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Then 

alp7 -pN+ p 7 ~  
( I - P ) N "  ( I -A'  - 4 - a ~ [  I-& 

Making use of 5 6.2.4, 
( I - P ) N *  ( I -A)  = I - A  

[I -P+A][A+(I-A)N*(I-A)]  = A + ( I - P ) N * ( I - A )  
= A + ( I - A )  
= I. 

Hence 
A+( I -A)N*( I -A)  = ( I -P+A)-1  = Z. 

I t  is interesting to note that  in (3) we may use any N* obtained by 
making any one state absorbing. 

COROLLARY. If in 6.2.5 we let N = {n(')ig) and N(  = {t(l)~), 
and n(Otr = = t(0, = 0 if i = l ,  then 

These quantities are obtained directly from $ 6.2.5, making use of 
5 4.4.7 for (b). These formulas may he used to  derive many interesting 
results. A few of these are given below. The number n(l)ii is the 
number of times the process is in s f ,  starting in si, before reaching sl 
for the first time. 

n(l)ii n(l)ii ai. 
(b) mjl +mlf = (c) - = - 

% n(i)11 at 
PROOF. From 3 6.2.6(b), if i, j # l ,  
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Hence (b) follows. 

(see $ &I),  

as we saw in $ 4.3. Using results from 5 4.4 and from 6.1, we can 
illustrate Corollaries 6.2.6 and 6.2.7.  

.8 Combining states. Assume that  we are given an r-state 
Markov chain with transition matrix P and initial vector .rr. Let 
A =  {Al, Az, . . . , At) be a partition of the set of states. We form a 
new process as follows. The outcome of the j - th  experiment in the 
new process is the set A k  that contains 6he outcome of the j- th step 
in the original chain. We define branch probabilities as follows: At 
the zero level we assign 

(1) 
At She first level we assign 
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Hence (0) follows. 

Hence (c) follows. 
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1II11+m11 n(l)jj/U1 
mlj + mjl = n(J)Il!al' 

123 

If in the Land of Oz example we make R absorbing, we obtain 
(see § 6.1), 

3 
( 
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, I 
- -/5 

-14) 
6 = Z 

86 
as we saw in § 4.3. Using results from § 4.4 and from § 6.1, we can 
illustrate Corollaries 6.2.6 and 6.2.7. 

mss = (l/a·s)(nss-nss) +tN-ts 
= (5/z)(8/3_4/s)+8/3_10/3 = 8/3 

nSS . 
mSR + mRS = - or 1°/3+ 1°/3 = (8/s)/(2/5)' 

as 

§ 6.3 Combining states. Assume that we are given an r-state 
Markm' chain with transition matrix P and initial vector 'IT. Let 
A={Al' A 2, .•• , At} be a partition of the set of states. We form a 
new process as follows. The outcome of the j-th experiment in the 
new process is the set Ak that contains the outcome of the j-th step 
in the original chain. We define branch probabilities as follows: At 
the zero level we assign 

(1) 
At the first level we assign 

E A11fo E AiJ-
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I n  general, a t  the n-th level we assign branch probabilities, 

The above procedure could be used to reduce a process with a very 
large number of stat,es to a process with a smaller number of states. 
We call this process a lumped process. It is also often the case in 
applications that  we are only interested in questions which relate to 
this coarser analysis of the possibilities. Thus i t  is important to be 
able to determine whether the new process can be treated by Markov 
chain methods. 

6.3.B DEFINITION. W e  shall say that a Markov chain i s  lumpable 
with respect to a partition A={A1, Az ,  . . . , AT) if for every starting 
vector 71 the lumped process de$ned by ( 1 )  and ( 2 )  i s  a Markov chain 
and the transition probabilities do not depend on the choice of 7;.  

We shall see in the next section that ,  a t  least for regular chains, 
the condition that  the transition probabilities do not depend on x 
follows from the requirement that  every starting vector give a Xarkov 
chain. 

Let pi,,= 2 pix. Then  pi^, represents the probability of moving 

from state st into set Aj in one step for the original Markov chain. 
6.3.2 THEOREM. A necessary and suficient condition for a Markov 
chain to be lumpable with respect to a partition A={A1, Az, . . . , A,) 
is  that for every pair of sets At and Ai, pkn, have the same value for 
every st in At. These common values form the transition matrix 
for the lumped cha,in. 
PROOF. For the chain to be lumpable i t  is clearly necessary that  

Pr,[fi Ai 1 fo E A ]  
be the same for every n for which i t  is defined. Call this common 
value $if. I n  particular this must be the same for x having a 1 in its 
k-th component, for state sk in At. Hence P E A ,  = h [ f l  E Af] = $ij for 
every sk in At. Thus the condition given is necessary. To prove i t  is 
sufficient, we must show that  if the condition is satisfied the probability 
( 2 )  depends only on A, and At. The probability ( 2 )  may be written 
in the form 

Pr,,[fl 6 At1 
where x' is a vector with non-zero components only on the states of A,. 
I t  depends on n and on the first n outcomes. However, if 

for all sk in A,, then i t  is clear also that  Pr,,[fl E At] = Thus the 
probability in (2) depends only on A, and Ai. 
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6.3.3 EXAMPLE. Let us consider the Land of Oz example. Eecall 
that  P is given by 

R N S  

Assume now that  we are interested only in "good" and "bad" 
weather. This suggests lumping R and S. We note that  the proba- 
bility of moving from either of these states to M is the same. Hence 
if we choose for our partition A =  ({N), (R,SJ)= ( 
for lumpability is satisfied. The new transition 

Note that  the condition for lumpabiiity is not satisfied for the 
partition A = ({B), IN$)) since ~ N A ~  = P N R  = 112 and ~ S A ~  = p ~ n  = I/*. 

Assume now t8hat we have a Markov chain which is lurnpable with 
respect to a partition A={Al, . . . , As). We assume that  the original 
chain had r states and the lumped chain has s states. Let U be the 
s x  r matrix whose i-th row is the probability vector having equal 
components for states in Ai and 0 for the remaining states. Let V be 
the r x s matrix with the j- th column a vector with 1's in the corn- 
ponents corresponding to states in Af and 0's otherwise. Then the 
lumped transition matrix is given by 

I n  the Land of Oz example this is 
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In general, at the n-th level we assign branch probabilities, 
Pr,,[fn E Atifn-1 E As 1\ ... ,\f1 E Aj I\fo E Ai]. (2) 

The above procedure could be used to reduce a process with a very 
large number of stat,es to a process with a smaller number of states. 
We call this process a lumped process. It is also often the case in 
applications that we are only interested in questions which relate to 
this coarser analysis of the possibilities. Thus it is important to be 
able to determine whether the new process can be treated by Markov 
chain methods. 

6.3.1 DEFINITION. We shall say that a Markov chain is lumpable 
with respect to a partition A={A), A2, ••• ,Ar} if for every starting 
vector 7T the lu.mped process defined by (1) and (2) is a Markov cha.in 
and the transition probabilities do not depend on the choice of 7T. 

We shall see in the next section that, at least for regular chains, 
the condition that the transition probabilities do not depend on 7T 

follows from the requirement that every starting vector give a Markov 
chain. 

Let PiA, = 2: Pik· Then PiAj represents the probability of moving 
Sk E Aj 

from state Si into set Aj in one step for the original Markov chain. 
6.3.2 THEOREM. A necessary and sufficient condition for a lVarkov 
chain to be lumpable wl:th respect to a partition A = {AI, Az, ... , As} 
is that for every pair of sets Ai and Aj , PkA; have the same value for 
every Sk in Aj • These common values {pjj} form the transition malTix 
for the lumped cha,in. 

PROOF. For the chain to be lumpable it is clearly necessary that 
E Ailfo E Aj] 

be the same for every 7T for which it is defined. Call this common 
value Pij. In particular this must be the same for 7T having a 1 in its 
k-th component, for state Sk in Ai. Hence P1c4/ = Prk[fl E Aj] = Pii for 
every SA; in Ai. Thus the condition given is necessary. To prove it is 
sufficient, we must show that if the condition is satisfied the probability 
(2) depends only on As and At. The probability (2) may be written 
in the form 

Pr,,·[f1 EAt] 
where 7T' is a vector with non-zero components only on the states of As. 
It depends on" and on the first n outcomes. Howe"l-er, ifPrk[fl EAt] = 
pst for all Sk in As, then it is clear also that Pr",[fl E AIJ = pst. Thus t.he 
probability in (2) depends only on As and At. 
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in the form 

Pr,,[fl 6 At1 
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6.3.3 EXAMPLE. Let us consider the Land of Oz example. Eecall 
that  P is given by 
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Assume now that  we are interested only in "good" and "bad" 
weather. This suggests lumping R and S. We note that  the proba- 
bility of moving from either of these states to M is the same. Hence 
if we choose for our partition A =  ({N), (R,SJ)= ( 
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I n  the Land of Oz example this is 
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6.3.3 EXAMPLE. Let us consider the Land of Oz example. Recall 
that P is given by 

R N S 
R I 1/4 'I,) :' 2 

P=N 0 1/2 . 
S 1 " 1/4 1/2 .' 

