ̃(M̃) → M̃ ´ðÓ"

£1��Ó�´d α : M → Γ(M̃) ¤½Â�§1��K´ β §A^� F =

M̃ þ¤"

···KKK 8. – � F ´ X þ����ê5�"KÓ��Ü¤ Γ(F ) → Γ(Γ̃(F )) →
Γ(F ) ´ðÓ"

£1��Ó�´ α §A^� M = Γ(F ) þ§1��K´d β : Γ̃(F ) → F ¤½
Â�¤"

·�ò3 |" 65 ¥y²§e F ´và�§K β : Γ̃(F ) → F ´���§,	§
e M ÷v^� (TF)§K α : M → Γ(M̃) ´ C ���"
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|" 60 ���êêê555vvvààà���������///

·�Äky²��ý�5�(Jµ

···KKK 9. – � L ´ X þ����ê5�§¿�´k��� OX(ni) ��Ú"
K Γ(L ) ÷v (TF)§¿� β : Γ̃(L ) → L ´���"

�±á=8(� L = OX(n) §?8(� L = OX"3d�/¥§·���
éu p > 0 k Γ(X, OX(p)) = Sp §l S ⊆ Γ(OX) §¿�û�á3 C ¥"ddÄ
k�� Γ(OX) ÷v (TF)§?�Ñ Γ̃(OX) = S̃ = OX §y²�."

£·��±*	�§� r > 1 � Γ(OX) = S §��/§� r = 0 � Γ(OX) $�
Ø´��k�. S �¤"

½½½nnn 2. – éu X þ�?¿�ê5và� F §þ�é���÷v (TF) �©
g S � M §¦� M̃ Ó�u F "

�â½n 1 �íØ§·�k���ê5���ÜS�µ

L 1 ϕ−→ L 0 −→ F −→ 0 §

Ù¥ L 1 Ú L 0 ÷vþ�·K�^�"� M ´Ó� Γ(ϕ) : Γ(L 1) → Γ(L 0) �{
Ø§K�â·K 9§ M ÷v^� (TF)"r¼f A A^��ÜS�

Γ(L 1) −→ Γ(L 0) −→ M −→ 0

þ§·����ÜS�µ

Γ̃(L 1) −→ Γ̃(L 0) −→ M̃ −→ 0 "

y3�Äe¡���ãLµ

Γ̃(L1) //

β

²²

Γ̃(L0) //

β

²²

M̃
// 0

L 1 // L 0 // F // 0

�â·K 9§ü�ç�Ó�Ñ´���"dd��§ M̃ Ó�u F §y²�
."

§ 3 ���KKK���mmm���������333���êêê555vvvààà���þþþ���þþþÓÓÓNNN

|" 61 EEE/// C•
k(M) ÚÚÚ C•(M)

·�ò÷^ |" 51 Ú 56 ¥�PÒ"AO/§ I ´�«m {0, 1, . . . , r}§ S ´�©
g�ê K[t0, . . . , tr]"
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� M ´��©g S �§ k Ú q ´ü��K�ê¶·�y35½Â��+ Cq
k(M) µ

Cq
k(M) ¥�����´ù���N�

(i0, . . . , iq) 7−→ m〈i0 . . . iq〉

§r I ¥��� q + 1 ����S� (i0, . . . , iq) éA� M ¥��� k(q + 1) gàg
�§¿�éu i0, . . . , iq 5`´���"AO/§�� i0, . . . , iq ¥kü��I´�
��§·�Òk m〈i0 . . . iq〉 = 0"·��±^²w��ª5½Â Cq

k(M) ¥�\
{§±9���� λ ∈ K 3§þ¡�¦{§l Cq

k(M) ´ K þ����þ�m"

e m ´ Cq
k(M) ¥�����§K·�^e¡�úª5½Â dm ∈ Cq+1

k (M) µ

(dm)〈i0 . . . iq+1〉 =

q+1∑
j=0

(−1)jtkij .m〈i0 . . . îj . . . iq+1〉 "

�±ÏL��O�5�y d ◦ d = 0 ¶l�Ú C•
k(M) =

r∑
q=0

Cq
k(M) 3ù�M�

f d e¤���E/§·�r§�1 q �þÓN+P� Hq
k(M)"

£�â [11]§·��±�Ñ Cq
k(M) ¥���,�«)º�{µÄkÚ\ r+1 �

�©ÎÒ dx0, . . . , dxr §,�r���� m ∈ Cq
k(M) éA�e¡ù� q + 1 g/�

©/ª0µ
ωm =

∑
i0<···<iq

m〈i0 . . . ii〉dxi0 ∧ · · · ∧ dxiq "

u´e- αk =
r∑

i=0

tki dxi §K·�w�

ωdm = αk ∧ ωm §

�é{`§M$��±=z���©/ª αk �	È�$�¤"

e h ´�� > k ��ê§� ρh
k : Cq

k(M) → Cq
h(M) ´eª¤½Â�Ó�µ

ρh
k(m)〈i0 . . . iq〉 = (ti0 . . . tiq)

h−km〈i0 . . . iq〉 "

éu k 6 h 6 l §·�k ρh
k ◦ d = d ◦ ρh

k Ú ρl
h ◦ ρh

k = ρl
k"l�±½Âù��

�E/ C•(M) §§´ù| (C•
k(M), ρh

k) 3 k → +∞��8B4�"·�rù�E
/�þÓN+P� Hq(M)"KÏ�þÓN�8B4���� (ëì [6], 1 V Ù, ·
K 9.3∗)§¤±·�kµ

Hq(M) = lim−→
k→∞

Hq
k(M) "

?ÛÓ� ϕ : M → M ′ Ñ½Â
��Ó�

ϕ : C•
k(M) −→ C•

k(M
′)
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=ÏLúª ϕ(m)〈i0 . . . iq〉 = ϕ(m〈i0 . . . iq〉) §�ÏL�4�§·��� ϕ : C•(M) →
C•(M ′) ¶?ù
Ó���M�f���§l½Â
Ó�

ϕ : Hq
k(M) −→ Hq

k(M
′) Ú ϕ : Hq(M) −→ Hq(M ′) "

e·�k���ÜS� 0 → M → M ′ → M ′′ → 0 §Kk��E/��ÜS
� 0 → C•

k(M) → C•
k(M

′) → C•
k(M

′′) → 0 §������þÓN��ÜS�µ

· · · −→ Hq
k(M

′) −→ Hq
k(M

′′) −→ Hq+1
k (M) −→ Hq+1

k (M ′) −→ · · · "

éu C•(M) Ú Hq(M) ·�kÓ��(J"

5) — ·�ò3�¡ (ëì |" 69) w�§ù
 Hq
k(M) ��±L��,« Extq

S"

|" 62 ééé,,,


 M äääNNN///OOO��� Hq
k(M)

� M ´��©g S �§� m ∈ M ´�� 0 gàg�"Kù| (tki .m) ´ C•
k(M)

¥��� 0 �þ�§·�P�� αk(m) §¿�r§�Óu§�þÓNa"ù�·
�Ò���� K �5Ó� αk : M0 → H0

k(M) ¶du� h > k � αh = ρh
k ◦ αk §�

ù
 αk ÏL�4�½Â
��Ó� α : M0 → H0(M)"

·�2Ú\ü�PÒµ

e (P0, . . . , Ph) ´ S ¥��|��§K·�^ (P0, . . . , Ph)M 5P M �ù��

�f�§§´d¤k/X
h∑

i=0

Pi.mi ���¤|¤�§Ù¥ mi ∈ M ¶eù
 Pi Ñ

´àg�§Kù�f�´àg�"

e P ´ S ¥�����§¿� N ´ M ���f�§K·�^ N : P 5P M �
ù���f�§§´d¤k÷v P.m ∈ N ��� m ∈ M ¤|¤�¶w,k N :
P ⊇ N ¶e N Ú P Ñ´àg�§K N : P �´àg�"

²(
ù
PÒ§·�kµ

···KKK 1. – � M ´��©g S �§ k ´���K�ê"b�§é?¿ i ∈ I §þ
kµ

(tk0, . . . , t
k
i−1)M : tki = (tk0, . . . , t

k
i−1)M "

Kµ
(a) αk : M0 → H0

k(M) ´���£b� r > 1 ¤"
(b) éu 0 < q < r §·�k Hq

k(M) = 0 "

£éu i = 0 §cJ^�=¿�X� tk0.m = 0 � m = 0 ¤"

ù�·K´ de Rham [11] �,�(J�AÏ�/£ de Rham �(JØI�b
� m〈i0 . . . iq〉´àg�¤"�ëw [6], 1 VIII Ù § 4§@p�?Ø
��AÏ�
/§�éu·��A^5`´v
�"
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y3·�r·K 1 A^�©g S � S(n) þµ

···KKK 2. – � k ´���K�ê§ n ´��?¿��ê"Kµ
(a) αk : Sn → H0

k(S(n)) ´���£b� r > 1 ¤"
(b) éu 0 < q < r §·�k Hq

k(S(n)) = 0 "
(c) Hr

k(S(n))£3 K þ¤äkù���Ä.§§´dü�ª tα0
0 · · · tαr

r �þÓN

a¤|¤�§Ù¥ 0 6 αi < k §¿�
r∑

i=0

αi = k(r + 1) + n "

´� S � S(n) ÷v·K 1 �cJ^�§ùÒy²
 (a) Ú (b)",��¡§é
?¿©g S � M §·�Ñk Hr

k(M) = Mk(r+1)/(t
k
0, . . . , t

k
r)Mkr ¶y3ü�ª

tα0
0 · · · tαr

r , αi > 0 ,

r∑
i=0

αi = k(r + 1) + n

�¤ S(n)k(r+1) ���Ä.§Ù¥��k�� αi > k �@
ü�ªK�¤
(tk0, . . . , t

k
r)S(n)kr ���Ä.¶�� (c)"

�±r�ê αi U�¤ αi = k − βi �/G"d� (c) ¥�@
^�C�µ

0 < βi 6 k �
r∑

i=0

βi = − n "

