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Abstract—Fréchet random forests extend the power of classical
random forests to general metric spaces, offering promising ad-
vantages over traditional methods, especially in high-dimensional
settings. While forests have empirically outperformed individual
trees in Fréchet regression, the theoretical basis for this im-
provement remains largely unexplored. This paper fills this gap
by establishing non-asymptotic upper bounds for the prediction
risk of Fréchet Mondrian forests, complementing the existing
literature that primarily focuses on asymptotic analysis. We
demonstrate that, under suitable regularity conditions, Fréchet
Mondrian forests attain convergence rates comparable to their
Euclidean counterparts. Moreover, under higher-order smooth-
ness assumptions and with a sufficient number of trees, Fréchet
forests achieve faster convergence than individual Fréchet trees,
thereby providing a rigorous theoretical justification for the
benefit of ensembles in non-Euclidean regression problems. The
effectiveness of the proposed method is further corroborated
through simulation studies across diverse settings, including
probability distributions, symmetric positive-definite matrices,
and spherical data.

Index Terms—Ensemble learning, Fréchet regression, metric
space, Mondrian forest, non-asymptotic analysis.

I. INTRODUCTION

ON-EUCLIDEAN data analysis has gained significant
Nattention recently due to the increasing availability of
structured data in fields like medical imaging, computational
biology, and network science. As a prominent line of re-
search, Fréchet regression extends traditional regression mod-
els, where responses are scalar or vector-valued, to accommo-
date data such as probability distributions, shapes, or networks,
which naturally lie in nonlinear spaces (e.g., Wasserstein
or manifold spaces). The methodology builds on Fréchet’s
pioneering concept of the intrinsic mean [1] in metric spaces,
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defined as the point minimizing the expected squared distance.
Seminal works by [2] introduced a conditional Fréchet mean
framework and developed global and local linear methods
to model relationships between scalar predictors and non-
Euclidean responses, leveraging the intrinsic geometry of the
response space. Subsequent advancements, including exten-
sions to longitudinal data [3], [4], single-index models [5], [6],
nonlinear global regression [7] and regularization techniques
[8], have further expanded the scope and applicability of
Fréchet regression, solidifying its role as a critical tool for
modern statistical analysis. While the aforementioned works
focus on the asymptotic theory of Fréchet regression methods,
[9] shifted attention to its non-asymptotic properties and
revealed important insights into finite-sample behavior.

Recently, research on Fréchet regression has increasingly
shifted toward ensemble models. Random forests, introduced
by [10], are among the most widely used ensemble learning
methods, combining predictions from multiple decision trees
to improve accuracy and mitigate overfitting. Random forests
are appealing due to their few tuning parameters, parallel
training, robustness to feature scaling and noise, reason-
able computational cost, and suitability for high-dimensional
settings. Over the years, extensive theoretical studies have
established the consistency and asymptotic properties [11]-
[18] of random forests, while practical enhancements have
broadened their applicability across various domains. Among
these advancements, Mondrian forests, proposed by [19],
stand out as an important development due to the favorable
geometric properties of Mondrian splitting. [20] introduced
a Mondrian forest algorithm for online learning. In offline
learning [21], Mondrian forests have been demonstrated as
the first class of random forests to achieve the minimax
optimal rate in arbitrary dimensions under nonparametric
assumptions [22]. More importantly, Mondrian forests exhibit
faster convergence rates than individual trees in higher-order
Holder continuous regression, thereby highlighting the role of
exogenous randomness in the model aggregation algorithm.
Later, [23] provided the asymptotic normal distribution of
Mondrian forests and developed valid statistical inference with
a debiasing approach. More recently, [24] introduced oblique
variants of Mondrian forests, called Tessellation forests, which
also achieve minimax optimal rates in arbitrary dimensions
with general split directions.

The aforementioned studies focus on regression models with
scalar-valued responses. For non-Euclidean responses, local
linear Fréchet regression [2], which relies on nonparametric
kernel smoothing without model structure assumptions, faces
challenges in high-dimensional settings [25], [26]. This limi-



tation hinders the broader applicability of Fréchet regression
in real-world applications. To this end, extending random
forests to Fréchet regression is a promising direction. When
the predictor dimension is relatively high, these methods are
expected to outperform existing Fréchet regression approaches,
given the favorable properties of random forests. [27] proposed
the concept of Fréchet trees and Fréchet random forests. The
Fréchet mean of the tree outputs serves as a prediction in
Fréchet random forests, following the tree-averaging strategy
of Euclidean random forests. In contrast, [28] followed the
framework of Fréchet regression [2]. They viewed random
forests as powerful local weight generators and applied the
generated weights to local Fréchet regression. Although these
are two distinct methods, both treat Euclidean random forests
as special cases. Both Fréchet random forest methods exhibit
desirable asymptotic properties and demonstrate outstanding
numerical performance in complex scenarios.

The integration of random forests into Fréchet regression
provides a powerful tool for non-Euclidean data analysis.
However, similar to the Euclidean case, the mechanisms
underlying the effectiveness of Fréchet random forests are not
yet fully understood, and this paper aims to bridge this gap.
Due to the lack of linear structure, the analysis of Fréchet
random forests must often proceed without explicit expres-
sions, which creates substantial challenges for theory. Notably,
the Euclidean random forest is a special case of the Fréchet
random forest. A natural and important question is which
properties of Euclidean random forests can be transferred to
non-Euclidean settings. This paper has two primary objectives:

(1) To establish a non-asymptotic upper bound for the pre-
diction risk of Fréchet random forests. The existing
literature on Fréchet random forests has primarily focused
on asymptotic convergence properties, with much of the
Fréchet regression literature also centered on large sample
theory. Establishing non-asymptotic convergence rates for
Fréchet random forests will offer additional insights into
the convergence behavior of these methods and provide
theoretical support for their numerical performance in
finite sample settings.

(2) To explore when Fréchet random forests outperform indi-
vidual trees. In the Euclidean case, numerous studies have
investigated the reasons behind the superior performance
of random forests compared to individual trees, from
both theoretical and empirical perspectives [21], [29]-
[32]. However, it remains unclear whether this advantage
extends to the non-Euclidean case. While Jensen’s in-
equality ensures that Euclidean random forests perform at
least as well as individual trees in terms of prediction risk,
it does not apply in non-Euclidean spaces. Additionally,
[27] only examined the convergence of individual trees,
while [28] only studied random forests with infinite trees.
Therefore, a comparison between Fréchet random forests
and individual Fréchet trees is still an open question that
warrants further exploration.

This paper adopts the Fréchet random forest strategy pro-
posed by [28] and combines it with the Mondrian splitting
criterion [21], resulting in a method we term the Fréchet

Mondrian forest, which serves as the foundation for achieving
the two objectives outlined above. Specifically, under suitable
non-Euclidean assumptions and smoothness conditions, we
establish the consistency and convergence rate of Fréchet Mon-
drian forests in arbitrary dimensions. Our results demonstrate
that when the Mondrian parameter A and the number M of
trees in Fréchet random forests are properly tuned, we can
achieve the same convergence rate as in the Euclidean case.
To the best of our knowledge, this is the first non-asymptotic
result for Fréchet random forests. Furthermore, under higher-
order smoothness assumptions, we find that when the number
of trees exceeds a certain threshold, the Fréchet Mondrian
forest achieves faster convergence than an individual Fréchet
Mondrian tree due to its smaller bias, which again aligns with
the Euclidean case. These analyses highlight the importance
of ensemble learning in Fréchet regression and offer valuable
insights into the relationship between Fréchet regression and
Euclidean regression.