Assume now that ,ve are interested only in "good." and "bad" 
weather. This suggests lumping R.and S. We note that the proba-
bility of moving from either of these states to N is the same. Hence 
if we choose for our partition A = ({N}, {R,S}) = (G, .8), the condition 
for lump ability is satisfied. The new transition matrix is 

G B 
G (0 P= 
B 1/4 

Note that the condition for lumpabihty is not satisfied for the 
partition A=({R] {N,S}) since PSA , =PNR=1/2 andpsA, =PSR=1/4. 

Assume now that we have a :vlarkov chain which is lumpable with 
respect to a partition A={Al, .... As}. We assume thaJ, the original 
chain had r states and the lumped chain has 8 states. Let U be the 
8 x r matrix whose i-th row is the probability vector having equal 
components for states in Ai and 0 for the remaining states. Let V be 
the r x s matrix with the j-th column a vector with 1 's in the com-
ponents corresponding to states in Aj and O's otherwise. Then the 
lumped transition matrix is given by 

P = UPV. 
In the Land of Oz example this is 

U P V 

CO
2 

(/2 1/4 '1,)(" p- ° \ 1/2 0 liz 1 
0 1 2/ i \ 1/4 1/4 1/2 0 

U PV 

C ':') o ' 
1J 1° 0 {4 3/4 
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Note that  the rows of P V  corresponding to the elements in the 
same set of the partition are the same. This will be true in general 
for a chain which satisfies the condition for lumpabilit,y. The matrix 
U then simply removes this duplication of rows. The choice of U is 
by no means unique. In  fact, all that  is needed is that  the i- th row 
should be a probability vector with non-zero components only for 
states in Ai.  We have chosen, for convenience, the vector with equal 
components for these states. Also i t  is convenient for proofs to 
assume that  the states are numbered so that  those in A1 come first, 
those in A z  come next, etc. In  all proofs we shall unttersta,nd that  this 
had been done. 

The following result will be useful in deriving formulas for lumped 
chains. 

6.3.4 THEOREM. I f  P  i s  the transition matrix of a chain lumpuble 
w i f h  respect to the partition A, and i f  the matrices U nnd,V are deJined 
-as above-with vespect to this partition, then 

V U P V  = P V .  ( 3 )  

PROOF. The matrix V U has the form 

where W 1 ,  Wz, and W 3  are probability matrices. Condition ( 3 )  states 
.that the columns of PV are fixed vectors of V U .  But since the chain 
s lumpable, the probability of moving from a state, of At to the set Rj 
is the same for all st,ates in At. 'lence the components of a column of 
PV corresponding to Aj are all the same. Therefore they form a 
fixed vector for Hrj. This proves (3) .  

6.3.5 THEOREM. I f  Y, A, U ,  and T' are as i n  Theorem 6.3.4, then 
corrdition (3) i s  eq~iimlent to lumprrbility. 

PROOF. We have already seen that (3)  is implied by lumpability. 
Conversely, let us suppose that  (3)  holds. Then the columns of P V  
are fixed vectors for V U .  But each HIj is the transition matrix of an 
ergodic chain, hence its only fixed column vectors are of the form cc. 
Hence all the components of a colun~n of PV corresponding to one set 
Aj must be the same. That is, the chain is lumpable by $ 6.3 .2 .  
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Note that  from (3) 
P2 = U P V U P V  

= U P V  
and in general 

Pm = V P n V .  
This last fact could also be verified directly from $he process. 

Assume now that  P is an  absorbing chain. We shall restrict our 
discussion to  the case where we lump only states of the same kind. 
That is, any subset of our partition will contain only absorbing states 
or only non-absorbing states. We recall tha t  the  standard form for 
an absorbing chain is 

We shall write U in the form 

where entries of UI refer to absorbing states and entries of Uz to non- 
absorbing states. Similarly we write Kin the form 

Then, if we consider the condition for lumpability, B U P V = P V ,  
we obtain in terms of the above matrices the equivalent set of con- 
ditions : 

Y,UlYl  = V1 (4s) 

V ~ U Z R V I  = R V 2  (4b) 

Since U 1  V l  = I ,  the first condition is automatically satisfied. 
The standard form for the transition matrix is obtained from 
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Note that the rows of PI' corresponding to the elements in the 

same set of the partition are the same. This will be true in general 
for a chain which satisfies the condition for lumpability. The matrix 
U then simply removes this duplication of rows. The choice of U is 
by no means unique. In fiLct, all that is needed is that the i-th row 
should be a proba,bility vector with non-zero components only for 
states in Ai. \Ve have chosen, for convenience, the vector with equal 
components for these states. Also it is convenient for proofs to 
assume that the states are numbered so that those in A) come first, 
those in A2 come next, etc. In all proofs we shall understand that this 
had been done. 

The following result, will be useful in deriving formulas for lumped 
chains. 

6.3.4 THEOREM. If P is the transition matrix of a chain lumpable 
with respect to the partition A, and If the malriccs U and'V are defined 
-as above-with resljecl to this partition, thin 

VUPV = PV. (3) 

PROOF. The matrix VU has the form 

( 
Wl I 0 ' 0 ) 

VU = , 
--1-----o 0 I Wa 

where W), W 2, and W 3 are probability matrices. Condition (3) states 
.that the columns of PV are fixed vectors of VU. But since the chain 
IS lumpable, the probability of moving from a state of Ai to the set Aj 
is the same for all states in Ai. hence the components of a column of 
PV corresponding to Ai are all the same. Therefore they form a 
fixed vector for Wj. This proves (3). 

6.3.5 THEOREM. If P, A, [T, and V are as in Theorem 6.3.4, then 
condition (3) is equivalent to lumpability. 

PROOF. We have already seen that (3) is implied by lumpability. 
Conversely, let us suppose that (3) holds. Then the columns of PV 
are fixed vectors for V U. But each Wj is the transition matrix of an 
ergodic chain, hence its only fixed column vectors are of the form cr 
Hence all the components of a column of P V corresponding to one set 
Aj must be the same. That is, the chain is ]nmp"ble by § 6.3.2. 
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Note that from (3) 

and in general 

FURTHER RESULTS 

f>2 = UPVUPV 
VP 2 V 

p71 = UPnV. 

This last fact could also be verified directly from the process. 
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Assume now that P is an absorbing chain. "We shall restrict our 
discussion to the case where we lump only states of the same kind. 
That is, any subset of our partition will contain only absorbing states 
or only non-absorbing states. We recall that the standard form for 
an absorbing chain is 

p= (_1 
RIQ 

We shall write U in the form 

( 
U " 0 \ 1. \ 

V= 

where entries of VI refer to absorbing states and entries of U2 to non-
absorbing states. Similarly we write V in the form 

Then, if we consider the condition for lumpability, VU PV = PV, 
we obtain in terms of the above matrices the equivalent set of con-
ditions: 

rr 
Ii 1 

Since U 1 V 1 = I, the first conciiti01, is automatically satisfied. 

(4a) 

(4b) 

(4c) 

The standard form for the transition matrix P is obtained from 

f> = UPV 

f> = )(_1 1_0 
\ 0 I U 2 R I Q ° \ V 2 
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Multiplying this out we obtain 

Hence we have 
fi = UzRBl  
& = U2QVz. 

From condition (4c) we obtain 

More generally we have 

From the infinite series representation for the fundamental matrix 
N we have 

ig = I+Q+@+ . . . 
= hl2PV2+ UzQV2+ . . . 
= Uz(Z+Q+Q2+ . . . )Vz 

10 = U2NVz. 
From this we obtain 

4 = UzNVz[  
i = U2Nl 
4 = Uzr 

Hence all three of the quantities X, T ,  and B are easily obtained for the 
lumped chain from the corresponding quantities for the original chain. 

An important consequence of our result i'= U ~ T  is the following. 
Let Ai be any non-absorbing set, and s k  be a state in Af. We can 
choose the i- th row of r J 2  to be a probability vector with li in the s k  

component. But this means that  t,= t k  for all s k  in A,. Hence when 
a chain is lumpable, the mean time to absorption must be the same 
for all starting states s k  in the same set At 

-4s an example of the above, let us consider the random walk example 
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with transition matrix 

We take the partitioil A =  ((sl, s53, isZ, sq), {s~ ) ) .  For this partition 
the condition for lumpability is satisfied. Notice that  this would not 
have been the case if we have unecjual probabilities for moving to the 
right or left. 

From the original chain we found 

The corresponding quantities for the lumped process are 
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Multiplying this out we obtain 

( 11 0 ) 
p = [T2RVI I U2QV-; . 

Hence we have 
R = UZRV 1 

Q = U ZQV 2• 

From condition (4c) we obtain 

More generally we have 

Q2 = U2QV 2U2QV2 
= U2Q2V2• 

Qn = UzQnV2 • 

CHAP. VI 

From the infinite series representation for the fundamental matrix 
N we have 

From this we obtain 

and 

R = I +Q+(P+ ... 
U zIV 2 + U2QVZ+ 
[72(1 +Q+Q2+ ... )V2 

B = U 2NV2 . 

f = 
f = 
f = UZT 

B = BR = U ZNV ZU2 RV1 

fJ = L'2NRVl 
fJ = U 2BV j • 

Hence all three of the quantities S, T, and B are easily obtained for the 
lumped chain from the corresponding quantities for the original chain. 

