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Econometrics
(TFEZEF)
e What is Econometrics?

Combination of economics, mathematics and
statistics.

 What is the focus of econometrics?
Estimating Various Conditional Moments
E(Y|X), Var(Y|X), P(Y<=q|X)

Estimating Various Structural Models from
Economic Theory.
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* Modelling Time Series

Nonstationary Data and Nonlinear Models
 Monitoring Structural Change

* Applying Copula Functions
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How to construct a two-variate joint
distribution function whose marginals are
respectively but not jointly normally

distributed?
X ~F(x), Y ~G(y), (X,Y)~H(x,y)
H(x,y)=H(F(F(x)),G(G(y))) = C(u,v) o (F(x),G(y))
where C(u,v) =H(F*(u),G*(Vv))



Sklar Theorem (1959)

Let H be a n-dimensional distbution function with
margins F,...,F, . Then there exists an n-copula C
such that for all x e R",

H (0 %) = C(R(X),...F, (X))

C isunique if F,...,F, are all continuous.
Conversely, If iIs C a n-copulaand F,,...,F are
distribution functions, then H defined above iIs an

n-dimensional distribution function with margins
F,...F

n | ]
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e Definition (see Nelson (2006) definition 2.10.6)

C (u,,...,u_ ) Is a distribuiton function whose marginals
are all uniformly distributed.

e Why we need copula?
e Discrete copula?
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Inversion Method
Geometric Method
Algebraic Method
Other Methods?
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_et @ be a continuous, strlctly decreasmg function from
0,1] to [0,00) such that (1) =0, and let '™ be the
nseudo-inverse of ¢, that is,

(1
Then the function C(u,v) = ¢ (p(u) + @(v)) is a copula
Iff @ Is convex.

where C(u,V) ¢ are called as an Archimedean copula and
corresponding genarator respectively.
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Strict (a) and non-strict (b) generators and inverses
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Table 4.1. One-parameter
(4.2.4) Col(u.v) Qg (1)
—~1/6
1 n1ax(u‘9+v‘9—1ﬁ)] | l(r‘g—l)
6
2 max l—ll—u) +(1-=v) ] 0 (1-1)
R Uy [-6(1-1)
3 In
[-6(1—u)1-v) 4
1/6 )
4 cxp( [—lnu) +(=Inv) ] “Int)
J

N

1 —B'u —1)(e _1) ) E:’_HI _
——In| I+

e7? -1 0
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6 1—[(1—51’)9-1-(1—1«’)9—(1—1,!)9(1— v )9] —1n[1—(1—r)9]

7 max(6uv +(1-6)(u+v—1).0) —In[6r+(1-6)]
g Cax 19 uv—(lﬁ—u)(l—v) 0 -1
6~ —(6-1)"(1—u)(1—v) I+ (0-1)1
9 uv C}{p(—@ InuIn 1) ln(l —6In I)
0 6.1/6 5,6
10 uv [1+(1—u (- )] m(zr —1)

1/ ;)
] max(ueve—Q(l—ue)(l—1 )0)] 1n(2—r9)
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Archimedean Copula Families
i \—1 6
1/0
12 (1+l(ul—1)9+(vl—1)9] ) (1—1)
: o |0 :
13 cxp(l—[(l—lnu) +(1=Inv) —1] J (I—1nn? =1
I T A “1/6 .0
14 (1+[(_u /0 _1\0 4 (! —1)] ) (Vo _p

LS [max(l - [(_1 —u'0y0 4 (1—v¥ 9}911 0 (]J}S (1 _ rl,,.-"'ﬂ)e

|

] | 6
16 —(S+\f'52+49], S=u+v—1—9(+—l) (+1)(1-r)
2 | u v o r

-0 =0 )16 -6
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max(l + 9/111[{:‘9-"%‘_ D) 4 o8/ (- l)]q(])

9/ ln( {-:‘9-"': 4 {-:‘9"": - {:‘9 )

ln(cxp 9 +exp(v Y- e)]_lm

[— (1= {max([1—-(1—u)? 178 +
1—(1-v)?179 —1,0),7)1°

max( [1 —(1— u.g )-\:":1 —(1- Ve )2

| /6
—(_1—L*H)\.u"l—(_l—ue)z}l’ ,0)

'II'I
§

D
0

A0/t=1)

c;«;p(r_9 ) —e

1-[1-(-1?] e

arcsin(l — rﬂ)
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Families of Archimedean Copulas
0 € Strict Limiting and Special Cases (4.2.7)
[1
[-1.0)\{0} 620 C_ =W,Cy=11,C;=——,C.=M 1
| 211
[1.00) no C,=W.C.=M 2
[
~-1,1) es Co=1IL C{ = —— 3
l ) 0 = 30
[1,00) yes C,=I,C_=M 4
(—o0,00)\{0} yes C.=W.Cy=II,C =M 5
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IT(u,v) =uv