The rest of the paper is organized as follows. Section II
presents the necessary background of Fréchet regression and
motivates the choice of our forest model. Section III develops
the theoretical properties of the Fréchet Mondrian tree and
forest, establishing their consistency and convergence rates
under [-Holder (8 < 1) smoothness conditions. Section IV
then focuses on the advantages of forests over individual
trees under higher-order smoothness assumptions. Section V
empirically investigates the predictive performance of Fréchet
Mondrian forests across different response types. Finally, in
Section VI, we provide a brief summary and discussion of
our findings. All proofs are provided in the Appendices.

Some notation: We use c to represent general absolute
constants whose value may change from line to line. If the
value depends on some variables, we indicate them by an
index. |a] is the integer part of the real number a. ||z||2 is
the I norm of the vector z = (z (1), . .. ,x(d))T and ||A||r is
the Frobenius norm of the matrix A = (a;;). Let Ny denote
the set of non-negative integers and Ri be the subset of
RF consisting of points whose components are all positive.
B(x,d, ) denotes the ball of center x and radius & with respect
to the metric d. The d-diameter of a set A is defined by
diam(A,d) = sup,, ,,cad(w1,22). U([0,1]7) denotes the
uniform distribution over the p-dimensional unit cube [0, 1]7.
N (a,b) denotes the normal distribution on R with mean a
and variance b.

II. MOTIVATION AND METHOD

In this section, we introduce the background of the problem
and the Fréchet random forest model used for the subsequent
theoretical analysis.

A. Fréchet regression

Let (£2,d) denote a metric space equipped with a specific
metric d, and let R? represent the p-dimensional Euclidean
space. Given a probability space (7, B, Pr), where By is
the Borel o-algebra in the domain 7 and Py is a probability
measure, we consider a random pair Z = (X,Y) € [0, 1]P x Q.
As a measurable mapping from 7 to [0, 1] x €, the joint law



of (X,Y) is represented by v, such that v(A) = Pr(r €
T : Z(r) € A) for any Borel measurable set A C [0, 1]P x Q.
Let vx denote the marginal distribution of X. The conditional
probability measure of Y given X = z is assumed to exist.
Now we focus on the regression problem. In the special case
where 2 = R, the objective of classical Euclidean regression
is to estimate m(x) = E(Y|X = xz). However, when the
response Y resides on a general metric space without a linear
structure, a similar definition of Fréchet regression becomes
impractical, hindering the definition of conditional Fréchet
mean [2]
mg(x) = argmin F, (w)
weN

= argminE {d*(Y,w) | X = 2}.
weN

ey

By replacing the metric d with the Euclidean distance when
Q = R, (1) returns to the classical Euclidean regression
function m(z).

B. Fréchet Mondrian tree

A Fréchet tree, referring to a tree that handles metric space-
valued responses, splits the input space recursively from the
root node (the entire input space). Each split divides a parent
node into two child nodes along a chosen feature direction
and cutoff point, determined by a specific criterion. After
multiple splits, sufficiently small child nodes form leaf nodes,
where sample points are used to estimate the conditional
Fréchet mean. Tree variants differ primarily in their splitting
criteria. This paper focuses on the Fréchet Mondrian tree,
constructed via the Mondrian process (see [21]). A Mondrian
partition of feature space can be sampled from the Mondrian
process distribution MP (), C) using the recursive procedure
SampleMondrian(C,7 = 0,\) described in Algorithm 1.
The lifetime parameter A governs partition complexity, with
larger values resulting in deeper trees. Any sample drawn
from MP(\, [0, 1]?) generates a recursive partition of [0, 1]?,
thereby resulting in a Fréchet Mondrian tree.

Algorithm 1 SampleMondrian(C, 7, A): Samples a Mondrian
partition of C' starting at time 7 and continuing until time .

Inputs: A cell C = [],.;-,[a;,b;], starting time 7, and
lifetime parameter A.
Sample a random variable Fc ~ Exp(|C|) with |C] =

2;=1(bj - ag).

if 7+ Ec < X then
Sample a split dimension J € {1, ...
P(J =j) = (bj —a;)/|C|;
Sample a split threshold S; uniformly in [az,bs];
Split C along the split (J, S;):let C, = {z € C : x(y) <
SJ} and CR:C\CL;
return SampleMondrian(Cr, 7 + Ec,A) U Sample-
Mondrian(Cr, T + Ec, A).

else
return {C'} (i.e., do not split C).

end if

,p} with probability

We sample a partition ITy from MP(A, [0, 1]?) to construct
a Fréchet Mondrian tree T'. Given training data {(X,;,Y;)}"

from v, then mg(x) can be predicted by the sample Fréchet
mean of responses of the observations falling in the same leaf
as x, that is,

e () = argmin F, (w)
weN

1
= argmin — ———

Een N (z,1Iy) i:X’ie%:%HA)
where L(z,II,) is the leaf node containing = and N (x,II,)
is the number of observations falling in L(x,IIy). If the leaf
L(z,1I1,) is empty, to avoid ambiguity, we define 0/0 = 0 by
convention and the tree estimate 7g(x) may take any value
in Q. We call /g (x) the tree estimator.

C. Fréchet Mondrian forest

A random forest is an ensemble of multiple random trees.
Given I 5/ {H(] )} 7, independently and identically
sampled from MP()\, [0,1]7), we have the estimator m )( )
by (2) based on Hg\j ).

fng)(m) = argmin FV)(w)

wenN
. 1 2
= argmin ———— d (Y;,w) .
weQ N(x,HE\])) Z

i X;€L(x,11{))

The forest estimator for mg (z) can be given in two ways.
The estimator proposed by [27] adopts the sample Fréchet
mean of the tree estimators:

2 (5 (]
= argmin d
weN Z

),w). 3)

Mg, M

However, the operation of Fréchet mean does not obey
Jensen’s inequality [33]. Specifically, for any sequence
{w1,...,wpr} of elements in a general metric space (2, and
for any sequence of real numbers {a1, ...,y }, satisfying
a; > 1,

d” (argmln Za d" (wj,w ),w')

weN J=1
)w')

M
<ot Z a;d" (mé;’(x
j=1

for any positive integer M and r > 1. Therefore

}<2ZE{d2 mEB T m@(x))}

:2M~E{d2(m@ (z),mg(2)) },

which poses a challenge in demonstrating the theoretical
advantage of Fréchet forests over individual Fréchet trees. This
also suggests that the theoretical guarantee for the rationality
of tree ensembles in non-Euclidean scenarios is not a simple
extension of the Euclidean results.