An important consequence of our result f = U 2T is the following. 
Let Ai be any non-absorbing set, and Sk be a state in Ai. \Ye can 
choose the i-th row of U 2 to be a probability vector with 1 in the Sk 

component. But this means that ti = Ik for all Sk in Ai. Hence when 
a chain is lumpable, the mean time to absorption must be the same 
for all starting states Sk: in the same set Ai 

As an example of the above, let us consider the random walk example 
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Multiplying this out we obtain 

Hence we have 
fi = UzRBl  
& = U2QVz. 

From condition (4c) we obtain 

More generally we have 

From the infinite series representation for the fundamental matrix 
N we have 

ig = I+Q+@+ . . . 
= hl2PV2+ UzQV2+ . . . 
= Uz(Z+Q+Q2+ . . . )Vz 

10 = U2NVz. 
From this we obtain 

4 = UzNVz[  
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Hence all three of the quantities X, T ,  and B are easily obtained for the 
lumped chain from the corresponding quantities for the original chain. 

An important consequence of our result i'= U ~ T  is the following. 
Let Ai be any non-absorbing set, and s k  be a state in Af. We can 
choose the i- th row of r J 2  to be a probability vector with li in the s k  

component. But this means that  t,= t k  for all s k  in A,. Hence when 
a chain is lumpable, the mean time to absorption must be the same 
for all starting states s k  in the same set At 

-4s an example of the above, let us consider the random walk example 
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with transition matrix 

We take the partitioil A =  ((sl, s53, isZ, sq), {s~ ) ) .  For this partition 
the condition for lumpability is satisfied. Notice that  this would not 
have been the case if we have unecjual probabilities for moving to the 
right or left. 

From the original chain we found 

The corresponding quantities for the lumped process are 
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with transition matrix 

S5 o 0 I 
p = 52 

53 0 0 11/2 0 1/2 
54 0 1/2 0 liz 0 

\Ve take the partition A=({Sl, S5}, {52, 54}, {S3}), For this partition 
the condition for lumpabiIity is satisfied, Notice that this would not 
have been the case if we have unequal probabilities for moving to the 
right or left, 

From the original chain we found 
S2 83 84 

52 rl ' 

1 ';') N = S3 2 

S4 \ \ 2 3/z 

T= (:1 
3) 

51 S5 
52 

C :;:) B= 53 

54 1/4 3/4 
The corresponding quantities for the lumped process are 

0\ / 
0 0 0 )( 0 C' 'I, 0 0 0 0 o 1 0 

P = 0 0 1 '2 0 
'/ '/0 0 0 liz O· 0 0 

o 0 0 0- 0 1/2 0 1/2 0 0 
1/2 0 liz o \0 

Al Az ..13 
Al I 1 0 ,;.) = A2 

\ 
0 

A3 0 
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Assume now that  we have an ergodic chain which satisfies the con- 
dition for lumpability for a partition A. The resulting chain will be 
ergodic. Let 2 be the limiting matrix for the lumped chain. Then 
we know that  

I n  particular, this sta,tes tha i  the components of G are obtained from 
a by simply adding components in a given set. Similarly from the 
infinite series representation for the fundamentnl matrix 2 we have 

There is in general no simple relation between 31 and &. However, 
the mean time to go from a state in At to the set Aj, in the original 
process, is the same for all states in A,.  To see this we need only make 
the statcs of A, absorbing. We know that  the mean time to absorption 
is the same for all starting states chosen from a given set. If, in 
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addition, A$ happens to consist of a single state, bhen may be 
found from A?. 

We can also compute the covariance matrix of the lumped process. 
As a matter of fact we know (see 3 4.6.7) tha t  the covamiances are 
easily obtainable from C even if the original process is not lumpable 
with respect to the partition, that  is, if the lumped process is not a 
Markov chain. I n  any ease 

e = 2 Ckt. 
ln A, 

s l ~ n  A, 

Let us carry out these computations for the Land of Oz example. 
For A we have 

From the fundan;entai matrix $ we find, 
N 
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1 

:::)(: 
0\ 

0 
N 2 

1/2 I 

Az As 
Az 

G :) A3 

f = 
0 A2 C\ 

A3 4) 

·c :;:)Gl 0 
1/2 B= 
1/4 j 4 

Az C)· As 

} .. ssume now that we have an ergodic chain which satisfies the con-
dition for lumpability for a partition A. The resulting chain will be 
ergodic. Let A be the limiting matrix for the lumped chain. Then 
we know that 

n 

A = lim +UPnV 
n 

A = UAV. 

In particular, this RtR,t.es that thc components of a are obtained from 
a by simply adding components in a givcn set, Similarly from the 
infinite series repref'entatioll for the fundamental matrix Z we have 

Z = UZV. 

There is in general no simple rehtion between fif and M. However, 
the mean time to go from 8. state in At to the set A j , in the original 
process, is the same for all states in Ai, To >'ce this we need only make 
the state" of Ai absorbing. We know that the mean time to absorption 
is the same for all starting states chosen from a given set. If, in 
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Assume now that  we have an ergodic chain which satisfies the con- 
dition for lumpability for a partition A. The resulting chain will be 
ergodic. Let 2 be the limiting matrix for the lumped chain. Then 
we know that  

I n  particular, this sta,tes tha i  the components of G are obtained from 
a by simply adding components in a given set. Similarly from the 
infinite series representation for the fundamentnl matrix 2 we have 

There is in general no simple relation between 31 and &. However, 
the mean time to go from a state in At to the set Aj, in the original 
process, is the same for all states in A,.  To see this we need only make 
the statcs of A, absorbing. We know that  the mean time to absorption 
is the same for all starting states chosen from a given set. If, in 
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addition, A$ happens to consist of a single state, bhen may be 
found from A?. 

We can also compute the covariance matrix of the lumped process. 
As a matter of fact we know (see 3 4.6.7) tha t  the covamiances are 
easily obtainable from C even if the original process is not lumpable 
with respect to the partition, that  is, if the lumped process is not a 
Markov chain. I n  any ease 

e = 2 Ckt. 
ln A, 

s l ~ n  A, 

Let us carry out these computations for the Land of Oz example. 
For A we have 

From the fundan;entai matrix $ we find, 
N 
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addition, Aj happens to consist of a single state, then '"LIt may be 
found from M. 

\Ve can also compute the covariance matrix of the lumped process. 
As a matter of fact we know (see § 4.6.7) that the covariances are 
easily obtainable from C even if the original process is not lump able 
with respect to the partition, that is, if the lumped process is not a 
Markov chain. In any case 

CO = 2: Okl· 
sk in Ai 
S l in Ai 

Let us carry out these computations for the Land of Oz example. 
For A we have 

c;z 
1 Ole: 1/5 'I,) (0 

;) A= 1/5 2/5 \ 1 0 liz 
2!. l! 5 2/5 0 1 0 

Cs 1/5 4 i 5 

/ 0 ,;J( 
86/ 75 3/75 -"1")(" z= I 6/ 75 63/75 6/ 75 I 

\ 1/2 0 
\ -- 3/ 75 86/ 75 0 

C3J,s 
3/75 

12/75) 
72/ 75 

c= ( 12/125 - 12/125) 
_12/125 12/125 

R N S 
R 

C' 
4 

>0
1') M =N Sja 5 S /3 . 

S 10/3 4 5/2 
From the fundamental matri" Z we find, 

N B 
N 15 kf= 
B \4 
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Note that  the mean time to reach N from either R or S is 4. Here 
N in the lumped process is a single element set. This common value 
is the mean time in the lumped chain to go from B to N. Similarly, 
the value 5 is obtainable from M .  We observe that  the mean time 
to go from N to B is considerably less than the mean time to go from 
N to either of the states in B in the original process. 

§ 6.4 Weak lumpability. I n  practice if one wanted to apply Xarkov 
chain ideas to a process for which the states have been combined, 
with respect to a partition A={.41, Az, . . . , it is most natural to 
require that  the resulting process be a MarBov chain no matter what 
choice is made for the starting vector. However, there are some 
interesting theoretical considerations when we require only that  a t  
least one starting vector lead to a Markov chain. When this is the 
case we shall say that  the process is weakly lumpable with respect to the 
partition A. We shall investigate the consequences of this weaker 
assumption in this section. We restrict the discussion to regular 
chains. The results of this section are based in part on results of 
C. K. Burke and M. Rosenblatt.? 

For a given starting vector n,  to determine whether or not the 
process is a Markov chain we must examine probabilities of the form 

For a given ?r the process will be a Markov chain if these probabilities 
do not depend upon the outcomes before the n-th. 