1��^�\þ βi > 0 Ò¿�X βi 6 −n − r ¶le k > −n − r §K^
� βi 6 k Ò´cü�^��íØ"��µ

íííØØØ 1. – éu k > −n − r § Hr
k(S(n)) äkù���Ä.§§´dü�ª

(t0 · · · tr)k/tβ0

0 · · · tβr
r �þÓNa¤|¤�§Ù¥ βi > 0 �

r∑
i=0

βi = −n "

·�Ó�kµ

íííØØØ 2. – e h > k > −n − r §Ké?¿ q > 0 §Ó�

ρh
k : Hq

k(S(n)) −→ Hq
h(S(n))

Ñ´���"

éu q 6= r §ù´�g·K 2 ¥�^8 (a) Ú (b)"éu q = r §ù´�gí
Ø 1§k�u ρh

k r
(t0 . . . tr)

k/tβ0

0 . . . tβr
r

Cz�
(t0 . . . tr)

h/tβ0

0 . . . tβr
r

�¯¢"

íííØØØ 3. – Ó� α : Sn → H0(S(n)) 3 r > 1 ½ö n > 0 �´���"éu 0 <
q < r §·�k Hq(S(n)) = 0 §¿� Hr(S(n)) ´ K þ���

(−n−1
r

)
��þ�m"
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� α k'�¯�3 r > 1 �´�g·K 2, (a)¶3 r = 0 � n > 0 �´w,�"
íØ�Ù{Ü©w,�gíØ 1 Ú 2£·��½3 a < r ���ÐmªXê

(
a
r

)
�

u 0 ¤"

|" 63 Hq(M) ���ÄÄÄ���555���

···KKK 3. – � M ´��©g S �§�÷v^� (TF)"Kµ
(a) �±é����ê k(M) §¦�éu h > k > k(M) Ú?¿ q § ρh

k : Hq
k(M) →

Hq
h(M) Ñ´���"

(b) é?¿ q > 0 § Hq(M) Ñ´ K þ���k���þ�m"
(c) �±é����ê n(M) §¦�� n > n(M) �§ α : Mn → H0(M(n)) Ñ´

���§¿�é?¿ q > 0 § Hq(M(n)) Ñ´ 0 "

�±á=8(� M ´k�.�ù��/"d�¤¢ M ��ê 6 s£ s ´��
�K�ê¤§´��±é����ÜS�µ

0 −→ Ls −→ Ls−1 −→ · · · −→ L0 −→ M −→ 0 §

Ù¥ Li Ñ´k�.�gd�©g S �"�â Hilbert ÜÀ½n (ëì [6], 1 VIII Ù,
½n 6.5)§ù��êo´ 6 r + 1 �"

·�òÏLé M ��ê?18B5y²ù�·K"e§´ 0 §K M ´gd�
k�.�§½=§´k��� S(ni) ��Ú§Ï·K�g·K 2 �íØ 2 Ú 3"
b� M ��ê 6 s §¿� N ´ L0 → M �Ø"K©g S � N ��ê 6 s − 1 §¿
�·�k���ÜS�µ

0 −→ N −→ L0 −→ M −→ 0 "

�â8Bb�§·Kéu N Ú L0 ´¤á�"rÊ�Ún ([7], 1 I Ù, Ún 4.3) A
^���ãL

Hq
k(N) //

²²

Hq
k(L

0) //

²²

Hq
k(M) //

²²

Hq+1
k (N) //

²²

Hq+1
k (L0)

²²

Hq
h(N) // Hq

h(L
0) // Hq

h(M) // Hq+1
h (N) // Hq+1

h (L0)

þ§Ù¥ h > k > sup(k(N), k(L0)) §ùÒy²
 (a)§?w,k (b)§Ï�ù

 Hq

k(M) 3 K þÑ´k���",��¡§�ÜS�

Hq(L0(n)) −→ Hq(M(n)) −→ Hq+1(N(n))

L²§éu n > sup(n(L0), n(N)) §·�k Hq(M(n)) = 0"��§�Ä��ã
Lµ

0 //

²²

Nn
//

α
²²

Ln
//

α
²²

Mn
//

α
²²

0

²²

0 // H0(N(n)) // H0(L0(n)) // H0(M(n)) // H1(N(n))



68 1nÙ �Kõ�Nþ��ê5và�

éu n > n(N) §·�k H1(N(n)) = 0 ¶dd�±íÑ§� n > sup(n(L0), n(N))
� α : Mn → H0(M(n)) ´���§ùÒ�¤
·K�y²"

|" 64 +++ Hq(M) ÚÚÚ+++ Hq(X, M̃) ���'''���

� M ´��©g S �§¿� M̃ ´l M ÑuÏL |" 57 ��{½ÂÑ5� X =

Pr(K) þ��ê5�"·�e¡5'� C•(M) Ú C′•(U, M̃) §�öÒ´mCX U =

{Ui}i∈I ���3� M̃ ¥���þóE/"

� m ∈ Cq
k(M) §¿� (i0, . . . , iq) ´d I ¥� q+1 ���¤|¤�S�"Kõ�

ª (ti0 . . . tiq)
k w,á3 SUi0...iq

¥£3 |" 57 �PÒe¤"Ï m〈i0 . . . iq〉/(ti0 . . . tiq)
k

á3 M [U ] ¥§Ù¥ U = Ui0...iq §l§½Â
 M̃ 3 Ui0...iq þ����¡"XJ
4 (i0, . . . , iq) Cz§Kù|�¡�¤ U �����3 M̃ ¥��� q �þó§·�
P�� ιk(m)"�±á=w�§ ιk � d ���§¿�éu h > k §·�k ιk =

ιk ◦ ρh
k"lÏL�8B4�§ù
 ιk ½Â
��Ó� ι : C•(M) → C′•(U, M̃) §

¿�� d ���"

···KKK 4. – e M ÷v^� (TF)§K ι : C•(M) → C′•(U, M̃) ´���"

e M ∈ C §K� n > n0 �§ Mn = 0 §�� k > n0 �§ C•
k(M) = 0 §Ï

 C•(M) = 0"du?Û��÷v (TF) � S �Ñ�± C Ó�u��k�.�§ù
ÒL²·��±�u�Ä M ´k�.�"d�·��±é����ÜS� L1 →
L0 → M → 0 §Ù¥ L1 Ú L0 Ñ´k�.�gd�"�â |" 58, ·K 3 Ú 5§S�

L̃1 −→ L̃0 −→ M̃ −→ 0

´���ê5và���ÜS�¶duÃ Ui0...iq Ñ´��m8§��S�

C′•(U, L̃1) −→ C′•(U, L̃0) −→ C′•(U, M̃) −→ 0

´���ÜS� (ëì |" 45, ½n 2 �íØ 2)"d���ãL

C•(L1) //

ι
²²

C•(L0) //

ι
²²

C•(M) //

ι
²²

0

²²

C′•(U, L̃1) // C′•(U, L̃0) // C′•(U, M̃) // 0

L²§eù�·Kéu� L1 Ú L0 ´¤á�§K§éu M �¤á"l¯K8
(�k�.gd��AÏ�/§,�2ÏL�Ú©)§q8(� M = S(n) ��
/"

3d�/§·�k S̃(n) = OX(n) ¶�âù���½Â§ OX(n) 3 Ui0...iq þ�
���¡ fi0...iq Ò´ Vi0 ∩ · · · ∩ Viq þ��� n gàg��~¼ê"du Vi0 ∩ · · · ∩
Viq Ò´ Kr+1 ¥¦�¼ê ti0 . . . tiq 6= 0 �:¤|¤�8Ü§��é����ê k §
¦�

fi0...iq = P 〈i0 . . . iq〉/(ti0 . . . tiq)
k §
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Ù¥ P 〈i0 . . . iq〉´�� n+k(q+1) gàgõ�ª§�Ò´`§§3 S(n) ¥´ k(q+
1) g�"ù��5§?Û��þó f ∈ C′•(U, OX(n)) Ñ½Â
�| P 〈i0 . . . iq〉§
§´ C•

k(S(n)) ¥�����¶�·�����Ó�

ν : C′•(U, OX(n)) −→ C•(S(n)) "

N´�y ι ◦ ν = 1 Ú ν ◦ ι = 1 §�� ι ´���§ùÒ�¤
y²"

íØ — é?¿ q > 0 § ι Ñ½Â
��l Hq(M) � Hq(X, M̃) �Ó�"

¯¢þ§·��� H′q(U, M̃) = Hq(U, M̃) ( |" 20, ·K 2)§¿� Hq(U, M̃) =

Hq(X, M̃)£ |" 52, ·K 2§§�±^3ùp§Ï� M̃ ´và�¤"

5) — N´wÑ ι : C•(M) → C′•(U, M̃) o´ü�§=¦ M Ø÷v^� (TF)"

|" 65 ���


AAA^̂̂

···KKK 5. – e M ´��©g S �§�÷v^� (TF)§K |" 59 ¥¤½Â�Ó
� α : M → Γ(M̃) ´ C ���"

·�I�y²§éuv
�� n § α : Mn → Γ(X, M̃(n)) Ñ´���",
�â·K 4§ Γ(X, M̃(n)) �±�Óu H0(M(n)) ¶lù�·K�g·K 3, (c)§
k�ue¡�¯¢µÓ� α 3þã�ÓeÒéAX |" 62 �mÞ¤½Â�@�Ó
�£��P� α ¤"

···KKK 6. – � F ´ X þ����ê5và�"K©g S � Γ(F ) ÷v^� (TF)§
¿� |" 59 ¥¤½Â�Ó� β : Γ̃(F ) → F ´���"

�â |" 60, ½n 2§�±b� F = M̃ §Ù¥ M ´��÷v (TF) ��"�â
þã·K§ α : M → Γ(M̃) ´ C ���¶du M ÷v (TF)§�� Γ(M̃) �÷

vT^�"A^ |" 58, ·K 6§·�w� α : M̃ → Γ̃(M̃) ´���"Ï�Ü

¤ M̃
α−→ Γ̃(M̃)

β−→ M̃ ´ðÓ ( |" 59, ·K 7)§¤± β ´���§y²�."

