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Time Series Analysis in  
Molecular Dynamics	  

Dataset:	  Mul+ple	  trajectories	  with	  a	  lot	  of	  conforma+ons.	  
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Recall 

•  Build	  up	  Microstates:	  	  
– k-‐center	  
– cover-‐tree	  (CHEN,	  Ying:	  last	  lecture)	  

•  Build	  up	  Macrostates:	  
– Lumpability	  of	  Markov	  chains	  
– Spectral	  clustering	  for	  lumping	  
– Nystrom	  method	  for	  denoising	  

•  Bayesian	  Inference	  for	  MSM	  (this	  lecture)	  



Bayesian Inference for 
(reversible)  

Markov Models	  
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Bayesian Inference in a nutshell�
•  Let	  

– M:	  model	  
–  D:	  data	  
–  P(D):	  probability	  of	  data	  D	  	  
–  P(M):	  prior	  probability	  of	  model	  M	  
–  P(D|M):	  likelihood	  to	  generate	  D	  by	  M	  
–  P(M|D):	  posterior	  probability	  of	  M	  given	  Data	  (evidence)	  

•  Bayesian	  Theorem:	  

€ 

P(M |D) =
P(D |M)P(M)

P(D)



Bayesian Model Comparison �
•  Given	  2	  models	  

– M1,	  M2:	  model	  

– D:	  data	  
•  Which	  model	  beWer	  explains	  the	  data?	  

•  Bayesian	  factor: 	  	  

€ 

P(M1 |D)
P(M2 |D)

=
P(D |M1)P(M1)
P(D |M2)P(M2)



Bayesian Model Comparison �
•  If	  the	  model	  defines	  a	  distribuXon	  on	  {M}	  
parametrized	  by	  a	  random	  variable	  θ,	  we	  can	  
write	  this	  

  

€ 

P(M1 |D)
P(M2 |D)

=
dθP(D |θ,M1)P(θ |M1)∫
dθP(D |θ,M2)

likelihood
     P(θ |M2)

prior
     ∫

All we need is generative models and good priors for M! 



Examples �
•  D:	  observe	  a	  Xme	  series	  

– 0	  1	  1	  1	  0	  0	  0	  1	  0	  1	  0	  0	  0	  1	  1	  0	  1	  	  
– A	  T	  A	  C	  G	  G	  C	  T	  A	  G	  C	  A	  T	  C	  G	  

•  From	  what	  model	  are	  the	  sequences	  
generated?	  
– M1:	  Bernoulli	  model	  
– M2:	  a	  general	  Markov	  model	  P(xt:xt-‐1)	  
– M3:	  a	  reversible	  Markov	  model	  P(xt:xt-‐1),	  πiPij=πjPji	  
– M4:	  high	  order	  Markov	  models…	  



Markov State Models in  
Molecular Dynamics	  

Define	  transiXon	  
probabiliXes	  between	  states	  

The configuration space is decomposed 
into non-overlapping states	
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The time is coarse-grained 
in τ ( ) [ ( )] (0)nP n T Pτ τ=

We can extract long time dynamics from MSMs built from short simulations 	




Hidden Markov Models in  
Molecular Dynamics�

•  Define	  
–  X:	  configuraXon	  space	  
–  Y:	  microstate	  space	  
–  Z:	  macrostate	  space	  
–  S:	  X	  -‐>	  Y	  splinng	  map	  of	  X	  into	  

microstate	  space	  
–  L:	  Y	  -‐>	  Z	  lumpping	  map	  of	  Y	  into	  

macrostate	  space	  
–  T:	  ZxZ	  -‐>	  R,	  Markov	  transiXon	  

matrix	  on	  Z,	  Tij	  is	  transiXon	  
probability	  from	  macrostate	  i	  to	  
j	  	  

–  Θ:	  Z	  -‐>	  Y,	  a	  mulXnomial	  choice	  
of	  microstate	  within	  macrostate	  

θ 

T 

Microstates 
observations 

Macrostates 

1. Given a microstate sequence, which lumping L is the best? 
2. Are high order Markov Chains better in explaining the data? 



Models Parameters�
•  For	  an	  observed	  microstate	  sequence:	  

– y1,	  y2,	  y3,	  …,	  yt,	  …	  	  
•  The	  generaXve	  model	  parameters	  are	  	  

– T(zt-‐1=L(yt-‐1),	  zt=L(yt)):	  markov	  transiXon	  matrix	  
– Θ:	  mulXnomial	  choice	  of	  yt	  in	  zt=L(yt)	  

•  They	  are	  independent:	  

  

€ 

P(M | yn ) = dTdθP(yn |T,θ,M)
likelihood

       P(T,θ |M)
prior

     ∫

= dTP(zn |T,M)P(T |M)∫
MacrostateMarkovTransition

           
• dθP(yn | zn,θ,M)P(θ |M)∫

MicrostateSelection
             



What kind of Priors?�

•  A	  good	  prior	  should	  be	  
– Reflect	  our	  prior	  knowledge	  about	  the	  model	  

•  Every	  transiXon	  is	  possible	  
•  Reversibility	  (detailed	  balance,	  i.e.	  ,	  πiTij=πjTji)	  

– Easy	  to	  compute	  posterior	  

– AnalyXc	  form	  for	  P(D|M),	  e.g.	  

  

€ 

P(M | yn ) = dTP(zn |T,M)P(T |M)∫
MacrostateMarkovTransition

           
• dθP(yn | zn ,θ,M)P(θ |M)∫

MicrostateSelection
             € 

P(θ |D,M)∝ P(D |θ,M)P(θ,M)



Dirichlet Prior for  
Multinomial Models�

•  For	  the	  mulXnomial	  models	  θ,	  Dirichlet	  Prior	  is	  
the	  perfect	  prior,	  
– Conjugacy:	  The	  posterior	  P(θ|D,M)	  is	  also	  a	  
Dirichlet	  distribuXon,	  straighqorward	  to	  obtain	  
from	  prior	  and	  data.	  