We must find conditions under which the knowledge of the outcomes 
before the last one does not affect the probability (1). Let us see how 
such knowledge could affect it. Given the information in ( I ) ,  we know 
that  after n steps the underlying chain is in a state in A,, but we do 
not know in which state i t  is. We can, however, assign probabilities 
for it#s being in each state of A,. We do this as follows: For any 
probability vector 8, we denote by pj the probability vector formed by 
making all components corresponding to states not in A3 equal to 0 
and the remaining components proportional to those of p. We shall 
say that  ,i3j is p restricted to Aj. (If ,R has all components 0 in Aj we do 
not define pi.) Consider now the information given in (1). The fact 
that  f o  E Ai may be interpreted as changing our initial vector to d .  
Learning then that  f l  E Ai may be interpreted as changing this vector 
to (nipif. We continue this process until we have taken into account 
all of the information given in (1). We are led to a certain assignment 
of probabilities for the states in A,. From these probabilities we can 

7 C. K. Burke and M. Rosenbiatt, "A Markovian function of a Markov chain," Annals 
of Mathematical Slalistics, 29: 1 1  12-1 122, 1958. 
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easily compute the probability of a transition to At on the next step. 
But note that this probability may be quite different for different kinds 
of information. For example, our information may place high proba- 
bility for being in a state from which i t  is certain that  we move to At.  
A different history of the process may place low probability on this 
state. These considerations give us a clue as to when we could expect 
that  the past could be ignored. Two different cases are suggested. 
First would be the case where the information gained from the past 
would not do us any good. For example, assume that  the probability 
for moving to the set At from a state in A, is the same for all states 
in A,. Then clearly the probabilities for being in each state of A, 
would not affect our predictions for the next outcome in the lumped 
process. This is the condition we found for lumpability in § 6.3 .2 .  
B second condition is suggested by the following: Assume that  no 
matter what the past information is, we always end up with the same 
assignment of probabilities for being in each of the states in A,. Then 
again the past can have no influence on our predictions. We shall 
see that  this case can also arise. 

We have indicated above that  the information given in (1) can be 
represented by a probability vector restricted to A,. This vector is 
obtained from the initial vector n by a sequence of transformations, 
each time taking into account one more bit of information. That is, 
we form the sequence 

7Tl = T I  

nz = (nTIP)J 
573 = imp)" (2) 

717n = (nm-lPiS 
We denote by Y, the totality of vectors obtained by considering all 
finite sequences A*, .Ai, . . . , A,, ending in A,. 

4.1 THEOREM. Th.e lumped chain i s  a Ma,rkov c h i  
ctor ?r i f  and only z:f for every s and 1 the probabilit 

the same ;for every /3 in HI,. T h i s  common value i s  the transition 
probability ,for mocing ,from sef As to set At i n  the lumped process. 

YIIOOF. The probabdity (1) can be represented in the form 
EFra[l; E At] for a suitable 8 in T,. To do this we use the first n outcomes 
for the construction (2).  By hypothesis this probability depends only 
on s and t as required. Hence the lumped process is a Markov chain. 
Conversely, assume that  the lumped chain is a Markov chain for initial 
vector n. Let ,B be any vector in Y,. Then p is obtained f ~ o m  a 
possible sequence, say of length n, A$, A,, . . . , A,. Let theso be the 
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Note that the mean time to reach N from either R or S is 4. Here 

N in the lumped process is a single element set. This common yalue 
is the mean time in the lumped chain to go from B to N. Similarly, 
the value 5 is obtainable from M. We observe that the mean time 
to go from N to B is considerably less than the mean time to go from 
N to either of the states in B in the originaJ process. 

§ 6.4 Weak lumpability. In practice if one wanted to apply Markov 
chain ideas to a process for which the states have been combined, 
with respect to a partition A = {AI, A2, ... , An}, it is most natural to 
require that the resulting process be a Markov chain no matter what 
choice is made for the starting vector. However, there are some 
interesting theoretical considerations when we require only that at 
least one starting vector lead to a Markov chain. When this is the 
case we shall say that the process is weakly lumpable with respect to the 
partition A. "Ve shall investigate the consequences of this weaker 
assumption in this section. We restrict the discussion to rcgul&r 
chains. The results of this section are based in part on results of 
C. K. Burke and M. Rosenblatt. t 

For a given starting vector 77", to determine ,.,-hether or not the 
process is a Markov chain we must examine probabilities of the form 

(1) 

For a given 77" the process will be a "Markov chain if these probabilities 
do not depend upon the outcomes before the n-th. 

We must find conditions under which the knowledge of the outcomes 
before the last one does not affect the probability (1). Let. us see how 
such knowledge could affect it. Given the information in (1), we know 
that after n steps the underlying chain is in a state in As, but we do 
not know in which state it is. We can, however, assign probabilities 
for it,s being in each state of As. We do this as follows: For any 
probability vector fJ, we denote by fJj the probability vector formed by 
making all components corresponding to states not in Ai equal to 0 
and the remaining components proportional to those of fJ. We shall 
say that fJi is /8 restn:cted to Ai. (If fJ has all components 0 in Ai we do 
not define fJj.) Consider now t,he information given in (1). The fad 
that fo E Ai may be interpreted as changing our initial vector to 77"i. 

Learning then that fl E Aj may be interpreted as changing this vector 
to (n/P)i. vVe continue this process until we have taken into account 
all of the information given in (1). We are led to a certain assignment 
of probabilities for the states in As. From these probabilities we can 

t C. K. Burke and. M. Rosenblatt, ·'A Markovian function of a Markov chain,·' Annals 
oj Mathematical Statistics, 29: 1112-1122, 1958. 
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Note that  the mean time to reach N from either R or S is 4. Here 
N in the lumped process is a single element set. This common value 
is the mean time in the lumped chain to go from B to N. Similarly, 
the value 5 is obtainable from M .  We observe that  the mean time 
to go from N to B is considerably less than the mean time to go from 
N to either of the states in B in the original process. 

§ 6.4 Weak lumpability. I n  practice if one wanted to apply Xarkov 
chain ideas to a process for which the states have been combined, 
with respect to a partition A={.41, Az, . . . , it is most natural to 
require that  the resulting process be a MarBov chain no matter what 
choice is made for the starting vector. However, there are some 
interesting theoretical considerations when we require only that  a t  
least one starting vector lead to a Markov chain. When this is the 
case we shall say that  the process is weakly lumpable with respect to the 
partition A. We shall investigate the consequences of this weaker 
assumption in this section. We restrict the discussion to regular 
chains. The results of this section are based in part on results of 
C. K. Burke and M. Rosenblatt.? 

For a given starting vector n,  to determine whether or not the 
process is a Markov chain we must examine probabilities of the form 

For a given ?r the process will be a Markov chain if these probabilities 
do not depend upon the outcomes before the n-th. 

We must find conditions under which the knowledge of the outcomes 
before the last one does not affect the probability (1). Let us see how 
such knowledge could affect it. Given the information in ( I ) ,  we know 
that  after n steps the underlying chain is in a state in A,, but we do 
not know in which state i t  is. We can, however, assign probabilities 
for it#s being in each state of A,. We do this as follows: For any 
probability vector 8, we denote by pj the probability vector formed by 
making all components corresponding to states not in A3 equal to 0 
and the remaining components proportional to those of p. We shall 
say that  ,i3j is p restricted to Aj. (If ,R has all components 0 in Aj we do 
not define pi.) Consider now the information given in (1). The fact 
that  f o  E Ai may be interpreted as changing our initial vector to d .  
Learning then that  f l  E Ai may be interpreted as changing this vector 
to (nipif. We continue this process until we have taken into account 
all of the information given in (1). We are led to a certain assignment 
of probabilities for the states in A,. From these probabilities we can 

7 C. K. Burke and M. Rosenbiatt, "A Markovian function of a Markov chain," Annals 
of Mathematical Slalistics, 29: 1 1  12-1 122, 1958. 
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easily compute the probability of a transition to At on the next step. 
But note that this probability may be quite different for different kinds 
of information. For example, our information may place high proba- 
bility for being in a state from which i t  is certain that  we move to At.  
A different history of the process may place low probability on this 
state. These considerations give us a clue as to when we could expect 
that  the past could be ignored. Two different cases are suggested. 
First would be the case where the information gained from the past 
would not do us any good. For example, assume that  the probability 
for moving to the set At from a state in A, is the same for all states 
in A,. Then clearly the probabilities for being in each state of A, 
would not affect our predictions for the next outcome in the lumped 
process. This is the condition we found for lumpability in § 6.3 .2 .  
B second condition is suggested by the following: Assume that  no 
matter what the past information is, we always end up with the same 
assignment of probabilities for being in each of the states in A,. Then 
again the past can have no influence on our predictions. We shall 
see that  this case can also arise. 

We have indicated above that  the information given in (1) can be 
represented by a probability vector restricted to A,. This vector is 
obtained from the initial vector n by a sequence of transformations, 
each time taking into account one more bit of information. That is, 
we form the sequence 

7Tl = T I  

nz = (nTIP)J 
573 = imp)" (2) 

717n = (nm-lPiS 
We denote by Y, the totality of vectors obtained by considering all 
finite sequences A*, .Ai, . . . , A,, ending in A,. 

4.1 THEOREM. Th.e lumped chain i s  a Ma,rkov c h i  
ctor ?r i f  and only z:f for every s and 1 the probabilit 

the same ;for every /3 in HI,. T h i s  common value i s  the transition 
probability ,for mocing ,from sef As to set At i n  the lumped process. 