···KKK 7. – � F ´ X þ����ê5và�"Ké?¿ q > 0 §ù
 Hq(X, F )
Ñ´ K þ�k���þ�m§¿�éu q > 0 Ú¿©�� n §·�k Hq(X, F (n))
= 0 "

Úþ¡��§�±b� F = M̃ §Ù¥ M ´��÷v (TF) ��"d�ù�·
K�g·K 3 ±9·K 4 �íØ"

···KKK 8. – éu 0 < q < r §·�k Hq(X, OX(n)) = 0 §¿� Hr(X, OX(n)) ´
K þ���

(−n−1
r

)
��þ�m§§k��Ä.´de¡ù
 U ��þó�þÓN
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a¤|¤�

f01...r = 1/tβ0

0 . . . tβr
r , Ù¥ βi > 0 �

r∑
i=0

βi = − n "

·�k OX(n) = S̃(n) §�� Hq(X, OX(n)) = Hq(S(n)) §ù´�â·K 4 �í
Ø¶·Kdd9·K 2 �íØá�"

AO/§5¿� Hr(X, OX(−r − 1)) ´ K þ� 1 ��þ�m§þ� f01...r =
1/t0 . . . tr �þÓNaÒ´§�Ä."

|" 66 ���KKKõõõ���NNNþþþ������êêê555vvvààà���

� V ´�K�m X = Pr(K) ���4fN§ F ´ V þ����ê5và�"
r F 3 V �	?1"òÿ§K·����� X þ��ê5và� (ëì |" 39)§
P� FX ¶·��� Hq(X, FX) = Hq(V, F )"lþ��!�(J�±A^
� Hq(V, F ) þ"ddÄk��£k�u |" 52¤µ

½½½nnn 1. – + Hq(V, F ) Ñ´ K þ�k���þ�m§¿�� q > dim V ��
u 0 "

AO/§éu q = 0 §·�kµ

íØ — Γ(V, F ) ´ K þ���k���þ�m"

£·�g,ßÿþã½néu?¿�;Üõ�N£3 Weil [16] ¥¡����
�¤�Ñ´¤á� 14¤"

� U ′
i = Ui ∩ V §Kù
 U ′

i �¤ V ���mCX U′"e F ´ V þ����
ê5�§K·�� Fi = F |U ′

i
§¿� θij(n) ´ Fj|U ′

i∩U ′
j

� Fi|U ′
i∩U ′

j
þ�ù��

�Ó�§§´d¦± (tj/ti)
n �$�¤½Â�"5¿� F (n) Ò´dù
 Fi ²

d θij(n) ÅÜ¤�"¼f F (n) äkÚ |" 54 ¥�@
¼f�Ó�5�§¿�´§
��í2¶AO/§ F (n) ;�Ó�u F ⊗ OV (n)"

·�k FX(n) = F (n)X"u´A^ |" 55, ½n 1 ±9 |" 65, ·K 7§�±��µ

½½½nnn 2. – � F ´ V þ����ê5và�"K�±é����ê m(F ) §¦
�é?¿ n > m(F ) §þkµ

(a) é?¿ x ∈ V § OV,x � F (n)x Ñ�d Γ(V, F (n)) ¥���¤)¤§
(b) é?¿ q > 0 §þk Hq(V, F (n)) = 0 "

5) — ���:´§·�w�� F (n) Ø=�6u F Ú n §��6
u V ��K�m X ¥�i\"�(�/`§� P ´± K∗ �(�+�Ìn�
m π−1(V ) ¶éu�½��ê n §·�½Â K∗ 3 K þ��^´deª¤�Ñ�µ

14È5µë� EGA 1nÙ"
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éu λ ∈ K∗ Ú µ ∈ K §
(λ, µ) 7−→ λ−nµ "

� En = P ×K∗ K ´ P �ù����ám§§�n�.´ K §¿� K∗ ��^
Xþ¶� S (En) ´ En ��¡Þ� (ëì |" 41)"k�uù
 ti/tj �¤ P ��Ik
�m��|=£¼ê�¯¢§�±á=�y S (En) ;�Ó�u OV (n)"u´
úª F (n) = F ⊗ OV (n) = F ⊗ S (En) L²§¼f F 7→ F (n) ��6ui
\ V → X ¤½Â�n�m P �Ó�a"AO/§e V ´�5�§K F (n) ��6
u V 3þãi\e��²¡�¡��5�da (ëì [17])"

|" 67 ������ÖÖÖ¿¿¿

e M ´��÷v (TF) �©g S �§K·�^ M \ 5P©g S � Γ(M̃)"·�
3 |" 65 ¥®²w�§ α : M → M \ ´ C ���"y3·���Ñ�
^�5(
� α ´���"

···KKK 9. – �
¦ α : M → M \ ´���§7L��I±eÃ^�´¤á�µ
(i) e m ∈ M ¦�é?¿ i ∈ I þk ti.m = 0 §K m = 0 "
(ii) e�|Ógê�àg� mi ∈ M é?¿�é (i, j) þ÷v'Xª tj.mi −

ti.mj = 0 §K�±é� m ∈ M §¦� mi = ti.m "

Äky² M \ ÷v^� (i) Ú (ii)§ùÒ�±`²§��7�5"éu (i)§
�±b� m ´àg�§�Ò´`§´ M̃(n) ����¡¶3ù��/e§^
� ti.m = 0 L«` m 3 Ui þ�u 0 §¿�ùé?¿ i ∈ I Ñ¤á§�·�g
,k m = 0"�u (ii)§� n ´ù
 mi �gê¶l·�k mi ∈ Γ(M̃(n)) ¶
du 1/ti ´ O(−1) 3 Ui þ����¡§�� mi/ti ´ ˜M(n − 1) 3 Ui þ����
¡§¿�^� tj.mi − ti.mj = 0 L²§ù
�¡Ñ´ ˜M(n − 1) 3 X þ����
��¡ m ���¶��2'��e�¡ ti.m Ú mi ¶�
y²§�3 Uj þ´Ü
�§�I3 Uj þu� tj(ti.m − mi) = 0 §ù´�gúª tj.mi = ti.mj ±9 m �
½Â"

y3·�y²§(i) %ºX α ´ü�"¯¢þ§éu¿©�� n §·��� α :
Mn → M \

n ´���§l�±é n ¦^4ü8B{¶e α(m) = 0 §Ù¥ m ∈
Mn §Kk tiα(m) = α(ti.m) = 0 §�±¦^8Bb�§Ï� ti.m ∈ Mn+1 §
ùL² m = 0"��y² (i) Ú (ii) %ºX α ´÷�"Úþ¡��§·��±
é n ¦^4ü8B{"e m′ ∈ M \

n §K8Bb�L²§�±é� mi ∈ Mn+1 §
¦� α(mi) = ti.m

′ ¶·�k α(tj.mi − ti.mj) = 0 §�� tj.mi − ti.mj = 0 §
Ï� α ´ü�"u´^� (ii) L²§�±é� m ∈ Mn ¦� ti.m = mi ¶·�
k ti(m

′ − α(m)) = 0 §ùÒy²
 m′ = α(m) §��¤
y²"

5) — (1) y²L§L²§^� (i) ¤á�¿©7�^�´§ α ´ü�"

(2) ·��±r (i) Ú (ii) L�¤e¡�/ªµé?¿ n ∈ Z §Ó� α1 : Mn →
H0

I (M(n)) Ñ´���"d	§·K 4 L²§·��±r M \ �Óu S �
∑

n∈Z
H0(M(n)) §ddò�±�Ñ·K 9 ���X�ê�y²£Ø¦^� M̃ ¤"
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§ 4 ���¼¼¼fff ExtqS ���'''XXX

|" 68 ¼¼¼fff Extq
S

·�÷^ |" 56 ¥�PÒ"e M Ú N ´ü�©g S �§K·�^ HomS(M,N)n

5P M � N � n gàg S Ó��+§¿�^ HomS(M,N) 5P©g+
∑

n∈Z HomS(M,N)n ¶
ù´��©g S �¶XJ M ´k�.�§K§� M � N ��N S Ó�¤|¤
� S �´�Ó�"

¼f HomS(M,N) ��Ñ¼f (ëì [6], 1 V Ù) Ò´e¡�
¼f Extq
S(M,N),

q = 0, 1, . . . "{üES�e§��½Â 15µ

·�À� M ���/�)0§�Ò´`§���ÜS�µ

· · · −→ Lq+1 −→ Lq −→ · · · −→ L0 −→ M −→ 0 §

Ù¥ Lq Ñ´©ggd S �§¿�ù
N�Ñ´Ó�£�Ò´`§ 0 gàg S Ó
�¤"e·�- Cq = HomS(Lq, N) §KÓ� Lq+1 → Lq ÏL�=�½Â
��
Ó� d : Cq → Cq+1 §�÷v d ◦ d = 0 ¶Ï¦ C• =

∑
q>0 Cq ¼�
��E/

(�§¿� C• �1 q �þÓN+Ò�½Â� Extq
S(M,N) ¶�±y²§ùØ�6

u�)�ÀJ"�duù
 Cq Ñ´©g S �§¿� d : Cq → Cq+1 ´ 0 gàg
�§��ù
 Extq

S(M,N) Ñ´©g S �§d�|f�m Extq
S(M,N)n ¤½Â¶

ù
 Extq
S(M,N)n Ò´E/ HomS(Lq, N)n �þÓN+§�Ò´`§§�Ò´¼

f HomS(M,N)n ��Ñ¼f"

ES�eù
 Extq
S �Ì�5�µ

Ext0
S(M,N) = HomS(M,N) ¶e M ´k�.�§Kéu q > r + 1 §·�

k Extq
S(M,N) = 0£Äu Hilbert ÜÀ½n§ëì [6], 1 VIII Ù, ½n 6.5¤¶

e M Ú N Ñ´k�.�§K Extq
S(M,N) ´��k�. S �£Ï��±ÀJù

����)§¦� Lq Ñ´k�.�¤¶é?¿ n ∈ Z §þk;�Ó�µ

Extq
S(M(n), N) ∼= Extq

S(M,N(−n)) ∼= Extq
S(M,N)(−n) "