– AnalyXcal	  integraXon:	  The	  integral	  for	  P(D|M)	  is	  a	  
simple	  funcXon	  of	  the	  data	  and	  the	  prior,	  e.g.	  

€ 

P(yn | zn,M) = dθP(yn | zn,θ,M)P(θ |M)∫



Markov Models�

•  For	  simplicity,	  below	  we	  only	  discuss	  	  
– first	  order	  Markov	  models	  

– General	  Markov	  models	  (M1)	  
– Reversible	  Markov	  models	  (M2)	  



Why Reversible? �



General Markov Models�

•  General	  Markov	  Models	  
– For	  each	  row,	  T(i,*)	  is	  a	  mulXnomial	  distribuXon	  

–  Independent	  Dirichlet	  Prior	  for	  each	  row	  
– However,	  this	  may	  violates	  the	  reversible	  Markov	  
chain	  assumpXon	  

– So	  we	  need	  a	  prior	  restricted	  on	  reversible	  Markov	  
chains	  

P. Diaconis and S. Rolles. Bayesian Analysis of Reversible Markov Chains.  
Annals of Statistics, no. 3, 1270-1292, 2006. 



Reversible Markov Models�
•  Apply	  the	  conjugate	  prior	  for	  reversible	  Markov	  chains	  to	  compute	  

Bayesian	  factors	  between	  different	  models	  {M1,	  M2,	  ...}.	  

•  Numerical	  trick	  when	  the	  data	  are	  parallel	  trajectories.	  	  

•  Pros:	  

–  Can	  compare	  models	  with	  different	  numbers	  of	  macrostates	  	  
–  Easier	  to	  interpret	  than	  heurisXcs.	  	  
–  Can	  find	  best	  model	  among	  bad	  models	  (adapXve	  sampling).	  

•  Cons:	  	  

•  Not	  an	  absolute	  validaXon	  of	  Markovity.	  	  

•  Can	  find	  the	  best	  model	  in	  {M1,	  M2,	  ...},	  but	  all	  models	  might	  be	  
poor.	  

S. Bacallado, J. Chodera, and V. Pande. Bayesian comparison of Markov models of molecular  
dynamics with detailed balance constraint. J. of Chem. Phys. 131:045106, 2009. 



de Finetti’s Theorem �



Polya Urn Scheme �



The mixing density is Dirichelet 
Distribution �



de Finetti Theorem for Markov Chain 
(Diaconis-Freeman 1980) �



Random Walk on Undirected Graphs: 
Reversible Mark Chains�



Random Walk on Undirected Graphs: 
Reversible Mark Chains�



Random Walk on Undirected Graphs: 
Reversible Mark Chains�



de Finetti’s Theorem �



A Conjugate Prior for Reversible 
Markov Chains�

•  ϕ(T)	  is	  a	  conjugate	  prior	  over	  reversible	  
Markov	  Chains	  

•  ϕ(T)	  is	  characterized	  by	  a	  iniXal	  vertex	  v0,	  and	  
iniXal	  weight	  assignment	  on	  G=(V,E),	  a:E-‐>
[0,∞)	  

– det(A(x))	  and	  normalizaXon	  factor	  Zv0,a	  both	  have	  
closed	  forms	  



A Conjugate Prior for Reversible 
Markov Chains�

•  Posterior of ϕv0,a(x)	  aver	  observing	  
(X0=v0,X1,…,Xn=vn)	  will	  be	  

•  where	  k(e)	  counts	  the	  number	  of	  visits	  on	  e	  

•  We	  could	  extend	  this	  to	  higher	  order	  Markov	  
chains	  

ϕvn,a+k(e)(x)  



Python codes: msmBayes�
•  Sergio	  Bacallado,	  Stanford	  
•  Not	  publically	  available	  
•  For	  class	  purpose,	  at	  our	  subdirectory	  

•  ./msmBayes/	  

•  I	  translate	  a	  few	  matlab	  codes	  	  
–  ./matlab/MulXnomialLogLik.m	  

–  ./matlab/MarkovChainLogLik.m	  
–  ./matlab/RevChainLogLik.m	  



Software: MSMBuilder �
•  Free	  Python	  toolbox	  
•  Greg	  Bowman,	  et.	  al.	  

•  hWps://simtk.org/home/
msmbuilder	  

•  Implements	  
– Kcenter,	  Kmeans	  splinng	  
– Spectral	  lumping	  

– Bayesian	  Factor	  	  	  



Projects �
•  Design	  a	  Xme	  series	  
•  Molecular	  Dynamics	  

–  ./data/alanine_dipepXde_phi-‐psi.mat	  

–  ./data/confs_3D.txt	  
–  ./data/alanine_dipepXde_traj_coords.mat	  
–  ./data/T5000.mat	  

•  Molecular	  Motor	  	  
–  ./data/motor_stepsize.txt	  



Molecular Motor �
•  Reference	  

–  Sun et al. Single-molecule stepping and 
structural dynamics of myosin X. Nature 
Structural & Molecular Biology, 17(4):
485-491, 2010. (./Myosin X nsmb.pdf)	

–  ./data/motor_stepsize.txt records the step 
sizes in Figure 3a, distributed approximately 
by 2-mode Gaussian mixture. Is the data 
from 2-state Markov Model, reversible 
Markov model, or just purely random?	  