YIIOOF. The probabdity (1) can be represented in the form 
EFra[l; E At] for a suitable 8 in T,. To do this we use the first n outcomes 
for the construction (2).  By hypothesis this probability depends only 
on s and t as required. Hence the lumped process is a Markov chain. 
Conversely, assume that  the lumped chain is a Markov chain for initial 
vector n. Let ,B be any vector in Y,. Then p is obtained f ~ o m  a 
possible sequence, say of length n, A$, A,, . . . , A,. Let theso be the 
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easily compute the probability of a transition to At on the next step. 
But note that this probability may be quite different for different kinds 
of information. For example, our information may plaee high proba-
bility for being in a state from which it is certain that we move to At. 
A different history of the process may place low probability on this 
state. These considerations give us a clue as to when we could expect 
that the past could be ignored. Two different cases are suggested. 
First would be the case where the information gained from thc past 
would not do us any good. :For example, assume that the probability 
for moving to the set A/ from a state in As is the same for all states 
in As. Then clearly the probabilities for being in each state of As 
would not affect our predictions for the next outcome in the lumped 
process. This is the condition we found for lump ability in § 6.3.2. 
A second condition is suggested by the following: Assume that no 
matter what the past information is, we always end up with the same 
assignment of probabilities for being in each of the states in As. Then 
again th" past can have no influence on our predictions. V/e shall 
see that this case can also arise. 

We have indicated above that the information given in (1) can be 
represented by a probability vector restricted to As. This vector is 
obtained from the initial vector 1T by a sequence of transformations, 
each time taking into account one more bit of information. That is, 
we form the sequence 

07 1 1T! 

} 
1T2 ( 1T IP)} 
1T3 (07ZP)k (2) 

11m = ( 1Tm-I P ls 

vVe denote by Y s the totality of vectors obtained by considering aJl 
finite sequences Ai, Aj , .... As, ending in A". 

6.4.1 THEORE)!. 'l'he lumped chain is a 111 arkov chain for the initial 
vector 1T if and only if for every sand t the probability PrtJ{f1 E At] is 
the same for every f3 in Y s. This common valve is the transition 
probability for moving from set As to set At in the lumped process. 

PHOOF. The probability (1) can be represented in the form 
E At] for a suitable f3 in 1',. To do this we use the first n outcomes 

for the constmction (2). By hypothesis this probability depends only 
on.s and t as required. Hence the lumped process is a Markov chain. 
Conversely, assume that the lumped chain is a Markov chain for initial 
vector 7T. Let j3 be any vector in Ys. Then j3 is obtained from a 
possible sequence, say of length n, Ai, A j , ... , As. Let these be the 
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given outcomes used to compute a probability of the form (1). This 
probability is PrB[f E At] and by the Markov property must not 
depend upon the outcomes before At. Hence it has the same value 
for every ,B in Y,. 

6.4.2 EXAMPLE. Consider a Markov chain with transition matrix 

Let A =  ({sl), (sZ, s3)). Consider any vector of the form (1 - 3a, a ,  
2a). Any such vector multiplied by P  will again be of this form. 
Also any such vector restricted to Al  or A2 will be such a vector. 
Hence for any such starting vector the set U1 will contain the single 
element (1, 0, 0) and Yz the single element (0, 113, 2 1 3 ) .  Thus the 
condition of 5 6.4.1 is satisfied trivially for any such starting vector. 
On the other hand assume that  our starting vector is n =  (0, 0, 1). 
Let nl = ( n P ) 2 =  (0, 1, 0) and 7 r 2 =  (nlP)2= (0,  'I6, 5/6). Then nl and 
772 are in Yz and Pr,,[& E All = 0 while Pr,,[fl E .A1] = 35/48. Hence this 
choice of starting vector does not lead to a Markov chain. 

We see that  i t  is possible for certain starting vectors to lead to 
Markov chains while others do not. We shall now prove that  if there 
;s any starting vector which gives a Markov chain, then the fixed 
vector a does. 

6.4.3 THEOREM. Assume that a regular Narkov chain is weakly 
lumpable with respect to A=(A1, A2, . . . , -4s: Then the starting 
vector a will give a Markov chain for the lumped process. The tran- 
sition probabilities will be 

A n y  other starting vector ,which yields a Markov chai?~ for the lwmped 
process will give the same transition probabilities. 

PROOF. Since the chain is weakly lumpable there must be some 
starting vector n which leads to a Markov chain. Let its transition 
matrix be ($ir). For this vector n 

for all sets for which this probability is defined. But this may be 
written as 

P,p- a [ f ~  E &Ifl E Ai Afo E Ah]. 
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Letting n tend to infinity we have 

We have proved that  the probability of the for n f l ) ,  with a as 
starting vector, does not depend upon the past beyond the last out- 
come for the case n= 1. The general case is similar. Therefore, for a 
as a starting vector, the lumped process is a Markov chain. I n  the 
course of the proof we showed that  $if for a starting vector n is the 
same as for a,  hence i t  will be the same for any starting vector which 
yields a Markov chain. 

By the previous theorem, if we are testing for weak lumpability we 
may z,ssurne that  the process is started with the  initial veckor a. I n  
this ease the transition matrix can be written in the form 

P = V P V  
where V is as before buk U  is a matrix with i-tlm row a{. When we 
have lumpability there is a great deal of freedom in the choice of U 
and in that  case we chose a more convenient U .  We do not have this 
freedom for weak lumpability. 

We consider now conditions for which we can expect to have weak 
lumpabiiity. If the chain is to be a Markov chain when lumped then 
we can compute P 2  in two ways. Computing i t  directly from the 
underlying chain we have fj2= U P V .  By squaring ij we have 
U P V U P V .  Renee i t  must be true that  

One sufficient condition for this is 

V U P Y  = PV. (3) 

This is the condition for lumpability expressed in terms of our new U. 
I t  is necessary and sufficient for lumpability, and hence sufficient for 
weak lumpability. ,4 seeo~ld condition which would be sufficient for 
the above is 

U P V U  = UP. (4) 

This condition states the rows of U P  are fixed vectors for V U .  The 
matrix V U  is now of the form 
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given outcomes used to compute a probability of the form (1). This 
probability is Prp[f1 E At] and by the Markov property must not 
depend upon the outcomes before At. Hence it has the same value 
for every fJ in Y s . 

6.4.2 EXAMPLE. Consider a :Markov chain with transition matrix 

ftq A2 

P :: ( :;: i :;: 

Let A ({S1}, {52, 53}). Consider any vector of the form (1- 3a, a, 
2a). Any such vector multiplied by P will again be of this form. 
Also any such vector restricted to Al or A2 will be such a vector. 
Hence for any such starting vector the set Y 1 will contain the single 
element (1,0,0) and Y2 the single element (0,1/3 ,2/ 3 ). Thus the 
condition of § 6.4.1 is satisfied trivially for any such starting vector. 
On the other hand assume that our starting vector is 7T = (0, 0, I). 
Let 1Tl=(7TP)2=(O, 1,0) and "Z=(7T1P)2=(0, 1/6 , 51s). Then 7Tl and 
7T2 are in Y2 and Prrr.[fl EO A 1]=0 while Pr"2[f1 E A 1]=35j4S. Hence this 
choice of starting vector does not lead to a Markov chain. 

We see that it is possible for certain starting vectors to lead to 
Markov chains while others do not. We shall now prove that if there 
is any starting vector which gives a }Larkov chain, then the fixed 
vector a does. 

6.4.3 THEOREM. Assume that a regular N arkov chain is weakly 
lumpable with resped to A={Al' A2 , ..• ,As}. Then the starling 
vector a will give a Markov chain for the lumped process. The tran-
sition probabilities will be 

pJj = Prai[fl E Aj]. 

Any other starting vector which yields a Markov chain for the lumped 
process will give the same transition probabilities. 

PROOF. Since the chain is weakly lumpable there must be some 
starting vector 7T which leads to a :\larkov chain. Let its transition 
matrix be {Pi;}. For this vector 7T 

for all sets for which this probability is defined. But this may be 
written as 
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given outcomes used to compute a probability of the form (1). This 
probability is PrB[f E At] and by the Markov property must not 
depend upon the outcomes before At. Hence it has the same value 
for every ,B in Y,. 

6.4.2 EXAMPLE. Consider a Markov chain with transition matrix 

Let A =  ({sl), (sZ, s3)). Consider any vector of the form (1 - 3a, a ,  
2a). Any such vector multiplied by P  will again be of this form. 
Also any such vector restricted to Al  or A2 will be such a vector. 
Hence for any such starting vector the set U1 will contain the single 
element (1, 0, 0) and Yz the single element (0, 113, 2 1 3 ) .  Thus the 
condition of 5 6.4.1 is satisfied trivially for any such starting vector. 
On the other hand assume that  our starting vector is n =  (0, 0, 1). 
Let nl = ( n P ) 2 =  (0, 1, 0) and 7 r 2 =  (nlP)2= (0,  'I6, 5/6). Then nl and 
772 are in Yz and Pr,,[& E All = 0 while Pr,,[fl E .A1] = 35/48. Hence this 
choice of starting vector does not lead to a Markov chain. 

We see that  i t  is possible for certain starting vectors to lead to 
Markov chains while others do not. We shall now prove that  if there 
;s any starting vector which gives a Markov chain, then the fixed 
vector a does. 