�ÜS�

0 −→ N −→ N ′ −→ N ′′ −→ 0 Ú 0 −→ M −→ M ′ −→ M ′′ −→ 0

�±�Ñ�ÜS�µ

· · · −→ Extq
S(M,N) −→ Extq

S(M,N ′) −→ Extq
S(M,N ′′) −→ Extq+1

S (M,N) −→ · · ·

· · · −→ Extq
S(M ′′, N) −→ Extq

S(M ′, N) −→ Extq
S(M,N) −→ Extq+1

S (M ′′, N) −→ · · ·
15XJ M Ø´k�.��§Kùp¤½Â� Extq

S(M,N) � [6] ¥¤½Â� Extq
S(M,N) k¤Ø

Óµù´duü�/�� HomS(M,N) �¹ÂØÓ"¦+Xd§ [6] ¥�¤ky²Ñ�±Ø\UC
�A^�ùpµù�±���y§��±A^ [6] �N¹5`²"
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|" 69 rrr Hq
k(M) )))ººº��� Extq

S

� M ´��©g S �§¿� k ´���K�ê"-µ

Bq
k(M) =

∑
n∈Z

Hq
k(M(n)) §

ù´3 |" 61 �PÒe"

ù�·�Ò����©g+§Ó�uE/
∑

n∈Z C•
k(M(n)) �1 q �þÓN+¶

·��±�ù�E/D����§�©g(��N� S �(�§=-

(P.m)〈i0 . . . iq〉 = P.m〈i0 . . . iq〉 §Ù¥ P ∈ Sp � m〈i0 . . . iq〉 ∈ Cq
k(M(n)) ¶

duM�f´�� 0 gàg S Ó�§��ù
 Bq
k(M) ���Ñ´©g S �"

·�-
Bq(M) = lim−→

k→∞
Bq

k(M) =
∑
n∈Z

Hq(M(n)) "

Kù
 Bq(M) Ñ´©g S �"éu q = 0 §·�k

B0(M) =
∑
n∈Z

H0(M(n)) §

ùÒ2g�� |" 67 ¥IP� M \ �@��£�� M ÷v^� (TF)¤"éz� n ∈
Z §·�3 |" 62 ¥Ñ½Â
���5N� α : Mn → H0(M(n)) ¶�±á=�y§
ù
N��Ú½Â
��l M � B0(M) �Ó�§·�EP�� α"

···KKK 1. — � k ´���K�ê§¿� Jk ´ S �n� (tk0, . . . , t
k
r) "Ké?¿©

g S � M §©g S � Bq
k(M) Ú Extq

S(Jk,M) Ñ´Ó��"

éu q = 0, . . . , r §� Lq
k ´ù���©ggd S �§§k��Ä.´ k(q+1) g

�� e〈i0 . . . iq〉, 0 6 i0 < i1 < · · · < iq 6 r ¶�±½Â���f d : Lq+1
k → Lq

k Ú�
��f ε : L0

k → Jk Xeµ

d(e〈i0 . . . iq+1〉) =

q+1∑
j=0

(−1)jtkij .e〈i0 . . . îj . . . iq+1〉 "

ε(e〈i〉) = tki "

Ún 1. – Ó�S�µ

0 −→ Lr
k

d−→ Lr−1
k −→ · · · −→ L0

k
ε−→ Jk −→ 0

´���ÜS�"

éu k = 1 §ù�(J´Ù�� (ëì [6], 1 VIII Ù § 4)¶���/�±^Ó�
��{5y²£½ö8(�c��/¤¶��±|^ [11] ¥¤y²�½n"
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·K 1 �±lÚná=�Ñ§��·�3¿�d HomS(Lq
k,M) Ú d �=�¤�

¤�E/fÐÒ´E/
∑

n∈Z C•
k(M(n))"

íííØØØ 1. – Hq
k(M) Ó�u Extq

S(Jk,M)0 "

¯¢þ§ùü�+©O´©g+ Bq
k(M) Ú Extq

S(Jk,M) ¥� 0 g©þ"

íííØØØ 2. – Hq
k(M) Ó�u Extq

S(Jk,M)0 "

�±éN´/wÑ§ |" 61 ¥�Ó� ρh
k : Hq

k(M) → Hq
h(M) 3íØ 1 �Ó�e�

±=z�d¹\ Jh → Jk ¤½Â�

Extq
S(Jk,M)0 � Extq

S(Jh,M)0

�Ó�¶��íØ 2"

5) — � M ´��k�.©g S �¶ M ½Â
 (ëì |" 48) Kr+1 þ����
ê5và� F ′ §l�´ Y = Kr+1r{0}þ�và�§¿��±�y§ Hq(Y, F ′)
Ó�u Bq(M)"

|" 70 ¼¼¼fff Tq(M) ���½½½ÂÂÂ

·�Äk½Â©g S ��éó��Vg"� M ´��©g S �¶é?¿ n ∈
Z § Mn Ñ´ K þ����þ�m§·�r§�éó�þ�mP� (Mn)′"-µ

M∗ =
∑
n∈Z

M∗
n , Ù¥ M∗

n = (M−n)′ "

·�y3�� M∗ D��� S ��(�§��§�©g(��N¶é?¿ P ∈
Sp §N� m → P.m Ñ´ M−n−p � M−n ��� K �5N�§lÏL�=�½
Â
��l (M−n)′ = M∗

n � (M−n−p)
′ = M∗

n+p � K �5N�¶ùÒ½Â
 M∗ þ
� S �(�"·���±r M∗ ½Â� HomS(M,K) §ùp� K ´�©g S �
S/(t0, . . . , tr)"

©g S � M∗ ò�¡� M �éó¶·�k M∗∗ = M §��z� Mn 3 K þÑ
´k���§'X` M = Γ(F ) §Ù¥ F ´ X þ����ê5và�§q½
ö M ´k�.�"?ÛÓ� ϕ : M → N ÑÏL�=�½Â
��l N∗ � M∗ �
Ó�"eS� M → N → P ´�Ü�§KS� P ∗ → N∗ → M∗ �´Xd"�é{
`§ M∗ ´� M ����C¼f§¿�´�Ü�"XJ I ´ S ���©gn�§
K S/I �éóÒ´ Macaulay ¤`� I �/_X0 (ëì [9], |" 25)"

y3� M ´��©g S �§ q ´���K�ê"·�3þ��!¥½Â
©
g S � Bq(M) ¶y3·�r Bq(M) �éó�P� Tq(M)"l�â½Â§·�
kµ

Tq(M) =
∑
n∈Z

Tq(M)n , Ù¥ Tq(M)n = (Hq(M(−n)))′ "
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?ÛÓ� ϕ : M → N Ñ½Â
��l Bq(M) � Bq(N) �Ó�§����
l Tq(N) � Tq(M) �Ó�¶Ïù
 Tq(M) Ñ´ M ��C¼f£d	§·�ò
3 |" 72 ¥w�§�±r§�éN´/^ ExtS L�Ñ5¤"?Û�ÜS�µ

0 −→ M −→ N −→ P −→ 0

Ñ�±ÚÑ���ÜS�µ

· · · −→ Bq(M) −→ Bq(N) −→ Bq(P ) −→ Bq+1(M) −→ · · · §

lÏL�=��±�����ÜS�µ

· · · −→ Tq+1(M) −→ Tq(P ) −→ Tq(N) −→ Tq(M) −→ · · · "

Ó� α : M → B0(M) ÏL�=�½Â
��Ó� α∗ : T0(M) → M∗"

Ï�� q > r � Bq(M) = 0 §¤±éu q > r ·�k Tq(M) = 0"

|" 71 Tr(M) ���(((½½½

£3ù��!Úe��!¥§·�òb� r > 1 ¶3 r = 0 ��/§(JÑk�
É§��´²��¤"

·�^ Ω 5L«©g S � S(−r − 1) ¶ù´��gd�§äk��d r + 1 g�
�¤|¤�Ä."·�3 |" 62 ¥®w�§éu¿©�� k § Hr(Ω) = Hr

k(Ω) §¿
� Hr

k(Ω) 3 K þäkù���Ä.§§´d������ (t0 . . . tr)
k/t0 . . . tr ¤|

¤�¶·�rù���3 Hr(Ω) ¥��P� ξ ¶l ξ �¤ Hr(Ω) ���Ä."

y3·��3�� h ∈ Br(M)−n Ú ϕ ∈ HomS(M, Ω)n �m½Â���é 〈h, ϕ〉§
Ù¥ M ´��?¿�©g S �"�� ϕ �±�Óu HomS(M(−n), Ω)0 ¥���
��§�Ò´`§�Óu M(−n) � Ω ���Ó�¶lÏL�þÓN+§§½Â
Ñ��l Hr(M(−n)) = Br(M)−n � Hr(Ω) �Ó�§·�EP�� ϕ"l h 3ù
�Ó�e��´ ξ ���~ê�§y3·�^e¡�úª5½Â 〈h, ϕ〉µ

ϕ(h) = 〈h, ϕ〉ξ "

é?¿ ϕ ∈ HomS(M, Ω)n §¼ê h → 〈h, ϕ〉Ñ´ Br(M)−n þ����5/
ª§l�±�Óu Br(M)−n �éó£ùfÐÒ´ Tr(M)n ¤¥����� ν(ϕ)"
ù�·�Ò½Â
�� 0 gàgN�

ν : HomS(M, Ω) −→ Tr(M) §

¿�úª 〈P.h, ϕ〉 = 〈h, P.ϕ〉L²§ ν ´�� S Ó�"

···KKK 2. – Ó� ν : HomS(M, Ω) → Tr(M) ´���"
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·�Äkéu M ´gd���/y²ù�·K"e M §�àgf� Mα ��
Ú§Kkµ

HomS(M, Ω)n =
∏
α

HomS(Mα, Ω)n Ú Tr(M)n =
∏
α

Tr(Mα)n "