The alternative route introduced in [28] provides a promis-
ing direction to advance our research. They use forests to
generate local weights rather than directly averaging the results

E{d (m@ M



of the trees. More precisely, the Fréchet forest implicitly
constructs a kernel-type weighting function

)

Z {zEL(w H(J) ’ )

where L(CU,H&])) is the leaf node containing = of the j-th
Mondrian tree based on the partition 115, and N (z, 1) is
the number of observations in it. This kernel is equivalent to
the empirical probability that x and z share a leaf node within
the random forest. With the forest kernel (4), [28] gives the
following forest estimator for mg ()

a,\sz

Mg pm(z) = argmin F%M (w)
weN

n (5)
= argmin Zaz m(2)d? (Y,w),
wel i—1

where a; ar(z) = o m(x, X;) is used to measure the local
contribution of X; to z. There are two points worth mentioning
below. First, let a;(x) = 1{x,er(2,m,)}/N (z, 1) be the local
weight provided by a Mondrian tree based on the partition 1T
and a( )( ) be the adaptation of «;(x) when taking II, as
Hg\]), then o ar(z) = 37 Zjle a,gj)(ac) and

Mz(zam V2V >)
1 ¢ ()
=375 mJ (W)
3

Thus, (5) is equivalent to optimizing the average of the target
functions associated with individual Mondrian Fréchet trees.
In particular, 7hg ar(z) reduces to the tree estimator Mg (z)
when M = 1. Second, When 2 = R equipped with the
Euclidean distance, g a(x) has the explicit expression

§ azM

(6)

Mg, M

M

J=1 #:X,€L(z,1))
which reduces to the classical Euclidean Mondrian forest
[21], i.e., the average of all Mondrian tree estimators. This
illustrates that (5) serves as a generalization of Euclidean
forests for metric space-valued responses. Note that (5) and (3)
are two distinct methods, and in the sequel, the forest estimator
e m(z) always refers to (5) based on which the theoretical
guarantees are established. In the extreme case a; ar(z) =0
for all 1 < ¢ < n, namely, no observations fall into the same
leaf as x in any Fréchet tree, the situation becomes degenerate
and Mg ) (x) may take any value in Q.

xH)

III. CONVERGENCE ANALYSIS

This section develops the theoretical guarantees for the
proposed Fréchet Mondrian forests. Our primary objective is
to establish the corresponding consistency and non-asymptotic

convergence rates under mild geometric and smoothness con-
ditions. These results extend the existing theory for Eu-
clidean responses to general metric space valued responses
and demonstrate that random forest constructions remain sta-
tistically effective for non-Euclidean regression.

A. Consistency

Consistency is a fundamental requirement for the validity
of an estimator. Before presenting the formal results, we first
outline the underlying assumptions.

(A1) (Q,d) is a bounded metric space, i.e., diam(f2,d) =
SUD,,, wyen d (w1, w2) < oo.

(A2) X has a bounded positive density f(z) w.rt. the
Lebesgue measure on [0,1]P. In addition, assume that
there exists a probability measure . on € satisfying the
following property: let y — p(y|z) be the u-density of
Y conditional on X = z, for p-almost all y € Q, p(y|x)
is continuous in z.

(A3) The objects mg () and g ar(x) exist and are unique,
the latter almost surely, and, for any € > 0,

inf {Fy(w) — F (mg(x))} > 0.
d(w,mg(z))>e

(A4) N(z,11{)) = oo for j=1,..., M.

Assumptions (A1)-(A3) are commonly used conditions to
study the Fréchet regression, see [2]. Assumption (A2) im-
poses a continuity condition on the conditional distribution of
the response. Assumption (A3) is a regularity condition ensur-
ing the consistency of M-estimators (Corollary 3.2.3 of [34]).
Assumption (A3) holds automatically in Hadamard spaces
(Proposition 4.3 of [35]) when E {d?(Y,w) | X =2} < oo
for some w € (2, equivalently, when the conditional sec-
ond moment is finite. Examples of Hadamard spaces in-
clude Hilbert spaces, Riemannian manifolds with nonpositive
sectional curvature, the Wasserstein space on R, and com-
plete real trees. For other metric spaces, the existence and
uniqueness of mg(z) and g a(x) can still be guaranteed
when the data lie in a geodesically convex subset and the
distance function satisfies a suitable convexity condition [§].
For example, on the unit sphere with geodesic distance, the
uniqueness of (sample) Fréchet means holds if the support
of the underlying distribution is restricted to a hemisphere.
For a detailed discussion on Riemannian manifolds, see [36].
Assumption (A4) imposes a condition on the tree growth rate,
which is also adopted in [37], [38].

The following result establishes the consistency of Fréchet
Mondrian forests: as the sample size grows, the estimators
converge to the true regression function. This extends the
fundamental consistency property from Euclidean forests to
the general metric-space setting.

Theorem 1. For a fixed x € [0,1]P and any M > 1, suppose
that (Al)—(A4) hold. If n — oo and X\ — oo, then mg(x) is
pointwise consistent, that is,

d(1he,ar(2), me (2)) = 0p(1).



B. Convergence rate

Furthermore, we investigate the non-asymptotic conver-
gence rate of the estimators. The error rate for Fréchet regres-
sion methods hinges on the complexity of the metric space €2,
which can be characterized by Talagrand’s v, measure [39].
This measure is also adopted in [9].

Definition 1. (i) Given a set B C 2, an admissible sequence is
an increasing sequence (Ak?)ke No of partitions of B such that
Ao = {B} and the cardinality of Ay, is bounded as #A;, <
22" for k > 1. If every set of Ayx11 is contained in a set of
Ay, then it is called an increasing sequence of partitions. We
denote by Ay(w) the unique element of Ay, which contains
w € B. (ii) Let (B,d) be a pseudo-metric space, i.e., d is
symmetric, fulfills the triangle inequality, and d(w,w) = 0 for
all w € B. Define
o0

inf sup Z
weB k=0

Y2 (B,d) := 2% diam (Ap(w),d),

where the infimum is taken over all admissible sequences in

B.

Talagrand’s 72 measure can be bounded by the entropy
integral

c/ooo V1og(N(B,d,r))dr,

where N (B,d, ) is the r-covering number of the set B w.r.t.
the metric d. To establish the risk bound for Fréchet Mondrian
trees and forests, we need the following assumptions.

(B1) The object mgq(z) exists. There is Cyip € [1,00) such
that Cyy d*(w, mg (7)) < Fy(w) — Fy(me(x)) for all
weQandz e 0,17,

(B2) There are Cgp; € [1,00) and « € [1,2) such that, for all
BcCqQ,

v2(B,d) < Cgpt max (diam(B,d),diam(B,d)a).

(B3) There are x > ﬁ and ChMom € [1,00) such that
E{d"(Y,mg(z))|X = x} < Cwmom for all z € [0, 1]7.

(B4) Let Clen € [1,00) such that sup,, ., co,1)» d(me (1),
mg(22)) < Clen. There exists a probability measure
w on € satisfying the following properties: let Clyy €
[1,00) such that [ d*(y, mg(xo))u(dy) < Cint for some
zo € [0,1]7; let y — p(y|x) be the u-density of Y
conditional on X = x; for p-almost all y € €, there is
L(y) > 0 and 8 € (0,1] such that

— plyla")| < L(y) - |« — 2'||5

for every z,2' € [0, 1]P; moreover, there are constants
Csmp, Ccql € [1 OO) such that fL (dy) < Ong
and [ p?(y|z)p(dy) < CZy, for all z E [0,1]P.