6.4.3 THEOREM. Assume that a regular Narkov chain is weakly 
lumpable with respect to A=(A1, A2, . . . , -4s: Then the starting 
vector a will give a Markov chain for the lumped process. The tran- 
sition probabilities will be 

A n y  other starting vector ,which yields a Markov chai?~ for the lwmped 
process will give the same transition probabilities. 

PROOF. Since the chain is weakly lumpable there must be some 
starting vector n which leads to a Markov chain. Let its transition 
matrix be ($ir). For this vector n 

for all sets for which this probability is defined. But this may be 
written as 

P,p- a [ f ~  E &Ifl E Ai Afo E Ah]. 
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Letting n tend to infinity we have 

We have proved that  the probability of the for n f l ) ,  with a as 
starting vector, does not depend upon the past beyond the last out- 
come for the case n= 1. The general case is similar. Therefore, for a 
as a starting vector, the lumped process is a Markov chain. I n  the 
course of the proof we showed that  $if for a starting vector n is the 
same as for a,  hence i t  will be the same for any starting vector which 
yields a Markov chain. 

By the previous theorem, if we are testing for weak lumpability we 
may z,ssurne that  the process is started with the  initial veckor a. I n  
this ease the transition matrix can be written in the form 

P = V P V  
where V is as before buk U  is a matrix with i-tlm row a{. When we 
have lumpability there is a great deal of freedom in the choice of U 
and in that  case we chose a more convenient U .  We do not have this 
freedom for weak lumpability. 

We consider now conditions for which we can expect to have weak 
lumpabiiity. If the chain is to be a Markov chain when lumped then 
we can compute P 2  in two ways. Computing i t  directly from the 
underlying chain we have fj2= U P V .  By squaring ij we have 
U P V U P V .  Renee i t  must be true that  

One sufficient condition for this is 

V U P Y  = PV. (3) 

This is the condition for lumpability expressed in terms of our new U. 
I t  is necessary and sufficient for lumpability, and hence sufficient for 
weak lumpability. ,4 seeo~ld condition which would be sufficient for 
the above is 

U P V U  = UP. (4) 

This condition states the rows of U P  are fixed vectors for V U .  The 
matrix V U  is now of the form 
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Letting n tend to infinity we have 

Pra[fz E Allfl E All\fc E A k ] = pjj. 
We have proved that the probability of the forn (1), with a as 

starting vector, does not depend upon the past beyond the last out-
come for the case n = 1. The general case is similar. Therefore, for a 
as a starting vector, the lumped process is a Markov chain. In the 
course of the proof we showed that Pij for a starting vector '1T is the 
same as for a, hence it will be the same for any starting vector which 
yields a Markov chain. 

By the previous theorem, if Vie are testing for weak lumpability we 
may assume that the process is started with the initial vector a. In 
this case the transit,ion matrix P can be written in the form 

P = UPV 
where V is as before but U is a matrix with i-th row a i • When we 
have lumpability there is a great deal of freedom in the choice of U 
and in that case we chose a more convenient U. \Ve do not have this 
freedom for weak lumpability. 

We consider now conditions for which we can expect to have weak 
lumpability. If the chain is to be a Markov chain when lumped then 
we can compute P2 in two ways. Computing it directly from the 
underlying chain we have P2= UpzV. By squaring P we have 
UPVUPV. Hence it must be true that 

CPVUPV = UPPV. 

One sufficient condition for this is 

VUPV = PV. (3) 

This is the condition for lumpability expressed in terms of our new U. 
It is necessary and sufficient for lumpability, and hence sufficient for 
weak lumpability. A second condition which would be sufficient for 
the above is 

UPVU = UP. (4) 

This condition states the rows of UP are fixed vectors for VU. The 
matrix V U is now of the form 

vu 
( WI 0 0 \ 

\ 

. 0 Ii Wz 0 i, \ -----1-) 
\ 0 o! W3 
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where Wf is a transition matrix having all rows equal to a.'. To say 
that  the i-th row of U P  is a fixed vector for IrU means that  this 
vector, restricted to A,, is a fixed vector for W,. But this means that  
the components of this vector must be proportional to a,. Hence we 
have 

(a"), = a?. ( 5 )  

This means that  if we st,art with a ,  the set Yi, obtained by construction 
(i?), consists, for each i ,  of a single element, namely a$. Conversely, 
if each such set has only a single element, then (5) is sat,isfied and 
hence also (4).  To say that  Y i  has only one element for each i is to 
say that  when the last outcome was Ai the knowledge of previous 
outcomes does not influence the assignment of the probabilities for 
being in each of the sta.tes of Ai. Hence we have found that  (4)  is 
necessary and sufficient for the past beyond the last outcome to  
provide no new information, and is sufficient for weak lumpability. 

Example 6.4.2 is a case where (4)  is satisfied. Recall that  we found 
that  each Pi had only one element. 

We can sumn~arize our findings as follows: We stated in the intro- 
duction that  there are two obvious ways t,o make the information 
contained in the outcon~es before the last one useless. One way is to 
require that  even if we know the exact state of the original process 
our predictions would be unchanged. This is condition (3). The 
other is to require t,hat we get no information a t  all from the past 
except the last step. This is condition (4).  Each leads to  weak 
lumpability. We have thus proved : 

6.4.4. THEOREM. Either condition (3) or condition (4)  is suflcienl 
for weak lumpabilily. 
There is an interesting connection between (3) and (4) in terms of 

the process and its associated reverse process (see 5.3). 

6.4.5 THEOREM. A regular chain satisjies (3) if a d  only ii the 
reverse chain satisjks (4) .  

PROOF. Assume that  a process satisfies (3) .  Then 
V U P V  = PV 

Let Po be the transition matrix for the reverse process, theii P =  
DPToD-1. Hence 

TUDPToD-1V = DPToD--'V 

We observe that  VTD-l=D-lU.  Furthermore, V U D  is a sym- 
metric matrix so that V U D =  D U T P  or DU* VTD-1= V U. CTsiXlg 
these two facts, our last equation becomes 

Multiplying on the left by gives condition (4) for Po. The proof 
of the converse is similar. 

6.4.6 THEOREM. If a given process i s  weakly lwmpaijle with respect 
to a partition A, then so is the reverse process. 

PROOF. We must prove that  all probabilities of the form 

depend only on Ar and .Aihj. We can write this probability in the form 

My hypothesis the forward process is a Markov chain, so  that  the 
first term in the numerator does not depend on Ai. Hence this whole 
expression is simply 

which depends only on A+ and Aj. 

.4.7 T ~ E o ~ s a l . .  A reversible regular Mcrkov chain is reversible 
when lumped. 

PROOF. By reversibility, 

Hence 
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where Wj is a transition matrix having all rows equal to a f . To say 
that the i-th TOW of UP is a fixed vector for Vl} means that this 
vectoI', restrict,ed to Aj , is a fixed vector for Wi. But this means that 
the components of this vectot must be proportional to ctf. Hence we 
have 

(alp)j = ai . (5) 

This means that if we start with a, the set fi' obtained by construction 
(2), consists, for each i, of a single element, namely a i . Conversely, 
if each such set has only a single element, then (5) is satisfied and 
hence also (4). To say that Yi has only one element for each i is to 
say that when the last outcome was Ai the knowledge of previous 
outcomes does not influence the assignment o£ the probabilities for 
being in each of the states of Ai. Hence we have found that (4) is 
necessary and sufficient for the past beyond the last outcome to 
provide no new information, and is sufficient for weak lumpability. 

I':xamvle 6.4.2 is a case where (4) is satisfied. RecaJ1 that we found 
that each Y i had only one element. 

We can summarize our findings as follows: We stated in the intro-
duction that there are two obvious ways to make the information 
contained in the outcomf>S before the last one useless. One way is to 
require that eyen if we know the exact state of the original process 
our predictions would be unchanged. This is condition (3). The 
other is to require that we get no information at all from the past 
except the last step. This is condition (4), Each leads to weak 
lumpability. \Ve have tlms proved: 

6.4.4. THEOREM. E£ther condition (:3) or cand'ilion (4) is s1Lfficient 
Jor weak lumpability. 

There is an interesting connection between (3) and (4) in terms of 
the process and its associated reverse process (see § 5.3). 

6.4.5 THEOREM. A regular chain satisfies (3) iJ and only iJ the 
reverse chain satis.fies (4). 

PROm'. Assume that a process sati;;fies (3). Then 

VCPV = PV. 

Let Po be the transition matrix for the reverse process, then P = 
DPToD-l. Hence 

VUDPTOD-IV 

or, transposing, 
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where Wf is a transition matrix having all rows equal to a.'. To say 
that  the i-th row of U P  is a fixed vector for IrU means that  this 
vector, restricted to A,, is a fixed vector for W,. But this means that  
the components of this vector must be proportional to a,. Hence we 
have 

(a"), = a?. ( 5 )  

This means that  if we st,art with a ,  the set Yi, obtained by construction 
(i?), consists, for each i ,  of a single element, namely a$. Conversely, 
if each such set has only a single element, then (5) is sat,isfied and 
hence also (4).  To say that  Y i  has only one element for each i is to 
say that  when the last outcome was Ai the knowledge of previous 
outcomes does not influence the assignment of the probabilities for 
being in each of the sta.tes of Ai. Hence we have found that  (4)  is 
necessary and sufficient for the past beyond the last outcome to  
provide no new information, and is sufficient for weak lumpability. 