ù��5§e·Kéu Mα ´¤á�§K§éu M �¤á§l¯K�±
8(��k��)¤��gd���/§�Ò´`§ M = S(m)"d�·��±
r HomS(M, Ω)n �Óu HomS(S, S(n−m−r−1))0 §�Ò´`§�Óu n−m−r−
1 gàgõ�ª��þ�m"l HomS(M, Ω)n äk��dü�ª tγ0

0 · · · tγr
r ¤|

¤�Ä.§Ù¥ γi > 0 ¿�
r∑

i=0

γi = n−m− r− 1",��¡§·�3 |" 62 ¥®²

w�§ Hr
k(S(m−n)) äk£éu¿©�� k ¤��dü�ª (t0 · · · tr)k/tβ0

0 · · · tβr
r ¤

|¤�Ä.§Ù¥ βi > 0 �
r∑

i=0

= n − m"e- βi = γ′
i + 1 §K�±rù
ü�ª

�¤ (t0 · · · tr)k−1/t
γ′
0

0 · · · tγ
′
r

r �/G§Ù¥ γ′
i > 0 �

r∑
i=0

γ′
i = n − m − r − 1"uÀ�

e 〈h, ϕ〉�½Â§·�uy�é

〈(t0 · · · tr)k−1/t
γ′
0

0 · · · tγ′
r

r , tγ0

0 · · · tγr
r 〉

o´�u 0 §Ø�é?¿ i þk γi = γ′
i §d�§�u 1"ùÒ¿�X ν rÄ. {tγ0

0 . . . tγr
r }=

z�Ä. {(t0 . . . tr)
k−1/tγ0

0 . . . tγr
r }�éóÄ.§l´���§ùÒ3 M ´gd

�ù��/ey²
·K"

y3=����/þ"·�À����ÜS�

L1 −→ L0 −→ M −→ 0

Ù¥ L0 Ú L1 Ñ´gd�"�Äe¡���ãLµ

0 //

ν

²²

HomS(M, Ω) //

ν
²²

HomS(L0, Ω) //

ν
²²

HomS(L1, Ω)

ν
²²

0 // Tr(M) // Tr(L0) // Tr(L1)

ù�ãL�1�1´���ÜS�§ù´�â¼f HomS �Ä�5�¶1�1
�´���ÜS�§Ï�§´eãS��éóS�

Br(L1) −→ Br(L0) −→ Br(M) −→ 0 §

TS�´�Ü�§Ï�§5g Bq �þÓN��ÜS�§�·���é¤k©
g S � M §þk Br+1(M) = 0",��¡§ü�ç�Ó�

ν : HomS(L0, Ω) −→ Tr(L0)) Ú ν : HomS(L1, Ω) −→ Tr(L1)

Ñ´���§ù´·�ffw��"Ïd

ν : HomS(M, Ω) −→ Tr(M)

�´���§ùÒ�¤
y²"
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|" 72 Tq(M) ���(((½½½

·��y²e¡�½n§§´·K 2 �í2µ

½½½nnn 1. – � M ´��©g S �"éu q 6= r §©g S � Tr−q(M) Ú Extq
S(M, Ω)

´Ó��"?§·�k���ÜS�µ

0 −→ Extr
S(M, Ω) −→ T0(M)

α∗
−→ M∗ −→ Extr+1

S (M, Ω) −→ 0 "

·�ò¦^ [6], 1 III Ù § 5 ¥¤�Ñ��Ñ¼f�únz£ã"�dÄk½Â
��#�¼f Eq(M) §�{Xeµ

éu q 6= r, r + 1 § Eq(M) = Tr−q(M)

éu q = r § Er(M) = Ker(α∗)

éu q = r + 1 § Er+1(M) = Coker(α∗)"

Ã Eq(M) Ñ´ M �\5�C¼f§�äke¡�
5�µ

(i) E0(M) Ó�u HomS(M, Ω) "

ù´·K 2 ¤y²�"

(ii) e L ´gd�§Ké?¿ q > 0 §þk Eq(L) = 0 "

�Iéu L = S(n) ?1�y§d�ù´�g |" 62"

(iii) éz��ÜS� 0 → M → N → P → 0 §·�Ñk�|ë��f dq :
Eq(M) → Eq+1(P ) §¿�S�

· · · −→ Eq(P ) −→ Eq(N) −→ Eq(M)
dq

−→ Eq+1(P ) −→ · · ·

´�Ü�"

éu q 6= r − 1, r § dq �½Â´w,�µ§Ò´ |" 70 ¥¤½Â� Tr−q(M) �
Tr−q−1(P ) �Ó�"éu q = r − 1 ½ r §·��¦^e¡���ãLµ

T1(M) // T0(P ) //

α∗
²²

T0(N) //

α∗
²²

T0(M) //

α∗
²²

0

α∗

²²

0 // P ∗ // N∗ // M∗ // 0

ù�ãLÄky²
 T1(M) ���¹3 α∗ : T0(P ) → P ∗ �Ø�¥§ù�Øf
ÐÒ´ Er(P )"ùÒ½Â
 dr−1 : Er−1(M) → Er(P )"

�
½Â dr : Ker(T0(M) → M∗) → Coker(T0(P ) → P ∗) §·�¦^ [6],
1 III Ù, Ún 3.3 ��{µe x ∈ Ker(T0(M) → M∗) §K�±é� y ∈ P ∗ Ú z ∈



78 1nÙ �Kõ�Nþ��ê5và�

T0(N) §¦� x ´ z ��§¿� y Ú z 3 N∗ ¥k�Ó��¶d�·�- dr(x) =
y"

S�

· · · −→ Eq(P ) −→ Eq(N) −→ Eq(M)
dq

−→ Eq+1(P ) −→ · · ·

��Ü5�gS�

· · · −→ Tr−q(P ) −→ Tr−q(N) −→ Tr−q(M) −→ Tr−q−1(P ) −→ · · ·

��Ü5±9 [6], cÚ"

(iv) (i) ¥�Ó�Ú (iii) ¥��f dq Ñ´/g,0�"

ù�d½Âá�"

duù
5� (i) � (iv) Ò��/(½
¼f HomS(M, Ω) ��Ñ¼f§�·�
k Eq(M) ∼= Extq

S(M, Ω) §ùÒy²
½n"

íííØØØ 1. – e M ÷v (TF)§Ké?¿ q > 1 § Hq(M) ÑÓ�u Extr−q
S (M, Ω)0 �

éó�þ�m"

¯¢þ§·��� Hq(M) ´��k���þ�m§¿�§�éóÓ�u Extr−q
S

(M, Ω)0"

íííØØØ 2. – e M ÷v (TF)§Kéu q > 1 § Tq(M) Ñ´k�.©g S �§¿
� T0(M) ÷v (TF)"

�±r M �¤��k�.�Ø¬UC Bq(M) §l�Ø¬UC Tq(M)"d
�ù
 Extr−q

S (M, Ω) Ñ´k�. S �§¿�·�k M∗ ∈ C §��(Ø"

§ 5 333���êêê555vvvààà���þþþ���AAA^̂̂

|" 73 ¼¼¼fff Extq
S ÚÚÚ Extq

Ox
���'''XXX

� M Ú N ´ü�©g S �"e x ´ X = Pr(K) ¥���:§K·�3 |" 57 ¥
½Â
 Ox � Mx Ú Nx ¶y3·��3ù
 Extq

Ox
(Mx, Nx) Ú©g S � Extq

S (M,N) �
mïáéXµ

···KKK 1. – b� M ´k�.�"Kkµ
(a) � ˜HomS(M,N) Ó�u� HomOX

(M̃, Ñ) "
(b) é?¿ x ∈ X § Ox � Extq

S(M,N)x ÑÓ�u Ox � Extq
Ox

(Mx, Nx) "

·�Äk½Â��Ó� ιx : HomS(M,N)x → HomOx(Mx, Nx)"1���¥
���´��©ª ϕ/P §Ù¥ ϕ ∈ HomS(M,N)n § P ∈ S{x} §� P ´ n gàg
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�¶e m/P ′ ´ Mx ¥�����§K ϕ(m)/PP ′ ´ Nx ¥�����§§��6
u ϕ/P Ú m/P ′ §¿�N� m/P ′ → ϕ(m)/PP ′ ´��Ó� ιx(ϕ/P ) : Mx → Nx ¶
ùÒ½Â
 ιx"�â |" 14, ·K 5§ HomOx(Mx, Nx) �±�Óu

HomOX
(M̃, Ñ)x ¶

ù��Ór ιx =z�

ιx : ˜HomS(M,N)x −→ HomOX
(M̃, Ñ)x §

¿�N´�y§ù
 ιx �Ñ��Ó�

ι : ˜HomS(M,N) −→ HomOX
(M̃, Ñ) "

XJ M ´��k�.gd�§K ιx ´���"¯¢þ§�Iéu M = S(n) ?
1y²§d�ù´w,�"

y3� M ´��?¿�k�.©g S �§·�À� M ����)µ

· · · −→ Lq+1 −→ Lq −→ · · · −→ L0 −→ M −→ 0 §

Ù¥ Lq Ñ´k�.�gd�§·�� C• ´dù
 HomS(Lq, N) ¤|¤�E/"
C• �þÓN+Ò´ Extq

S(M,N)"�é{`§e·�^ Bq Ú Zq ©OL« Cq ¥�
þ>�Úþ��f�§Kk�ÜS�µ

0 −→ Zq −→ Cq −→ Bq+1 −→ 0 §

Ú
0 −→ Bq −→ Zq −→ Extq

S(M,N) −→ 0 "

du¼f M̃ ´�Ü�§��S�

0 −→ Zq
x −→ Cq

x −→ Bq+1
x −→ 0

Ú
0 −→ Bq

x −→ Zq
x −→ Extq

S(M,N)x −→ 0

�Ñ´�Ü�"