Define H (wy,w2) = { [ (d(y,w: +d(y7w2)) (dy)}
There is Cgom € [1, 00) such that, for all = € [0,1]?,

E{ H (e, (x), me ()" |[{ Xi Y, H/\,M}; < CBom-

The above assumptions were originally introduced by [9]
to establish the convergence rate of local Fréchet regression

p(ylz)

(B5)

[2] in expectation. Assumption (B1), a quantitative version
of Assumption (A3), is a standard condition that regulates the
behavior of Fy,(w) near mg (). It is related to the convergence
rate of M-estimators and guarantees the uniqueness of the
minimizer mg(z). It always holds when  is a Hadamard
space (Proposition 4.4 of [35]). Assumption (B2) is satisfied
with a = 1 for both Euclidean space and any bounded metric
space. The bounded Fréchet moment condition in (B3) is a nat-
ural extension of the moment condition commonly imposed in
Euclidean settings. Assumption (B4) imposes smoothness on
mg (x) via the conditional density p(y|z) since the conditional
Fréchet mean lacks an explicit expression. Assumption (B5S) is
a general condition applicable to both bounded metric spaces
and Hadamard spaces. For further details, please see Remarks
1 and 2 of [9]. In the next section, we will present four
representative examples, including symmetric positive-definite
matrices, functional data, compositional data, and probability
distributions, all of which satisfy the stated assumptions.

The following theorem establishes a non-asymptotic risk
bound for Fréchet Mondrian forests. Remarkably, the conver-
gence rate matches the minimax optimal rate in Euclidean
regression under S-Holder smoothness. This highlights that,
despite the lack of linear structure, non-Euclidean forests can
achieve comparable efficiency to classical methods.

Theorem 2. Assume (BI)-(BS5) and M > 1. The mean
squared error of the forest estimator g r(x) with lifetime
parameter A > 0 satisfies

E {d* (g m(x), me(z))}

B
2 8 (8
< o (CvoCaomCismp) 77 p7°= (x) ’

1
Ca,k (CVIOCBomCCdICMomCEnt) =K (nyx(L(az,HA))> .

Then the mean integrated squared error is
E {d* (g, m(X), me (X))}
<cCa,rx (CVIoCBomCSmD)2 “ p2 * ( 2) +

2 (1+ X
Ca, i (CvioCBomCcaiCMomCEnt) 2= u

)

n

nt/ P+20) e have

)} <0 (n_%) .

Theorem 2 holds for Fréchet Mondrian forests with any
number of trees. This shows that both Fréchet Mondrian
trees (M = 1) and forests attain the same convergence
rate. The first term on the right-hand side of (7) represents
the bias of Fréchet Mondrian forests, caused by the local
approximation at the leaves. The second term represents the
variance of the Fréchet Mondrian forest, arising from sample
estimation. The bound provided here pertains to convergence
in expectation and is non-asymptotic, distinguishing it from
the results in [2], [28]. In particular, the rate n—20/(P+25)
coincides exactly with the minimax rate [22] for nonparametric
Euclidean regression under S-Holder smoothness on RP. In

In particular, taking \ = X\, <

E {d* (g, (X), me(X)



contrast to the one-dimensional fixed design studied in [9],
Theorem 2 is established under the more general multi-
dimensional random design setting. In the random design, the
covariates and Mondrian partitions are random, making the
local weights stochastic as well. This requires controlling the
joint randomness of data and partitions and handling the local
effective sample size in each random leaf, including empty-
leaf events.

Remark 1. As in [9], we consider two important metric space

classes:

(1) When Q is a bounded metric space, Assumption (B2)
holds with o = 1, Assumption (B3) holds with Cyom =
diam(Q2, d), and Assumption (B5) holds with Cgom =
2 diam(Q, d);

(2) When ) is a Hadamard space, Assumption (Bl) holds
with Cyjp = 1, and Assumption (B5) holds with Cgom =
Cx ComClrenCint, provided that Cujom, Clren, Cint all exist.

For a comprehensive treatment on metric geometry, see [40].

IV. FASTER CONVERGENCE OF FRECHET FORESTS UNDER
HIGHER-ORDER SMOOTHNESS

In the previous section, we showed that Fréchet Mondrian
forests attain the minimax optimal convergence rate for (-
Holder smooth regression functions in general metric spaces.
However, this result alone does not demonstrate any statistical
advantage of forests over individual trees, as both estimators
share the same convergence rate when S < 1. In practical
applications, forests often outperform single trees, and this
phenomenon also carries over to non-Euclidean settings. Con-
sistent with findings in the Euclidean case [21], we observe
that in high-order smooth Fréchet regression, a single Fréchet
tree achieves at most the rate corresponding to the Lipschitz
case, rendering it suboptimal compared to Fréchet forests.
The inherently piecewise constant nature of a single tree
limits its ability to fully exploit the higher smoothness of the
regression function. In contrast, by averaging the objectives
over multiple trees as in (6), forests inherently regularize and
smooth the estimator. This aggregation enables forests to adapt
more effectively to the underlying smoothness, resulting in a
faster convergence rate. To formalize this, we now introduce
a strengthened version of the smoothness assumption (B4) on
the conditional density p(y|z).

(B4') Further, for every z,z’ € [0, 1P,

IVo(ylz) — Vo(yla)|l2 < L(y) - la —2'||5

and ||[Vp(y|z)|l2 < L(y); X has a positive and Cy-
Lipschitz density f w.r.t. the Lebesgue measure on
[0, 1]P.

The following theorem shows that, under the above high-
order smoothness assumption, Fréchet Mondrian forests built
with sufficiently many trees continue to exhibit favorable
convergence behavior due to bias reduction.

Theorem 3. Assume (B1)~(B3), (B4'), (B5) and M > 1. The
mean squared error of the forest estimator Mg pr(x) with
lifetime parameter \ > 0 satisfies

E {d®(rha,m(z), me(z)) }

1
nrvx (L(JT,H)\))> +

2
p HC\P?
2 M + ( 2 ) kv

2 1 P
ﬁ ﬂ + i Z e_A[-'E(j)/\(l_w(j))]
fo) N0 T2 2 ’
j:

where fo = inf,cp0 10 f(2) and fi = sup,ejo1pp f(2). Set
e €(0,1/2) and B. = [e,1 — €]P. Then
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In particular, setting s = 14 and taking \ = \,, < n'/(P+2s)
and M = M, > n?#/(?+29) e have

2a—2 2
2 — 5~
Ca,nCSmDCCQd/ (CVIocBom) 2o {

E {d?(ho,01(X), me (X)) | X € B.} =0 (n77% ). 8)

In the case where € = 0, which corresponds to integrating
over the whole hypercube, the bound (8) holds if 2s < 3. On
the other hand, if 2s > 3, letting A\ = \, = n/®*3) gnd
M = M, > n*®+3) yields

E {d? (g a(X), me (X))} = O (n*T) .

The theorem again shows that the Fréchet Mondrian forest,
with a sufficient number of trees, can achieve the nonpara-
metric optimal rate [22]. However, due to boundary effects,
the convergence rate over the entire feature space [0, 1]? de-
teriorates once s > 1.5. This phenomenon is also observed in
Euclidean local constant estimators such as Nadaraya—Watson
and k-nearest neighbors regressions [41], [42]. Theorem 3
demonstrates that aggregating multiple trees induces locally
smoother weights than a single Fréchet tree, thereby better
capturing higher-order smooth structures in the Fréchet re-
gression function. In contrast to [9], which improves rates by
upgrading Nadaraya—Watson to local linear Fréchet regression,
our approach attains similar gains through ensemble aggre-
gation. These represent two distinct routes to exploit higher-
order smoothness, with the ensemble effect being notably more
subtle in non-Euclidean settings.