<=1\ (U, v) = max(u +v —1,0)

0 M(u,v) = min(u, V)
W (u,v) <C(u,v) <M (u,v)
Fréchet-Hoeffding bounds
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4.2. Scatterplots for copulas (4.2.1), 8 = —0.8 (left) and 8 = 4 (right)
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Fig. 4.3. Scatterplots for copulas (4.2.2), 8 = 2 (left) and @ = 8 (right)
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Fig. 4.4. Scatterplots for copulas (4.2.5), 8 = —12 (left) and @ = 8 (right)
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Fig. 4.5, Scatterplots for copulas (4.2.7), 8 = 0.4 (left) and 68 = 0.9 (right)
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Fig. 4.6. Scatterplots for copulas (4.2.12), 8= 1.5 (left) and @ = 4 (right)
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Fig. 4.7. Scatterplots for copulas (4.2.15), 8= 1.5 (left) and 0 = 4 (right)
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Fig. 4.8. Scatterplots for copulas (4.2.16), 0 = 0.01 (left) and 0 = 1 (right)
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Fig. 4.9, Scatterplots for copulas (4.2.18), 8 = 2 (left) and 8 = 6 (right)
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 Multivariate Copula?
e Multiparameter Copula?
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Let @ be a continuous, strictly decreasing function from
[0,1] to [0,00) such that ¢(0) = and ¢(1) =0, and let o™
be the inverse of . Then

C"(u) =9 (p(u) +o(u,) +...+(u,))
is a n-copula iff ¢ is completely monotonic on [0,), i.e.

k
(- 9 L t)> 0 for all t cint([0,)) and k = 0.1.2,...

dt*



l\/ll II'I':\ | K |
IViUitlivd

vriatAa AvcrlhirmAandAAAn n |
11AdLCT AILUILITTTICuUCAdll

Copul

e Clayton Family

6

Ch _( -6 — -6 ~1/6 -6 .
‘()= \uy +u +-+u, —n+l Pg(t) =1t~ —1 for 6 >0

 Frank Family

—6u _HH —6u
| L —T1)( 2 1)+ (e n — |
Cg(u) — 11{1‘1'({ (e G )]

({"-’_9 . 1)!1— I

Pg (1) = —ln((ﬁ’-’_&—l)/(ﬁ%_e—l)) for 8 >0
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Copul

e Gumbel-Hougaard Family
( 1/6
Cg (u) = exp —[(—lnul)9+(—lnug)e+---+(—lnuﬁ.)9]' J

\ .

0o (N = (-Inn)?, 6> 1
A 2-parameter Multivariate Copula
I/
" (u):{[ W% =1)P (3% =P u;“—l)ﬁ] ﬁ+1}

Po (1) = (r_“—l)ﬁ forx>0,52>1
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e Copula Density
n an n F - . n
c'(u)= C"(u) if it exists on int(l")
ou,...o0u
 Density
an

5X18X i (X) :Cn(Fl(Xi)’_“, Fn (Xn)) fl(xi) fn (Xn)

n
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e Log-likelihood
logc™ (F (%), -, Fn(Xn;an);9)+Zlog f (X )

e Two-step Estimation: Plug-in MLE
Genest et al. (1995). Biometrika

 One-step Efficient Estimation: Sieve MLE
Chen et al. (2006). J.A.S.A
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e Goodness-of-fit Tests.

Chen et al. (2005). Canadian Journal of
Statistics

Chen et al. (2006). Journal of Econometrics

Genest et al. (2009). Insurance: Mathematics
and Economics
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An Application Case

Financial Econometrics: Volatility S
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2004.1.5-2008.12.19



Model:

Multivariate Generalized Autoregressive
Conditional Heteroskedasticity (MGARCH)

Bauwens et al. (2006). Journal of Applied
Econometrics
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Copula-MGARCH
" :hiltlzzit 1=1,..,n

Z, =2y, o)~ C(FR(24; ), R (2,5 6,); )
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Gumbel Copula (Parameter=1,5,1000)
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PERCENTILE

Ar. +@1-A)r, 1<(0,1
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e Cherubini U., Luciano E., Vecchiato, W. (2004).

Copula Methods in Finance. Wiley

 Nelson, Roger B. (2006). An Introduction to
Copulas. Springer