,§�âþ¡¤ã§ Cq
x Ó�u HomOx(L

q
x, Nx) ¶ Extq

S(M,N)x Ó�udù

 HomOX,x

(Lq
x, Nx) ¤|¤�E/�þÓN+§�du Lq

x w,Ñ´ OX,x gd�§
�ùTÐ�Ñ
 Extq

OX,x
(Mx, Nx) �½Â§ùÒy²
 (b)¶3 q = 0 ?§þ¡¤ã

L² ιx ´���§l ι ´��Ó�§�� (a)"
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|" 74 ��� n → +∞ ���þþþÓÓÓNNN+++ Hq(X, F (−n)) ������²²²555

½½½nnn 1. – � F ´ X þ����ê5và�§¿� q ´���K�ê"K±e
ü�^�´�d�µ

(a) éuv
�� n §·�k Hq(X, F (−n)) = 0 "
(b) é?¿ x ∈ X §þk Extr−q

OX,x
(Fx, OX,x) = 0 "

�â |" 60, ½n 2§�±b� F = M̃ §Ù¥ M ´��k�.©g S �§¿�
�â |" 64§ Hq(X, F (−n)) Ó�u Hq(M(−n)) = Bq(M)−n ¶l^� (a) �du
� n v
��

Tq(M)n = 0 §

�Ò´`§�du Tq(M) ∈ C"�â |" 72, ½n 1§±9 M∗ ∈ C£Ï� M ´k�
.�¤�¯¢§þ¡ù�^��du Extr−q

S (M, Ω) ∈ C ¶Ï� Extr−q
S (M, Ω) ´

��k�. S �§¤±·���

Extr−q
S (M, Ω) ∈ C

�du`§é?¿ x ∈ X §þk Extr−q
S (M, Ω)x = 0 §ù´�â |" 58, ·K 5¶�

�§·K 1 L²§ Extr−q
S (M, Ω)x = Extr−q

OX,x
(Mx, Ωx) §�du Mx Ó�u Fx §Ó

� Ωx Ó�u OX(−r − 1)x §lÓ�u OX,x §ùÒ�¤
y²"

�
�ã½n 2§·�I� OX,x ���êVg"�P� ([6], 1 VI Ù § 2) ¤¢
��k�. OX,x � P ��ê 6 p §´��±é��� OX,x ���ÜS�µ

0 −→ Lp −→ Lp−1 −→ . . . −→ L0 −→ P −→ 0 §

Ù¥z� Lp Ñ´gd�£ù�½Â�du [6], cÚ¥�½Â§Ï�k�.Ý
� OX,x �Ñ´gd�§ëì [6], 1 VIII Ù, ½n 6.1′¤"?Ûk�. OX,x ���ê
Ñ 6 r §ù´�âÜÀ½n (ëì [6], 1 VIII Ù, ½n 6.2′)"

Ún 1. – � P ´��k�. OX,x �§¿� p ´���K�ê"K±eü�^
�´�d�µ

(i) P ��ê 6 p "
(ii) é?¿ m > p §þk Extm

OX,x
(P, OX,x) = 0 "

´� (i) %º (ii)"·�5y² (ii) %º (i)§é p ¦^4ü8B{¶� p > r �§
Ún´²��§Ï� (i) o¤á¶y3·��l p + 1 ?� p ¶� N ´��?¿�
k�. OX,x �"K�±é����ÜS� 0 → R → L → N → 0 §Ù¥ L ´gd
�k�.�£Ï� OX,x ´ Noether �¤"�ÜS�

Extp+1
OX,x

(P,L) −→ Extp+1
OX,x

(P,N) −→ Extp+2
OX,x

(P,R)

L² Extp+1
OX,x

(P,N) = 0"¯¢þ§·�k Extp+1
OX,x

(P,L) = 0 §ù´�â^� (ii)§
·��k Extp+2

OX,x
(P,R) = 0 §Ï� dim P 6 p + 1 §ù´�â8Bb�"duù�

5�Ò´éu�ê 6 p ���A�£ã§ÚnÏd�y"

rù�ÚnÚ½n 1 (Üå5§Ò�±��µ
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½½½nnn 2. – � F ´ X þ����ê5và�§¿� p ´���K�ê"Ke¡
ü�^�´�d�µ

(a) éuv
�� n ±9 0 6 q < p §·�k Hq(X, F (−n)) = 0 "
(b) é?¿ x ∈ X § OX,x � Fx ��êÑ 6 r − p "

|" 75 ²²²wwwõõõ���NNN

e¡ù�(J3·�r [15] ¥�/éó½n0í2����/�åX���
^µ

½½½nnn 3. – � V ´�K�m Pr(K) ���²wfN¶b� V �¤kØ��
©|Ñk�Ó��ê p "� F ´ V þ����ê5và�§¿�b�é?¿ x ∈
V § Fx Ñ´ OV,x þ�gd�"Kéuv
�� n ±9 0 6 q < p §·�k Hq(V, F (−n)) =
0 "

�â½n 2§¯K8(�y² OV,x �� OX,x ���ê 6 r − p"·�^ I (V )x

5P;�Ó� εx : OX,x → OV,x �Ø§KÏ�: x 3 V þ´²w�§�·��
� (ëì [18], ½n 1) ù�n�´d r − p ��� f1, . . . , fr−p ¤)¤�§ Cohen-
Macaulay ½n (ëì [13], p. 53, ·K 2) qL²§éu 1 6 i 6 r − p §·�k

(f1, . . . , fi−1) : fi = (f1, . . . , fi−1) "

y3·�^ Lq 5L«ù���gd OX,x �§§k��Ä.´d�� e(i1 . . . iq)
¤|¤�§ùp�S� (i1, . . . , iq) ÷v

1 6 i1 < i2 < · · · < iq 6 r − p ¶

éu q = 0 §·�� L0 = OX,x §y3-µ

d(e〈i1 . . . iq〉) =

q∑
j=0

(−1)jfij .e〈i1 . . . îj . . . iq〉

d(e〈i〉) = fi "

�â [6], 1 VIII Ù, ·K 4.3§S�

0 −→ Lr−p
d−→ Lr−p−1

d−→ · · · d−→ L0
εx−→ OV,x −→ 0

´�Ü�§ùÒy²
 dimOX,x
(OV,x) 6 r − p §y²�."

íØ — éuv
�� n ±9 0 6 q < p §·�Ñk Hq(V, OV (−n)) = 0 "

5) — ���/§þãy²�·^���±�°§=��n� I (V )x äk�
�d r − p ���¤|¤�)¤�|=�§�é{`§��õ�N V 3z�:?Ñ
´�����"
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|" 76 ���555õõõ���NNN

·�I�e¡�Únµ

Ún 2. – � M ´��k�. OX,x �§¿� f ´ OX,x ¥���Ø�_�§�
éu m ∈ M §� f.m = 0 �7k m = 0 "K OX,x � M/fM ��ê�u M ��ê
\ 1 "

�âcJ^�§·�k���ÜS� 0 → M
α−→ M → M/fM → 0 §Ù

¥ α Ò´¦± f �$�"le N ´��k�. OX,x �§Kk���ÜS�µ

· · · −→ Extq
OX,x

(M,N)
α−→ Extq

OX,x
(M,N) −→ Extq+1

OX,x
(M/fM,N)

−→ Extq+1
OX,x

(M,N) −→ · · ·

·�± p 5P M ��ê"3þã�ÜS�¥� q = p+1 §Kk Extp+2
OX,x

(M/fM,

N) = 0 §ùÒL«` ([6], 1 VI Ù § 2) dim(M/fM) 6 p + 1",��¡§Ï
� dim M = p §��é� N §¦� Extp

OX,x
(M,N) 6= 0 ¶y3·�3þã�ÜS

�¥� q = p §K·�w� Extp+1
OX,x

(M/fM,N) �±�Óu

Extp
OX,x

(M,N)
α−→ Extp

OX,x
(M,N)

{Ø¶Ï�ù�Ó�Ò´¦± f �$�§¿� f 3ÛÜ� OX,x ¥Ø´�_�§
�d [6], 1 VIII Ù, ·K 5.1′ �§ù�{Ø 6= 0 §ùÒy²
 dim M/fM > p+1 §
��¤
y²"

y3·��y²��(J§§�,
<¡�/Enriques-Severi Ún0§´
d Zariski [19] ���µ

½½½nnn 4. – � V ´�K�m Pr(K) ¥���Ø���5fN§�ê > 2 "
� F ´ V þ����ê5và�§¿b�é?¿ x ∈ V § Fx Ñ´ OV,x þ�gd
�"Kéuv
�� n §·�k H1(V, F (−n)) = 0 "

�â½n 2§¯K8(�y² OV,x �� OX,x ���ê 6 r − 2"ÄkÀ���
�� f ∈ OX,x §÷v f(x) = 0 §¿� f 3 OV,x ¥��Ø´ 0 §ù´�±���§
Ï� dim V > 0"y3 V ´Ø���§¤± OV,x ´����§�·��±rÚ
n 2 A^���| (OV,x, f) þ¶lkµ

dim OV,x = dim OV,x/(f) − 1 , Ù¥ (f) = f.OV,x "

Ï� OV,x ´���4��§¤±Ìn� (f) �z��Ïf pα Ñ´4�� (ë
ì [12], p. 136, ½ö [9], |" 37)§lÑØ�u OV,x �4�n� m£ÄK·�ò
k dim V 6 1 ¤"l�±é����� g ∈ m §§Øáu?Û�� pα ¶ù��
� g 3û� OV,x/(f) ¥Ø´"Ïf¶r g 3 OX,x/(f) ¥�Ó{aP� ḡ §K·�
�±rÚn 2 A^���| (OV,x/(f), ḡ) þ¶lkµ

dim OV,x/(f) = dim OV,x/(f, g) − 1 "
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,§�â®²J��ÜÀ½n§·�k dim OV,x/(f, g) 6 r ¶�� dim OV,x/(f)
6 r − 1 §Ï dim OV,x 6 r − 2 §y²�."