From a technical perspective, Theorem 3 differs from the
Euclidean analysis of [21], although both rely on the core
Mondrian geometry to calibrate bias and variance. In the
Euclidean case, a forest prediction is an explicit scalar average
of tree outputs, which permits a direct bias—variance decompo-
sition. By contrast, in the non-Euclidean setting, the estimator
is defined implicitly as a minimizer of a squared-distance
functional, so the entire risk analysis must be rebuilt within
the M-estimation framework in combination with empirical-
process techniques. Moreover, as classical Jensen’s inequality



fails in general metric spaces, we average objectives (squared-
distance functionals) via forest-induced weights, shifting en-
sembling from averaging point estimates to averaging losses.
All results are developed under general metric spaces, without
relying on any linear structure. We instantiate the theory on
bounded metric spaces and Hadamard spaces. Consequently,
[21] emerges as a special case of our framework, and the prov-
able ensemble advantage extends beyond Euclidean domains.
Below, we illustrate through several examples that a single tree
cannot attain the convergence rate provided by Theorem 3.

a) Symmetric positive-definite matrices: ~Symmetric
positive-definite matrices frequently arise in optimization, ma-
chine learning, and geometry, particularly in the context of
Riemannian metrics and covariance structures. To define com-
monly used metrics between such matrices, some preliminary
concepts are needed. For a matrix S, let |.S] denote its strictly
lower triangular matrix, and D(S) denote its diagonal part.
Let I,,, denote the m x m identity matrix. For a symmetric
matrix A € R™*™, the matrix exponential is defined by
exp(4) = I, + Zj L A7, Conversely, for a symmetric
positive-definite matrix S] the matrix logarithm is defined as
log(S) = A such that exp(A) = S. If S is symmetric positive-
definite, there exists a unique lower triangular matrix P with
positive diagonal entries such that PPT = S. This matrix P
is called the Cholesky factor of S, denoted by .Z(S). Given
two symmetric positive-definite matrices S7 and S, the log-
Euclidean metric [43] between them is defined as

d(S1,52) = [[log(51) — log(S2)]|e-
The log-Cholesky metric [44] is defined as
d(S1,52) = de(ZL(51), Z(52)), ©)

where dp (P, Py) = {[[[P1] — [P2Jl[i + [[logD(P1) —
logD(P,)||2}1/2. And the affine-invariant metric [45], [46]
is defined as

5,59 o (5557

The space of symmetric positive-definite matrices, equipped
with the Frobenius, log-Euclidean, log-Cholesky, or affine-
invariant metric, forms a Riemannian manifold of nonpositive
sectional curvature. We begin with an example of Fréchet
regression, where the responses are symmetric positive-definite
matrices endowed with the log-Euclidean metric, to show that
a single Fréchet Mondrian tree does not attain the convergence
rate achieved by forests.

Example 1. Let S;' be the collection of 2 X 2 symmetric
positive-definite matrices. We equip SQL with the log-Euclidean
metric. Let (X,Y) be a [0,1] x S5 -valued random pair with
the following relationship

AHF(X0) | 1-F(X,0)  IHF(X0) _ 1—F(X.e)
Y = ( 81+f(x,e)zel—f(x,e> e1+f(x,s)J2rel—f(x,s) ) )
2 2
where f(X,e) = X + 14 ¢ with X ~ U([0,1]) and the
random noise ¢ ~ N(0,0%) is independent of X. A single

Fréchet Mondrian tree g, (x) is used for Fréchet regression.
Here we stipulate that the tree returns e-I5 if the leaf L(x, 1)

is empty.

b) Functional data: Functional data [47], [48] consists
of curves, surfaces, or other continuous objects that vary over
a domain, typically representing measurements collected over
time or space. In functional data analysis, most works focus on
L2([0,1]), that is, L*(E, %,&) space with E = [0,1], % the
Borel o-field of [0,1] and ¢ Lebesgue measure. Specifically,
L?([0,1]) is the collection of measurable functions f on [0, 1]
that satisfy fol |f(t)|?dt < oo. The vector space operations of
addition and scalar multiplication are defined by (f ©g)(t) =
f(®) 4+ g(t) and (¢ ® f)(t) = ¢ f(t) for any ¢ € R and
f,g € L*([0,1]). Further, f& g = f@® (—1® g). It is well
known that L?(]0, 1]) is a separable Hilbert space under the
inner product (f, g) fo t)dt. Below is an example of
Fréchet regression with functlonal responses, where a single
tree cannot achieve the convergence rate of forests.

Example 2. Let L?([0,1]) be the collection of square inte-
grable functions on [0,1]. We equip L*([0,1]) with d(f,g) =
(feg, f 99)1/2 induced by the inner product. Let (X,Y)
be a [0,1] x L?([0, 1])-valued random pair with the following
relationship

Y =foe{(X+e) g},

where fo,90 € L*([0,1]) with go # 0, X ~ U([0,1]), and
the random noise ¢ ~ N'(0,0?) is independent of X. A single
Fréchet Mondrian tree 1hg () is used for Fréchet regression.
Here we stipulate that the tree returns fo © go if the leaf
L(z,I1y) is empty.

¢) Compositional data: Compositional data [49], [50]
consists of vectors whose components represent proportions
of a whole and convey relative, rather than absolute, infor-
mation. Such data naturally arise in various fields, including
geochemistry, economics, and microbiome studies, and require
specialized statistical methods to account for their inherent
constraints. Mathematically, compositional data lie in the open
(k — 1)-dimensional simplex:

k
_ T
uk 1_ {u: <U(1),U(2),...,U(k)) S 'Ri : ZU@) = 1}.
i=1

The simplex is endowed with an Aitchison geometry, which
turns it into a separable Hilbert space with operations defined
in the log-ratio framework. For any u,v € U k=1 "the additive
operation and scalar multiplication are given by

Umva) U2)Y2) Uk) U(k)

.
U @ ’U fr ( k‘ 5 k PRI k )
Dot U@ V() i U() V() Dim1 UG V()

T
U uy, U
c@u:( k(l)c , k(z)c R k(k)c> .
Dio1 U) > i1 0} Dio1 U)
The associated inner product in the Aitchison geometry is

2kZZ gu .

i=1 j=1 () U(J)

(u, v)

The induced Aitchison metric is given by

d(u,v) =




1/k . .
where h(u) = ([T5, uw) /" is the geometric mean of u. We
next present an example with compositional data as responses,
illustrating the advantages of forests over trees.

Example 3. Let U? be the collection of three-dimensional
compositional data. We equip U? with the Aitchison metric. Let
(X,Y) be a [0, 1] xU?-valued random pair with the following
relationship

6X+1+61

1 e2X+2+e2 \ T
Y = ) ’
<f(X751752) f(XaEMEQ) f(Xa51,€2))

with f(X,e1,e9) = 1+eX e 42X 242 x ([0, 1]),
and the random noise €1,e2 ~ N(0,02) are independent
of X. A single Fréchet Mondrian tree tg () is used for
Fréchet regression. Here we stipulate that the tree returns

(1/3,1/3,1/3) 7 if the leaf L(z,11y) is empty.

d) Probability distributions: The Wasserstein space [51],
[52] is a metric space of probability measures equipped with
the Wasserstein distance, which arises naturally in optimal
transport theory. It has become an important tool in statistics
and machine learning, with applications ranging from gener-
ative modeling and domain adaptation to distributional data
analysis and shape matching. Formally, let (M,da) be a
Polish metric space. The k-Wasserstein space on M is

Wi(M) ={{ € P(M): /d’j\,[(z,z()) €(dz) < 00,20 € M},

where P(M) is the set of Borel probability measures on
M. The Wasserstein distance between two measures &1,&s €
Wi (M) is defined as

inf
YEL(§1,€2)

1/k
dene)={ it [ duaendaea)
MxM

where T'(£1,&2) denotes the set of all couplings (transport
plans) between &; and &». The space Wi (M) is a complete
geodesic metric space; however, unlike the three spaces dis-
cussed above, it is not always a Hadamard space (Section 4
of [53]). In what follows, we consider the most commonly
used Wasserstein space, W5(R), comprising all probability
measures on R with finite second moments. This space is a
Hadamard space, and in this case, the Wasserstein distance
has an analytic solution:

1/2

a1, 6) = { / Q) - Q2<t>>2dt} ,

where (1 and @5 are the quantile functions corresponding to
&1 and &5, respectively. Below is another example of Fréchet
regression with distributional responses.