Example 6.4.2 is a case where (4)  is satisfied. Recall that  we found 
that  each Pi had only one element. 

We can sumn~arize our findings as follows: We stated in the intro- 
duction that  there are two obvious ways t,o make the information 
contained in the outcon~es before the last one useless. One way is to 
require that  even if we know the exact state of the original process 
our predictions would be unchanged. This is condition (3). The 
other is to require t,hat we get no information a t  all from the past 
except the last step. This is condition (4).  Each leads to  weak 
lumpability. We have thus proved : 

6.4.4. THEOREM. Either condition (3) or condition (4)  is suflcienl 
for weak lumpabilily. 
There is an interesting connection between (3) and (4) in terms of 

the process and its associated reverse process (see 5.3). 

6.4.5 THEOREM. A regular chain satisjies (3) if a d  only ii the 
reverse chain satisjks (4) .  

PROOF. Assume that  a process satisfies (3) .  Then 
V U P V  = PV 

Let Po be the transition matrix for the reverse process, theii P =  
DPToD-1. Hence 

TUDPToD-1V = DPToD--'V 

We observe that  VTD-l=D-lU.  Furthermore, V U D  is a sym- 
metric matrix so that V U D =  D U T P  or DU* VTD-1= V U. CTsiXlg 
these two facts, our last equation becomes 

Multiplying on the left by gives condition (4) for Po. The proof 
of the converse is similar. 

6.4.6 THEOREM. If a given process i s  weakly lwmpaijle with respect 
to a partition A, then so is the reverse process. 

PROOF. We must prove that  all probabilities of the form 

depend only on Ar and .Aihj. We can write this probability in the form 

My hypothesis the forward process is a Markov chain, so  that  the 
first term in the numerator does not depend on Ai. Hence this whole 
expression is simply 

which depends only on A+ and Aj. 

.4.7 T ~ E o ~ s a l . .  A reversible regular Mcrkov chain is reversible 
when lumped. 

PROOF. By reversibility, 

Hence 
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and 
VTD-1P oD[}TVTD-l = VTD-IPO• 

\Ve observe that VT D-1 = [;--IU. Furthermore, VUD is a sym-
metric matrix so that VUD=DUTVT or DUTVTD-l= vU. Using 
these two facts, our last equation becomes 

D-1UPOVU = D-lUPO• 

Multiplying on the left by [; gives condition (4) for Po. The proof 
of the converse is similar. 

6.4.6 THEOREM. If a given pj·oce.ss is weakly lurnpable with respect 
to a partition A, then so is the reverse procu;s. 

PROOF. We must prove that all probabilities of the form 

Pra[fl e Adf2 e Aj /\f3 E A,,!\ ... /\f" EAt] 

depend only 011 A, and A j . We can write this probability in the form 

Pra[fl E Ai !\f2 E Aj 1\£3 E An l\ ... /\{n E Atl 
Pra [f2 E Aj /\f3 e A" /\ ... !\f" EAt] 

Pralfn E At II ... !\f3 E A,,]f2 E Aj /\£1 E Ad Prolfl e Ai l\f2 E Aj] 
Pl'a[fn eAt \ ... /f3 e A"ffz E Aj) Pr.[f2 E Aj] 

By hypothesis the forward process is a :'.'larkov chain, .so that the 
first term in the numerator does not clepend em At. Hence this whole 
expression is simply 

Prarfl E Ai /I,[z E Aj] 
--Pr.[f2 E Ai] 

which depends only on Ai and Aj . 

6.4.7 THEOREM. A reversible Tegular .. M a.rkov chain is reversible 
when lumped. 

PROOF. By reversibility, 

P=DPTD-l 

and 

p = l.lPV. 

Hence 
P = UDPTD-IV. 
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We have seen that VTD-l= b - 'U .  Nence U D =  b V T .  Also 
D-1V = U T ~ - 1 .  Thus we have 

This means that the lumped process is reversible. 
6.4.8 THEOREM. FOT a reversible regular Markov chain, weak 
lumpability implies Eump,ability. 
PROOF. Let P be the transition matrix for a regular reversible chain. 

Then, if the chain is weakly lumpable, 

U P P V  = U P V U P V  

Since U .- d VTD-1, we have 
B V T D - ~ P ( I -  V U ) P V  = 0, 

or, multiplying through by d-1 and using the fact that for a reversible 
chain D I P =  PTD-1, we have 

VTPTD-I(I - V U ) P V  = 0.  

Let W =  D-1- D-1VU. Then W =  D-1- U r b - l U .  We shall show 
that W is semi-definite. That is, for any vector ,B, BTWP is non- 
negative. It is sufficient to prove that 

1 nkb2k > & 
I; in A, kin Ai 

where & is the i-th diagonal entry of b, or equivalently 

2 at&b2r > 2 (~kCZtbk)~. 
t i n  Ai k In A i  

But since the coefficients akdt are non-negative and have sum 1, this 
is a standard inequality of probability theory. It can be proved by 
considering a function f which takes on the value bk with probability 
a&. Then Ae inequality expresses that.  
$ 1.8.5, this simply asserts that the variance of f is non-negative. 

Since Wt is semi-definite, W = X T X  for some matrix X. Thus 
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This can be true only if 
X B V  = 0. 

ence 
XTX'PV = 0,  

or 
D-'(1- JrO)PV = 0 ,  

or 
( I -  V U ) P V  = 0. 

Nence 
P V  = V U P V .  

Note that while we have given necessary and sufficient conditions 
for lumpdbility wiLh respect to a partition ik, we have not given 
necessary and sufficient conditions for weak lumpabtlity. We have 
given two different sufficient conditions (3) and (4). Pt might be 
hoped that for weak lumpability one of the two conditions would have 
to be satisfied. It is, however, easy to  get an example where neither 
is satisfied as follows: If we take a Markov chain and find a method 
of combining states to give a Xmkov chain, we can then ask whether 
the new chain can be combined. If so, the result can be considered a 
combining of states in the original chain. To get our counterexample, 
we take a chain for which we can combine states by condition (3) and 
then combine states in the new chain by condition (4) ;  the result 
considered as a lumping of the original chain will obviously be a 
Markov chain, but it will satisfy neither (4) nor (3). Consider a 
Markov chain with transition matrix 

For the partition A=f{sl),  ( $ 2 ,  s3), ( ~ 4 ) )  the strong condition (3) is 
satisfied. Hence we obtain a lumped chain with transition matrix 

81 Ae A3 

But this is Example 6.4.2, which satisfies (4). Hence we can lump it 
by ({All, {Az, 8 3 ) ) .  The result is a lumping of the original chain by 
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We have seen that VTD-l=D-lU. Hence UD=DVT. Also 
D-l V = UT jj-l. Thus we have 

f> = DVT pTUT D-l, 
and hence 

This means that the lumped process is reversible. 

6.4.8 THEOREM. For a reversible regular Markov chain, weak 
lumpability implies 11Imp,ability. 

PROOF. Let P be the transition matrix for a regular reversible chain. 
Then, if the chain is weakly lumpable, 

UPPV = UPVUPV 
or 

U P(I - VU)PV = o. 
Since U = DVT D-l, we have 

jjVT D-IP(I - VU)PV = 0, 

or, multiplying through by f)-I and using the fact that for a reversible 
chain D-lP= pT D-l, we have 

VTPTD-l(I - VU)PV = O. 

Let W=D-l_D-lVU. Then W=D-LUTD-IU. ""Ve shall show 
that W is semi-definite. That is, for any vector f3, f3TWf3 is non-
negative. It is sufficient to prove that 

L akb2k rl/ ( :2 akbk)2 
k in At' k in Ai 

where rlt is the i-th diagonal entry of iJ, or equivalently 

.L ak d;b 2k 
kin Ai 

L (a;;d;bk ) 2 . 
k [n Ai 

But since the coefficients akdi are non-negative and have sum I, this 
is a standard inequality of probability theory. It can be proved by 
considering a function f which takes on the value bl< with probability 
akd!. Then \.;,," inequality expresses that. M[f2] (M[f])2; and, by 
§ 1.8.5, this simply asserts that the variance of f is non-negative. 

Since WI is semi-definite, W =XTX for some matrix X. Thus 

VT PTXTXPV = 0 
or 

(XPV)T(XPV) = o. 
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We have seen that VTD-l= b - 'U .  Nence U D =  b V T .  Also 
D-1V = U T ~ - 1 .  Thus we have 

This means that the lumped process is reversible. 
6.4.8 THEOREM. FOT a reversible regular Markov chain, weak 
lumpability implies Eump,ability. 
PROOF. Let P be the transition matrix for a regular reversible chain. 

Then, if the chain is weakly lumpable, 

U P P V  = U P V U P V  

Since U .- d VTD-1, we have 
B V T D - ~ P ( I -  V U ) P V  = 0, 

or, multiplying through by d-1 and using the fact that for a reversible 
chain D I P =  PTD-1, we have 

VTPTD-I(I - V U ) P V  = 0.  