íØ — éuv
�� n §·�k H1(V, OV (−n)) = 0 "

5) — (1) þ¡��{áu�;�ÜÀnØ"'Xëì W. Gröbner, Moderne
Algebraische Geometrie, 152.6 Ú 153.1"

(2) =¦ V ��ê > 2 §�´k�U dim OV,x = r − 2"'X�±� V ´ù�
��I§§��²¡�¡ W ´���Kª�5�Ø��õ�N£= H1(W, OW )
6= 0 ¤"

|" 77 k {{{...õõõ���NNN���ÓÓÓNNNªªªAAA���555���

� M ´��k�.©g S �"K·��±¦^ÚÚn 1 �Ó��{5y²µ

Ún 3. – �
¦ dim M 6 k §7L��Iéu q > k §þk Extq
S(M,S) = 0 "

Ï� M ´©g�§¤± Extq
S(M, Ω) = Extq

S(M,S)(−r − 1) §lþã^��
du� q > k ��k Extq

S(M, Ω) = 0"k�u |" 72, ½n 1§·�ddí�µ

···KKK 2. – (a) �
¦ dim M 6 r §7L��Ié?¿ n ∈ Z § α : Mn →
H0(M(n)) Ñ´ü�"

(b) e k ´����ê§K�
¦ dim M 6 r − k §7L��Ié?¿ n ∈
Z § α : Mn → H0(M(n)) Ñ´���§¿�éu 0 < q < k Ú?¿ n ∈ Z §þ
k Hq(M(n)) = 0 "

� V ´ Pr(K) ���4fN§¿� I(V ) ´d3 V þ�u 0 �àgõ�ª¤
|¤�n�"- S(V ) = S/I(V ) §ù´��©g S �§�§��)�fÐÒ
´ OV "¤¢ 16 V ´ Pr(K) ¥���/ k {.0�4fN§´� S � S(V ) ��
ê 6 r − k"´�é?¿ n ∈ Z § α : S(V )n → H0(V, OV (n)) Ñ´ü�§l?Û
õ�NÑ´ 0 {.�"rþ�·KA^� M = S(V ) þ§·���µ

···KKK 3. – � k ´����ê"�
¦þã4fN V ´ k {.�§7L��I
±eÃ^�é?¿ n ∈ Z Ñ´¤á�µ

(i) α : S(V )n → H0(V, OV (n)) ´���"
(ii) éu 0 < q < k §·�k Hq(V, OV (n)) = 0 "

£^� (i) ��±L�¤ù�µ n gàgª3 V þ�Ñ��5X´���§ù
´Ù��¤"

r§�½n 2 ?1'�£½ö��±��y²¤§·���µ

íØ — e V ´ k {.�§Kéu 0 < q < k §·�k Hq(V, OV ) = 0 §¿�é
?¿ x ∈ V § OX,x � OV,x ��êÑ 6 r − k "

16ë�µP. Dubreil, Sur la dimension des idéaux de polynômes, J. Math. Pures App., 15, 1936,
p. 271-283"�ëwµW. Gröbner, Moderne Algebraische Geometrie, § 5"
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éu����ê m §·�- ϕm ´ Pr(K) �,���K�m¥�ù���i
\§§´d¤k m gü�ª¤�Ñ� (ëì [8], 1 XVI Ù § 6§½ö |" 52, Ún 2 �
y²)"u´þ¡ù�íØ�±ke¡�_·Kµ

···KKK 4. – � k ´����ê§¿� V ´ Pr(K) ¥���ëÏ4fN"b�é
u 0 < q < k §þk Hq(V, OV ) = 0 §¿�é?¿ x ∈ V § OX,x � OV,x ��ê
Ñ 6 r − k "

Ké?¿¿©�� m § ϕm(V ) Ñ´�� k {.�4fN"

Äu V ´ëÏ�ù�¯¢§·�k H0(V, OV ) = K"¯¢þ§e V ´Ø��
�§Kù´w,�£ÄK H0(V, OV ) ò�¹��õ�ª�ê§§3 K þØ�U´
k���¤¶e V ´���§K?Û�� f ∈ H0(V, OV ) 3 V �z�Ø��©|þ
Ñ�Ñ��~ê§¿�ù
~êÑ��§ù´Ï� V �ëÏ5"

Äu dim OV,x 6 r−1 ù�¯¢§ V �z�Ø��©|��ê�êÑ��´ 1"
dd��§� n > 0 �

H0(V, OV (−n)) = 0

£Ï�e f ∈ H0(V, OV (−n)) � f 6= 0 §Kù
 fk.g (g ∈ S(V )nk) ò�¤ H0(V, OV )
����ê > 1 ��þf�m¤"

²(
ù�:§·�2- Vm ´fN ϕm(V ) §Kw,k

OVm(n) = OV (nm) "

éu¿©�� m §±eÃ^�´¤á�µ

(a) é?¿ n > 1 § α : S(V )nm → H0(V, OV (nm)) Ñ´���"

ù´�g |" 65, ·K 5"

(b) éu 0 < q < k Ú?¿ n > 1 §·�Ñk Hq(V, OV (nm)) = 0 "

ù´�g |" 65, ·K 7"

(c) éu 0 < q < k Ú?¿ n 6 −1 §·�Ñk Hq(V, OV (nm)) = 0 "

ù´�g |" 74, ½n 2§±9 OV,x þ�cJ^�"

,��¡§·�k H0(V, OV ) = K §é?¿ n 6 −1 §þk H0(V, OV (nm)) =
0 §¿�éu 0 < q < k §·�k Hq(V, OV ) = 0 §ù´�âcJ^�"Ïd Vm ÷
v·K 3 ¥�¤kcJ^�§y²�."

íØ — � k ´����ê§¿� V ´���ê > k �²w�Kõ�N"�

¦ V V��~/Ó�u,��K�m¥� k {.�4fN§7L��I V ´ëÏ
�§¿�éu 0 < q < k §ok Hq(V, OV ) = 0 "

7�5´w,�§ù´�â·K 3"�
y²¿©5§�I5¿� OV,x ��
ê 6 r − k (ëì |" 75)§2A^þ¡�·K=�"
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|" 78 ������������NNN

¤¢�K�m Pr(K) ¥��� p �4fN V ´����N§{¡��N§´
�d3 V þ�u 0 �õ�ª¤|¤�n� I(V ) �d r − p ��� P1, . . . , Pr−p ¤)
¤¶3ù��/e§ V �z�Ø��©|��êÑ´ p §ù´�â Macaulay ½
n (ëì [9], |" 17)"·���ù���õ�N�½´ p {.�§ùÒ¿�Xé
u 0 < q < p ·�k Hq(V, OV (n)) = 0 §ù�:·�fâ®²w�"y3·�5(
½ Hp(V, OV (n)) éuàgõ�ª P1, . . . , Pr−p �gê m1, . . . ,mr−p ��6'X"

� S(V ) = S/I(V ) ´ V ��K�I�"�â |" 72, ½n 1§¯K8(�(½ S �
Extr−p

S (S(V ), Ω)"y3·�k��aqu |" 75 ��)µ·�� Lq ´ù���©

ggd S �§§k��Ä.´dgê�
q∑

j=1

mj �� e(i1 . . . iq) ¤|¤�§Ù¥S

� (i1, . . . , iq) ÷v 1 6 i1 < i2 < · · · < iq 6 r − p ¶¿�� L0 Ò´ S"·�-µ

d(e〈i1 . . . iq〉) =

q∑
j=1

(−1)jPij .e〈i1 . . . .̂ij . . . iq〉

d(e〈i〉) = Pi "

S� 0 → Lr−p d−→ · · · d−→ L0 → S(V ) → 0 ´�Ü� ([6], 1 VIII Ù, ·
K 4.3)"dd��§ù
 Extq

S(S(V ), Ω) Ò´d HomS(Lq, Ω) ¤|¤�E/�þ
ÓN+¶,§�±r HomS(Lq, Ω) ¥������Óu�| f〈i1 . . . iq〉§Ù
¥ f〈i1 . . . iq〉´gê� mi1 + · · · + miq + n − r − 1 �àgõ�ª¶3ù��Ó
e§M�f=z�e¡ù�ÙG�úªµ

(df)〈i1 . . . iq+1) =

q+1∑
j=1

(−1)jPij .f〈i1 . . . îj . . . iq+1〉 "

þ¡J�� Macaulay ½nL²§ [11] ¥�^�´¤á�§ddÒ�Ñ
 q 6=
r − p � Extq

S(S(V ), Ω) = 0 �¯¢",��¡§ Extr−p
S (S(V ), Ω)n Ó�u S(V ) ¥

� N + n gàg��f�m§Ù¥ N =
r−p∑
i=1

mi − r − 1"k�u |" 72, ½n 1§·�

��µ

···KKK 5. – � V ´����N§d�|àgõ�ª P1, . . . , Pr−p ¤½Â§gê©
O´ m1, . . . ,mr−p "

(a) é?¿ n ∈ Z §N� α : S(V )n → H0(V, OV (n)) Ñ´���"
(b) éu 0 < q < p Ú?¿ n ∈ Z §·�Ñk Hp(V, OV (n)) = 0 "

(c) Hp(V, OV (n)) Ó�u H0(V, OV (N−n)) �éó�þ�m§Ù¥ N =
r−p∑
i=1

mi−
r − 1 "

AO/§5¿� Hp(V, OV ) =� N < 0 ��u 0"
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§ 6 «««555¼¼¼êêêÚÚÚ���âââººº���

|" 79 Euler-Poincaré «««555êêê

� V ´���Kõ�N§¿� F ´ V þ����ê5và�"-µ

hq(V, F ) = dimK Hq(V, F )"

·�®²w� ( |" 66, ½n 1)§é?¿�ê q § hq(V, F ) Ñ´k��§¿�
� q > dim V ��u 0"l�±½Â���ê χ(V, F ) Xeµ

χ(V, F ) =
∞∑

q=0

(−1)qhq(V, F ) "

ùÒ´ V ���3 F þ� Euler-Poincaré «5ê"

Ún 1. – � 0 → L1 → · · · → Lp → 0 ´���ÜS�§Ù¥ Li Ñ´ K þ�k
���þ�m§¿�Ó� Li → Li+1 Ñ´ K �5�"K·�kµ

p∑
q=1

(−1)q dimK Lq = 0 "