(10)

Example 4. Let W5(R) be the collection of probability dis-
tributions on R with finite second moments. We equip W (R)
with the Wasserstein distance. Let (X,Y") be a [0, 1] x Wa(R)-
valued random pair with the following relationship

Y=N(X+1+¢1),

where X ~ U([0,1]) and the random noise ¢ ~ N (0,0?) is
independent of X. A single Fréchet Mondrian tree mg,(x) is

used for Fréchet regression. Here we stipulate that the tree
returns N'(0,1) if the leaf L(x,I1y) is empty.

The following proposition provides a lower bound for the
convergence rate of Fréchet Mondrian trees in the preceding
examples.

Proposition 1. In Example 1-4, Assumptions (B1)—(B3), (B4')
with 8 = 1, and (B5) hold, and there exist absolute constants
C1, Cy such that the Fréchet Mondrian tree estimator satisfies,

for any n > 18,
0_72 2/3
n )

According to Theorem 3, a Fréchet Mondrian forest with
sufficiently many trees can attain the convergence rate of
n~3/* with s = 2 and p = 1. However, the proposition above
shows that, for Example 1-4, a single Fréchet Mondrian tree
can achieve a rate of n~2/3 at most. This underscores the
advantages of Fréchet forests over single Fréchet trees and
highlights the statistical benefits of ensemble aggregation.

Aierng E {d* (e (X), ma (X))} > CL A Co

where the constants vary in different examples.

V. NUMERICAL STUDY

In this section, we investigate three Fréchet regression
settings where the response variable takes values in probability
distributions, symmetric positive-definite matrices and spher-
ical data. We compare the performance of Fréchet Mondrian
trees (FMT) and forests (FMF), while including global Fréchet
regression (GFR) [2] and local linear Fréchet regression (LFR)
[2] as benchmarks. GFR and LFR can be implemented via
the frechet R package [54]. Across all simulation settings,
performance is evaluated by the average mean squared error
(AMSE) over 100 Monte Carlo replicates. For example, for
the rth replicate, 7, 5,(x) denotes the prediction given by the
FMF estimator 7ig, p (), where M = 1 corresponds to FMT;
the prediction accuracy of FMF is quantitatively assessed using
the mean squared error (MSE):

1000

1
= Tnon dz(mé w (Xi), meg (X5)),
1000 =

MSE, (ma )
computed over an independent testing set {X; }1°°. The final
performance evaluation for FMF uses the AMSE, obtained by
averaging the MSE over 100 simulation runs.

According to the theoretical analysis, the tree depth (con-
trolled by the parameter A € R, ) increases with the training
sample size. However, as the exact relationship is unknown
in practice, tuning A remains challenging. To this end, we
reformulate the stopping criterion in terms of the maximum
number of samples allowed in a leaf node, denoted as k.
Specifically, a node is not split further if the number of
samples within it does not exceed k. When the training sample
size is 100, the default value of k is set to 3. Thus, for a
general sample size n, we set k = |2(n/100)%/ ®+3)] 41,
The exponent 3/(p + 3) is derived by balancing the relation
n < (1 + MNP -k, where (1 + \)P is the expected number
of leaves in a Mondrian tree (see Proposition 2 of [21]) and



X = n!/(P+3) corresponds to the optimal tuning in Theorem 3
under smoothness s = 2. This empirical rule yields high-
performance forests in the simulations below.

A. Fréchet regression for probability distributions

First, we consider a Fréchet regression setting with distri-
butional responses, serving as a representative case of Exam-
ples 1-4. Let W5 (R), equipped with the Wasserstein distance
(10), denote the space of probability distributions on R with
finite second moments. Independent covariates Xi,..., X,
are drawn from U([0, 1]?), and the response Y € W5(R) is
generated as

Y =N (py, U%’)?

where the mean parameter py is drawn from
py ~ N (sin(4rB] X) (28, X — 1), 0.2%)

and the variance parameter is given by oy = 2 (X 1 —X (2)).
We consider two situations: (i) p = 2: #; = (0.75,0.25) ",
B2 = (0.25,0.75)T; (i) p = 5: B = (0.1,0.2,0.3,0.4,0) T,
B2 = (0,0.1,0.2,0.3,0.4) . The above setting satisfies As-
sumptions (B1)-(B3), (B4’) with 3 = 1, and (B5).

We consider training sample sizes {10%,10%4,10%8, ...,
10*} (rounded down to the nearest integer when neces-
sary) and vary the forest size (i.e., number of trees) over
{1,3,5,...,35}. For each configuration, we compute the
base-10 logarithm of the corresponding AMSE; the results
are displayed in Fig. 1. The observed patterns are similar for
both input dimensions p = 2 and p = 5, and we therefore
focus on the case p = 2 (left panel) for illustration. First,
for a fixed training sample size, the AMSE decreases as the
number of trees increases. This indicates that, under high-order
smoothness, Fréchet Mondrian forests benefit from larger
ensemble sizes, exhibiting a clear advantage over a single tree.
However, the decreasing trend of testing errors gradually levels
off, suggesting that beyond a certain threshold, additional
trees yield only marginal improvements. This phenomenon
aligns with the theoretical result that the forest’s risk has
effectively reached its optimal convergence rate. Second, as
the training sample size increases, both Fréchet Mondrian trees
and forests exhibit decreasing testing errors. Moreover, the
flattening point of the error curve shifts to the right, indicating
that a larger number of trees is required for the forest to
attain optimal performance. This again supports the theoretical
findings, which suggest that the threshold number of trees
needed for optimal convergence increases with the training
sample size.

To further evaluate the empirical performance of our ap-
proach, we compare FMT and FMF with 15, 35, and 500 trees
(FMF15, FMF35, and FMF500, respectively) against GFR and
LFR. The training sample size varies over {100, 500, 1000}.
Owing to the high computational cost of LFR, all methods
are evaluated on an independent testing set of size 100. The
results are reported in Table I. As the true Fréchet regression
function is nonlinear, GFR, as an extension of Euclidean linear
regression, performs the worst. Moreover, its performance
does not improve substantially with larger training samples.
In contrast, LFR performs better than GFR owing to its

P Nmberof vees” " numberofrees
Fig. 1. Testing errors of Fréchet Mondrian forests with varying tree counts
for p = 2 (left) and p = 5 (right) with distributional responses.