Let W =  D-1- D-1VU. Then W =  D-1- U r b - l U .  We shall show 
that W is semi-definite. That is, for any vector ,B, BTWP is non- 
negative. It is sufficient to prove that 

1 nkb2k > & 
I; in A, kin Ai 

where & is the i-th diagonal entry of b, or equivalently 

2 at&b2r > 2 (~kCZtbk)~. 
t i n  Ai k In A i  

But since the coefficients akdt are non-negative and have sum 1, this 
is a standard inequality of probability theory. It can be proved by 
considering a function f which takes on the value bk with probability 
a&. Then Ae inequality expresses that.  
$ 1.8.5, this simply asserts that the variance of f is non-negative. 

Since Wt is semi-definite, W = X T X  for some matrix X. Thus 
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This can be true only if 
X B V  = 0. 

ence 
XTX'PV = 0,  

or 
D-'(1- JrO)PV = 0 ,  

or 
( I -  V U ) P V  = 0. 

Nence 
P V  = V U P V .  

Note that while we have given necessary and sufficient conditions 
for lumpdbility wiLh respect to a partition ik, we have not given 
necessary and sufficient conditions for weak lumpabtlity. We have 
given two different sufficient conditions (3) and (4). Pt might be 
hoped that for weak lumpability one of the two conditions would have 
to be satisfied. It is, however, easy to  get an example where neither 
is satisfied as follows: If we take a Markov chain and find a method 
of combining states to give a Xmkov chain, we can then ask whether 
the new chain can be combined. If so, the result can be considered a 
combining of states in the original chain. To get our counterexample, 
we take a chain for which we can combine states by condition (3) and 
then combine states in the new chain by condition (4) ;  the result 
considered as a lumping of the original chain will obviously be a 
Markov chain, but it will satisfy neither (4) nor (3). Consider a 
Markov chain with transition matrix 

For the partition A=f{sl),  ( $ 2 ,  s3), ( ~ 4 ) )  the strong condition (3) is 
satisfied. Hence we obtain a lumped chain with transition matrix 

81 Ae A3 

But this is Example 6.4.2, which satisfies (4). Hence we can lump it 
by ({All, {Az, 8 3 ) ) .  The result is a lumping of the original chain by 
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This can be true only if 

XPV = O. 
Hence 

XTXPV = 0, 
or 

- VU)PT' = 0, 
or 

(1 - VU)PV = O. 
Hence 

PV = VUPV. 
Sote that while we have given necessary and sufficient conditions 

for lumpability with respect to a partition A, we have not given 
necessary and' sufficient conditions for weak lumpability. We have 
given two different sufficient conditions (3) and (4). It might be 
hoped that for weak lumpaoility one of the two conditions would have 
to be satisfied. It is, however, easy to get an example where neither 
is satisfied as follows: If we take a Markov chain and find a method 
of combining states to give a ),![arkov chain, we can then ask whether 
the new chain can be combined. If so, the result can be considered a 
combining of states in the original chain. To get our counterexample, 
we t?"ke a chain for which we can combine states by condition (3) and 
then combine states in the new chain by condition (4); the result 
considered as a lumping of the original chain will obviously be a 
Markov chain, but it will satisfy neither (4) nor (3). Consider a 
Markov chain with transition matrix 

Al ( 1/4 t 1/16 3/16 
o I 1/12 1/12 i 5/6 

P = A2 I o 1/12 1/12 
A3 7/8 1/32 3/32 i 0 

For the partition A= ({Sl}, {S2' S3}, {S4}) the strong condition (3) is 
satisi'led. Hence we obtain a lumped chain with transition matrix 

Al Az A3 
Al 1( 4 1/2\ 

P = Az 1/ fi 

A3 7 (8 
But this is Example 6.4.2, which satisfies (4), Hence we can lump it 
by ({At), {A2' A3})' The result is a lumping of the original chain by 
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A=({sl), {sz, sg, sq)). It is easily checked that  neither (3)  nor (4) is 
satisfied in the original process for this partition. 

We conclude with some remarks about a lumped process when the 
condition for weak lurnpability is not satisfied. We assume that  P is 
regular. Then if the process is started in equilibrium 

$tj = Br,[f%+~ E &Ifn E At] 

is the same for every n. Hence the matrix p~s={&~) may still be 
interpreted as a one-step transition matrix. Also 

is the same for all n. The vector &=(a^i) will be the unique fixed 
vector for p. I t s  components may be obtained from a by simply 
adding the ccmponents corresponding to  each set. Similarly we may 
define two-step transition probabilities by 

$(2)ir = Pr,[fn+z E E At]. 

The two-step transition matrix will then be p(2) =($(Z)tj). I t  will no 
longer be true that  p2= p(2). 

We can also define the mean first passage matrix J?l for the lumped 
process. It cannot be obtained by our Markov chain formulas. To 
obtain & i t  is necessary first to find m t , ~ , ,  the mean time to go from 
state i to set A$ in the original process. We can do this by making 
all of the elements of Aj absorbing and find the mean time to absorp- 
tion. (A slight modification is necessary if i is in Aj.) From these 
we obtain the mean time to go from Ai to A?, by 

mil = 2 a*kmk,A, 
k In A, 

where a*k is the k-th component of at. 

5 6.5 Expanding a arkov chain. I n  the last two sections we 
showed that  under certain conditions a Markov chain would, by 
lumping states together, be reduced to a smaller chain which gave 
interesting information about the original chain. By this process we 
obtained a more manageable chain a t  the sacrifice of obtaining less 
precise information. In this section we shall show that  i t  is possible 
to go in the other direction. That is, to obtain from a Markov chain 
a larger chain which gives more detailed information about the process 
being considered. We shall base the presentation on results obtained 
by S. Hudson in his senior thesis a t  Dartmouth College. 

Consider now a Markov chain with states sl, sz, . . . , s,. We form 
a new Markov chain, called the expanded process, as follows. A state 
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is a pair of states (st, sj) in the original chain, for which ptr >O. We denote these states by s(u,. Assume now that in the  original chain the 
transition from st t o  sj and from sj to si, occurs on two successive steps. 
We shall interpret this as a single step in the expanded process from 
the state s(tj, to the state stjx). With this convention, transition 
from state s(tjj to state s(k~, in the expanded process is possible only if 
j = k. Transition probabilities are given by 

5.1 EXAMPLE. Consider the Land of Oz example. The states 
for the expanded process are RE, RN, RS, NB, NS, SR, SN, SS. Note 
that  NN is not a state, since ~ N N  = 0 in the original process. The transition matrix for the expanded process is 

Let us first see how the classification of states for the expanded 
process compares with the original chain. We note that  p(n)(tj)(kl) = 
p(n-l)jkpkl> 0 if and only if p(n-l)jk > 0. Hence if the original chain is 
ergodic, so will the expanded process be, and if the original chain is of 
period cl, then the expanded chain will also be of period d, A state 
s(ej, in the expanded process is absorbing only if i = j and only if state 
sj is absorbing in the original chain. 

Assume that  the original chain is an absorbing chain. Let s(u, be 
a non-absorbing state in the expanded process. Since the original 
chain was absorbing, there must be an absorbing state sk such that  i t  
is possible to go from sj to sk. Thus i t  is possible to go from s(fj, to 
s{kk) in the expanded process. Thus the expanded process is also 
absorbing. 

I t  is interesting to observe that  from the expanded process we can 
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A = ({81}, {S2, 83, 54}). It is easily checked that neither (3) nor (4) is 
satisfied in the original process for this partition. 

We conclude with some remarks about a lumped process when the 
condition for weak lumpability is not satisfied. We assume that Pis 
regular. Then if the process is started in equilibrium 

Pii = Pra[fn+l E Ajlfn E Ad 

is the same for every n. Hence the matrix P = {Pii} may still be 
interpreted as a one-step transition matrix. Also 

is the same for all n. The vector a = {at} will be the unique fixed 
vector for P. Its components may be obtained from IX by simply 
adding the components corresponding to each set. Similarly we may 
define two-step transition probabilities by 

f.Pl jj = Pra[fn+z E Ajlfn EAt]. 

The two-step transition matrix will then be F(2) = {p(2){j}. It will no 
longer be true that P2 = P(2). 

We can also define the mean first passage matrix M for the lumped 
process. It cannot be obtained by our Markov chain formulas. To 
obtain M it is necessary first to find mi,A j , the mean time to go from 
state i to set Aj in the original process. We can do this by making 
all of the elements of Aj absorbing and find the mean time to absorp-
tion. (A slight modification is necessary if i is in Ad From these 
we obtain the mean time to go from At to A j , by 

mij = 2: a*kmk,A,. 
kin Aj 

where a*k is the k-th component of ai . 

§ 6.5 Expanding a f¥larkov chain. In the last two sections we 
showed that under certain conditions a Markov chain would, by 
lumping states together, be reduced to a snmller chain which gave 
interesting information about the original chain. By this process we 
obtained a more manageable chain at the sacrifice of obtaining less 
precise information. In this section we shall show that it is possible 
to go in the other direction. That is, to obtain from a Markov chain 
a larger chain which gives more detailed information about the process 
being considered. We shall base the presentation on results obtained 
by S. Hudson in his senior thesis at Dartmouth College. 

Consider now a Markov chain with states 81, S2, ... , Sr- \Ve form 
a new Markov chain, called the expanded process, as follows. A state 