é p ?18B§� p 6 3 �Ún´w,�¶e± L′
p−1 5P Lp−1 → Lp �Ø§K

·�kü��ÜS�µ

0 −→ L1 −→ · · · −→ L′
p−1 −→ 0

0 −→ L′
p−1 −→ Lp−1 −→ Lp −→ 0

r8Bb�A^�þ¡z�S�þ§·�w�
p−2∑
q=1

(−1)q dim Lq+(−1)p−1 dim L′
p−1

= 0 §¿�
dim L′

p−1 − dim Lp−1 + dim Lp = 0 §

ddá�Ún"

···KKK 1. – � 0 → A → B → C → 0 ´�Kõ�N V þ����ÜS�§d�
ê5và�¤|¤§¿�Ó� A → B Ú B → C Ñ´ K �5�"K·�kµ

χ(V, B) = χ(V, A ) + χ(V, C ) "

�â |" 47, ½n 5 �íØ 2§·�k��þÓN��ÜS�µ

· · · −→ Hq(V, B) −→ Hq(V, C ) −→ Hq+1(V, A ) −→ Hq+1(V, B) −→ · · ·
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rÚn 1 A^�ù��þ�m��ÜS�þ§·�Ò��
·K"

···KKK 2. – � 0 → F1 → · · · → Fp → 0 ´�Kõ�N V þ����ê5và�
��ÜS�§�ù
Ó� Fi → Fi+1 Ñ´�ê5�"K·�kµ

p∑
q=1

(−1)q χ(V, Fq) = 0 "

é p ?18B§�� p 6 3 �§ù�·K´·K 1 �AÏ�/"e·�^ F ′
p−1

5L« Fp−1 → Fp �Ø§K� F ′
p−1 ´�ê5và�§Ï� Fp−1 → Fp ´���

ê5Ó�"l�±r8Bb�A^�e¡ü��ÜS�þ

0 −→ F1 −→ · · · −→ F ′
p−1 −→ 0

0 −→ F ′
p−1 −→ Fp−1 −→ Fp −→ 0 §

·Kddá�"

|" 80 ���©©©ggg S ������«««555¼¼¼êêê���'''XXX

� F ´�m X = Pr(K) þ����ê5và�¶·�r χ(Pr(K), F ) {�
¤ χ(F )"Kkµ

···KKK 3. – χ(F (n)) ´ n ���õ�ª§gê 6 r "

�â |" 60, ½n 2§�±é���k�.©g S � M §¦� M̃ Ó�u F "
é M ¦^ Hilbert ÜÀ½n§·�����©g S ���ÜS�µ

0 −→ Lr+1 −→ · · · −→ L0 −→ M −→ 0 §

Ù¥� Lq Ñ´k�.�gd�"r¼f ˜ A^�ù�S�§q������Ü
S�µ

0 −→ L r+1 −→ · · · −→ L 0 −→ F −→ 0 §

Ù¥z� L q ÑÓ�uk��/X OX(ni) ����Ú"·K 2 L²§ χ(F (n)) Ò
�uù
 χ(L q(n)) ���Ú§l¯K8(�� OX(ni) ��/"y3d |" 62 �§
·�k χ(OX(n)) =

(
n+r

r

)
§ùw,´ n ���õ�ª§�gê 6 r ¶��·K"

···KKK 4. – � M ´��©g S �§÷v^� (TF)§¿� F = M̃ "Ké?¿v

�� n §þk χ(F (n)) = dimK Mn "

¯¢þ§·��� ( |" 65)§éuv
�� n §Ó� α : Mn → H0(X, F (n)) ´�
��§¿�é?¿ q > 0 §þk Hq(X, F (n)) = 0 ¶�·�k

χ(F (n)) = h0(X, F (n)) = dimK Mn "
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ùÒ2g�Ñ
��Ù��¯¢§=éuv
�� n § dimK Mn ´ n ���õ
�ª¶·�rù�õ�ªP� PM §¿�¡� M �«5¼ê¶é?¿ n ∈ Z §þ
k PM(n) = χ(F (n)) §AO/§éu n = 0 §·�w� PM �~ê��u χ(F )"

rù�(JA^� M = S/I(V ) þ§Ù¥ I(V ) ´ S ���©gn�§d@

3 Pr(K) �,�4fN V þ�u 0 �àgõ�ª¤|¤"3ù��/e§·�
r PM �~ê�¡� V ��âº� (ëì [19])¶,��¡§·�k M̃ = OV §d
d��µ

···KKK 5. – �Kõ�N V ��âº��u

χ(V, OV ) =
∞∑

q=0

(−1)q dimK Hq(V, OV ) "

5) — (1) þã·Kw,L²§ V ��âº�¿Ø�6u§3�K�m¥�
i\§Ï� Hq(V, OV ) ´Xd"

(2) �[�âº�£½Â� Zariski [19]¤Ó��±8(�,« Euler-Poincaré «
5ê"·�±�2?Øù�¯K§§� Riemann-Roch ½n'X;�"

(3) Ñu�B§·�ùp¤æ^��âº��½Â��;�½Â (ëì [19]) Ñ
kØÓ"e V �¤kØ��©|Ñk�Ó��ê p §Kùü�½Â�'X�±L
�¤e¡�úªµ χ(V, OV ) = 1 + (−1)ppa(V )"

|" 81 «««555¼¼¼êêê���gggêêê

e F ´�êõ�N V þ����ê5và�§K F �|8 Supp(F ) ´�¦
� Fx 6= 0 �@
: x ∈ V ¤|¤�8Ü"Äu F ´��k�.��¯¢§T8
Ü´4�"¯¢þ§e·�k Fx = 0 §K"�¡�±)¤ Fx §léu¿©
�C x � y §§��±)¤ Fy ( |" 12, ·K 1)§ùÒ¿�X Supp(F ) �Ö8´m
�"

� M ´��k�.©g S �§¿� F = M̃ ´ M 3 Pr(K) = X þ¤½Â�
�"K·��±^ M 5(½ Supp(F ) §�{Xeµ

� 0 = ∩αMα ´ 0 3 M ¥���©gO�©)§ù
 Mα éAX©g�n� pα

(ëì [12], 1 IV Ù)¶·�b�ù�©)´/�Ý�á0�§½=vk�� Mα �
¹3Ù§@
��8p¡"é?¿ x ∈ X §z� pα Ñ½Â
ÛÜ� OX,x ��
��n� pα

x §¿� pα
x = OX,x ��=� x vká3n� pα ¤½Â�õ�N V α �

¥"3 Mx ¥·�Ó�k 0 = ∩αMα
x §¿�éN´�yù����Ò´ 0 3 Mx ¥

���O�©)§ù
 Mα
x éAX�n� pα

x ¶e x /∈ V α §Kk Mα
x = Mx §e

·���Ä@
÷v x ∈ V α � Mα
x §·�����/�á0�©)£ëì [12],

1 IV Ù, ½n 4§@p�Ñ
aq�(J¤"ddá�§ Mx 6= 0 ��=� x á3
,�õ�N V α �¥§�é{`§ Supp(F ) =

⋃
α V α"



§ 6. «5¼êÚ�âº� 89

···KKK 6. – e F ´ X = Pr(K) þ����ê5và�§Kõ�ª χ(F (n)) �g
ê�u Supp(F ) ��ê"

·�é r ?18B§ r = 0 ��/´²��"�±b� F = M̃ §Ù¥ M ´�
�k�.©g S �¶¦^þ¡¤Ú\�PÒ§·��Iy² χ(F (n)) ´��gê
� q = sup dim V α �õ�ª"

� t ´���5/ª§�vká3?Û���n� pα �¥§Ø
/s�0
�n� p0 = (t0, . . . , tr) �	¶ù��/ªo´�3�§Ï�� K ´Ã��"
� E ´ X ��²¡ t = 0"�Ä�ÜS�µ

0 −→ OX(−1) −→ OX −→ OE −→ 0 §

Ù¥ OX → OE ´��Ó�§ OX(−1) → OX K´Ó� f 7→ t.f"� F �Üþ
È§·����ÜS�µ

F (−1) −→ F −→ FE −→ 0 , Ù¥ FE = F ⊗OX
OE "

3 Ui þ§·��±r F (−1) �Óu F §¿�ù��Órþ¡¤½ÂÓ�
F (−1) → F =z�¦± t/ti �$�¶du t �ÀJ´á3ù
 pα �	�§�é
z� x ∈ Ui § t/ti ÑØáu Mx = Fx �?Û��|«�n�§ÏþãÓ�´ü
� (ëì [12], p. 122, ½n 7, b′′′). l·�k�ÜS�µ

0 −→ F (−1) −→ F ⊗ FE −→ 0 §

�é?¿ n ∈ Z §·�Ñk�ÜS�µ

0 −→ F (n − 1) −→ F (n) ⊗ FE(n) −→ 0 "

A^·K 1§·�w�µ

χ(F (n)) − χ(F (n − 1)) = χ(FE(n)) "

,� FE ´��và OE ��§�é{`§§´ E þ����ê5và�§
 E ´�� r − 1 ��K�m"?§ FE,x = 0 =¿�X¦± t/ti �$�3 Fx þ
¤½Â�gÓ�´÷�§ùÒL² Fx = 0 (ëì [6], 1 VIII Ù, ·K 5.1′)"
Ïd Supp(FE) = E ∩ Supp(F ) §�du E vk�¹3?Û��õ�N V α �
¥§�d��Ù��(J��§ Supp(FE) ��ê�u q − 1"u´8Bb�L
²§ χ(FE(n)) ´��gê� q − 1 �õ�ª¶du§´¼ê χ(F (n)) � 1 ��
©§���¡ù�¼êÒ´ q g�õ�ª"

5) — (1) éu F = OX/I §Ù¥ I ´��vàn��§·K 6 ´®��"
'Xëì [9], |" 24"

(2) þ¡�y²L§¿vk^�·K 3§l��Ñ
·K 3 �,��y²"
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