TABLE I
AVERAGE MSE (STANDARD DEVIATION) OF DIFFERENT METHODS FOR
DISTRIBUTIONAL RESPONSES OVER 100 SIMULATION RUNS. BOLD-FACED
NUMBERS INDICATE THE BEST PERFORMERS.

n GFR LFR FMT  FME35 EMFE500
100 0310 0074 0113 0034 0.032
(0.029)  (0.025) (0.038)  (0.009)  (0.008)
_5 500 0300 0055 004 0010 0.009
p= 0.028) (0.023) (0.011) (0.002)  (0.002)
1000 0298  0.051 0031  0.006 0.006
0.027)  (0.023) (0.008) (0.002)  (0.001)
100 0249 NA 0295  0.136 0.132
(0.026) (0.040)  (0.014)  (0.014)
_5 500 0237 NA 0216  0.082 0.078
p= (0.022) (0.034)  (0.009)  (0.009)
1000 0.235 NA 0170  0.066 0.063
(0.022) (0.024)  (0.008)  (0.007)

Fig. 2. Testing errors of Fréchet Mondrian trees and forests with varying
nodesize k for n = 500 (left) and n = 1000 (right) with distributional
responses. The black vertical dashed line marks the default choice for k.

local linear kernel modeling. However, for higher-dimensional
predictors (p = 5), LFR is unavailable due to implementation
constraints in the frechet package, which supports predictor
dimensions below three. When p = 2, LFR still performs
worse than FMF and even underperforms FMT as the sample
size increases. The performance of FMT improves markedly
through the ensemble of multiple trees, yet the benefit tapers
off when the number of trees exceeds 35. As the number of
training samples increases, the mean and standard deviation
of the MSE decrease for all methods.

We also investigate the influence of the leaf-size parameter
k, which determines the maximum sample count permitted
in each leaf node. In the simulations, k is set by default to
|2(n/100)3/(P+3)| 4 1. To assess the sensitivity of model
performance to this parameter, we train both FMT and FMF of
35 trees while varying k around its default value. Taking p = 2
as an illustrative example, Fig. 2 depicts the testing errors as
functions of k& for n = 500 and n = 1000. The resulting



U-shaped error curves reflect the typical bias—variance trade-
off: when k is too small, the estimators exhibit high variance;
conversely, when k is too large, bias becomes dominant. The
black dashed line in each panel indicates the default choice
of k, which lies close to the minimum of the U-shaped curve.
This observation suggests that the default choice provides a
reasonable balance between bias and variance.

B. Fréchet regression for symmetric positive-definite matrices

As another representative case, we study Fréchet regression
with responses being symmetric positive-definite matrices. An
m X m symmetric matrix A is said to follow a matrix-
variate normal distribution, denoted by A, (M;o?) [26], if
A =07+ M, where M is an m X m symmetric matrix. The
random matrix Z has independent diagonal entries distributed
as (0, 1) and independent off-diagonal entries distributed as
N(0,1/2). We consider the following setting, which satisfies
Assumptions (B1)—~(B3), (B4) with 8 =1 and (B5).

Let S5 be the space of 3 x 3 symmetric positive-definite
matrices endowed with the log-Cholesky metric (9). We inde-
pendently generate X1, ..., X,, from the uniform distribution
U([0,1]P). The response Y € S5 is generated as

10g(Y) ~ Ngg (f()()7 0.22)

with
t 1 p1(X)  p2(X)
fX) = m(X) 1 p1(X)
p2(X)  p1(X) 1

and py(X) = 0.8cos (478 X) , p2(X) = 0.4 cos (4735 X) .
The choice of (81,082) for p = 2 and p = 5 follows that in
Section V-A.

Fig. 3 summarizes the effects of sample size and the number
of trees on the performance of FMF, following the same
setup as before. The observed trends are consistent with those
in the previous experiment and are therefore not repeated
here. We next compare the competing methods for symmetric
positive-definite matrix responses, keeping all other settings
unchanged. The results, summarized in Table II, are similar to
those observed for distributional responses, except that for p =
2, LFR achieves the best performance, while FMF performs
competitively. The superiority of forests over individual trees
remains evident, which confirms that the ensemble benefits
of FMF persist across different metric spaces. Finally, taking
p = 2 as an example, we again examine the sensitivity of
FMF to the leaf-size parameter k. The results in Fig. 4 exhibit
a pattern similar to that observed in the previous experiment.

C. Fréchet regression for spherical data

Finally, we examine Fréchet regression with spherical re-
sponses. Let S? denote the unit sphere in R3, endowed with
the geodesic distance. For two points s, s5 € S?, the geodesic
distance between them is defined by

d (s1,82) = arccos (SISQ) .

The unit sphere S? is a bounded Riemannian manifold with
positive curvature and therefore satisfies Assumptions (B2),

or (the logarithm of AMSE)
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Fig. 3. Testing errors of Fréchet Mondrian forests with varying tree counts
for p = 2 (left) and p = 5 (right) with matrix responses.

TABLE 11
AVERAGE MSE (STANDARD DEVIATION) OF DIFFERENT METHODS FOR
MATRIX RESPONSES OVER 100 SIMULATION RUNS. BOLD-FACED

NUMBERS INDICATE THE BEST PERFORMERS.

n GFR LER FMT  EME35 FME500
100 1925 0253  1.038 0321 0.298
(0.154)  (0.207)  (0.209)  (0.055)  (0.049)
, 500 1885 0054 0404  0.083 0.074
p= (0.148)  (0.009) (0.072) (0.010)  (0.010)
1000 1.876  0.032 0281  0.050 0.043
(0.147)  (0.007) (0.062) (0.006)  (0.005)
100 2.083 NA 2664 1326 1.278
(0.137) 0.436)  (0.122)  (0.110)
_5 500 1975 NA 1.927  0.837 0.808
p= (0.149) 0.287)  (0.081)  (0.074)
1000  1.963 NA 1581  0.688 0.666
(0.143) 0231)  (0.072)  (0.060)

(B3), and (BS5), as noted in Remark 1. Assumption (Bl),
however, is generally violated on S2, though it may hold
under specially designed distributions, such as the contracted
uniform distribution on the sphere discussed in [9]. We now
consider the following setting, regardless of whether Assump-
tion (B1) holds, to observe how the performance of Fréchet
Mondrian forests evolves as the number of trees increases with
spherical responses.

We independently generate covariates Xi,...,X, ~
U([0,1]?). Let the Fréchet regression function be

{1— (8] X)2}1/2 cos(n By X)

{1 (B/X)*} 2sin(npy X) |,
Bl X

meg (X) =

which maps each X onto the unit sphere S?. We generate
bivariate normal noise ¢; on the tangent space T, Xi)SQ,
and then map &; back to S? using the Riemannian exponential

Sizeofnodes R : ) Size of nodes

Fig. 4. Testing errors of Fréchet Mondrian trees and forests with varying
nodesize k for n = 500 (left) and n = 1000 (right) with matrix responses.
The black vertical dashed line marks the default choice for k.



map to obtain the response Y;. Specifically, we independently
draw 51'1,52'2 lf‘\g N(O,O?Q) and set g = (Sil’l}l + 61‘21)2,
where {v1,v2} is an orthonormal basis of the tangent space
T ( Xi)SQ. The response Y; is then generated via

Yi= EXp7rz@(X1;) (Ei)
= cos ([eilly) me (X0) -+ sin (leily) 7
where Exp,,_ (x,) denotes the Riemannian exponential map
on S? at mg (X;). We consider two situations: (i) p = 2: 31 =
(1,0)T, B2 = (0,1)T; (ii) p = 5: B1 = (0.1,0.2,0.3,0.4,0) T,
B2 = (0,0.1,0.2,0.3,0.4) .

We adopt the same configurations for training sample sizes
and numbers of trees as in the previous experiments, and the
corresponding results are presented in Fig. 5. As the results are
analogous to those for probability distributions and symmetric
positive-definite matrices, repeated descriptions are omitted.
All consistent pattern highlights the superiority of Fréchet
forests over individual trees and confirms that ensemble aggre-
gation markedly improves the accuracy of Fréchet regression.

Testing error (ihe logarithm of AMSE)

Number of rees

Fig. 5. Testing errors of Fréchet Mondrian forests with varying tree counts
for p = 2 (left) and p = 5 (right) with spherical data responses.

VI. DISCUSSION

Under the Fréchet regression framework with responses
taking values in a general metric space, this paper provides
the first non-asymptotic analysis of Fréchet random forests by
establishing a finite-sample prediction risk bound. We show
that, with appropriate tuning, Fréchet Mondrian forests attain
the same convergence rate as their Euclidean counterparts.
Moreover, we identify conditions under which Fréchet random
forests outperform individual trees through bias reduction,
thereby highlighting the ensemble advantage in non-Euclidean
settings. Collectively, these results contribute to a deeper theo-
retical understanding of Fréchet random forests. An important
insight is that averaging the objective function, rather than the
estimators themselves, can also lead to improved statistical
efficiency.

The favorable geometric properties of the Mondrian pro-
cess [21] have been crucial in developing the theoretical
guarantees presented herein. Recent advances on random
tessellation processes and Tessellation forests [24] suggest
promising directions for further generalization. By leveraging
the stochastic geometry underlying such processes, one can
extend the present framework to define Fréchet Tessellation
trees and forests and establish their convergence properties
under varying smoothness assumptions. This would move

from axis-aligned to oblique partitioning, providing a broader
foundation for non-Euclidean random forests and enriching
their theoretical and methodological development.
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APPENDIX A
PROOF OF THEOREM 1

Proof. For a fix « € [0,1]?, by Corollary 3.2.3 of
[34] and Assumption (A3), we only need to prove

SUP,cn ‘Fx M (w) — F(w)] to zero in probability. To do this,

we show Fyar(-) ~ F,(-) in [°°(92) and apply Theorem
1.3.6 of [34]. Thanks to Theorem 1.5.4 of [34], this weak
convergence is equivalent to Fx, m(+) being asymptotically
tight and the marginals converging weakly. Furthermore, by
Theorem 1.5.7 of [34], this asymptotic tightness holds if
ﬁ'z, M (w) is asymptotically tight in R for every w € €,
and Z:] wm(+) is asymptotically uniformly d-equicontinuous in
probability. Thus, the proof will be finished if the following
conditions hold.

(i) Fyar(w) — Fo(w) = 0,(1) for each w € Q,

(ii) For all €,7 > 0, there exists 6 > 0 such that

Font (@) — Fou (Wg)‘ > 5} <.

sup
d(wy,w2)<d

limsup P {

n

First, prove (i): Let

M
- 1 .
Frar(w) = 72 Y E{d(V,w) | X € L(a, ) }.
j=1

Then we consider decomposing Fj p(w) — Fy(w) into a
variance-type term FT Mm(w) — FT M (w) and a bias-type term
Fy i (w) — Fy(w). We will show that both terms converge to
zero in probability for any w € €.

We first prove F, ar(w) — Fp ar(w) 2 0. For convenience
in notation, let aij (z) = ]l{XieL(ac,H&j))}’ indicating that a
training point X; belongs to the same leaf node as x in the j-
th Mondrian tree based on the partition Hg\] ), By Assumption
(A4), the number of training points falling in a leaf node goes
to infinity. If we condition on the variables ozl(»J ) (z), the subset
of the training data falling in L(x, H&j)) is independent and
identically distributed in the rectangle L(zx, Hg\j )). Forl <j<
M, the weak law of large numbers gives

- ]E{d2(Y, W) | X e L(x,ngﬂ)} 2.



Therefore, averaging over total M Mondrian trees, we get vx (L(m, Hf\j))\B(a:, Il 12, 55))

. - <e+2supp(ylz) :
oM (W) = Fom(w) z vx (L(x,HE\j)))
U {X eL(@a{)} o .. . .
Z Z 6 ——— =2 =d*(V;,w) Noticing that the density f(z) is bounded and bounded away
i=1 j=1 N(z, I1}") from zero by Assumption (A2), we further get
M
1 2 G) ) .
—M;E{d (V) | X € Lz, 1§} ) vx (L TN |- 2. 8.)
1 & 1 " vx (L 1))
_ 2 ,
> i ) 2 (O ) _ s 7(2)- Vol (LG 1Y)\ B | - 1. 6.)
_ - ; ) ) ’
~E{P(Y,0)| X € L(:c,H(AJ))}} inf. £(2) - Vol (L(e. 1Y)
2 where Vol denotes the volume of subsets in the [0,1]P. By

Corollary 1 of [21], diam (L(z,1I{)) — 0 in probability
Now we turn to prove FL Mm(w) — Fr(w) 2 0. For any When A — oo. Hence, for . defined above,
w € Q, then

B{€(YV.w) | X =a} = [ Ew)pulon(d),
Forany 1 <j <M, .
E{d(Y,w) | X € L(z, Hm)} Vol (L(z, I\ Bz, || - [|2,6.)) = 0.

/L(ﬂC i) (/ Py fgw I)I&J))) M(dy)) vx(dz) Therefore,
(
(

lim P {diam (L(x,Hg\j))) < 65} =1

A——+oo

Obviously when diam (L(z, Hg\j))) < 6, we have

J P {diam (L(m,Hg\j))) < 55}
— | &2 % d du). ;
/Q (y,w)(/L(m 1) v (L(z H&J))) x(dz) | p(dy) <IP>{V01 (L(m,ngﬂ))\B(% |- ||2’55)) }
By Assumption (A2), for py-almostall y € Q,Ve > 0,36, >0 -

Vol (L(m, ng)))
(dependent on x,y) such that when z € B(x, || - ||2,d:), we ) o )
have Taking the limit on both sides of the above formula, we have
Vol ( L(a,11 )\ B(x,||-||2,5-
Ip(yl2) — plyla)| < e TG SLCTNELY)
Vol (L(2,115))
arguments with sup, p(y|z) < oo due to the continuity of

— 0 in probability. Combine these
Thus, 3 §. > 0 such that

p(y|z) on the compact set [0, 1]7, then
\ / oy (012) = plolax () )
' [ (@) - polo)| B e
/ p(ylz) — p(ylz)| vx (dz) 2y vx (L, TRT))
L(E,H(J))

Let € — 0, we can get for p-almost all y € (2

p(yl2)

lp(y|2) — pylz)| vx (d2)
/L@,ngw) vx (L(z, 1))

/L<x,n&”>mB<x,|-|2.,5a>
of 1p(312) = plylo)] vx (d2)
L1\ B(z, |[12,62)
<evx (L(x, Hg\j))>

‘/ ula) Z)‘
+25up p(yl2) vx (Ll PN Bz, | - [12,6.) ) L0 vx (L, 19))

vx(dz) = plyla)| & 0.

Moreover,

()
. L(z,11
Then the following formula holds < 2P- Plylz) VX( ( .SL 2))
y| ) VX(L(J‘.’HAJ ))
’ / (1) VX (z, H( ))) vx(dz) = p(yle) By the dominated convergence theorem and Assumption (Al),
it follows that
ey P12 (@2) = [, oy plylz)vx (d2)] .
= o HLé))H : [E{d2(V,0)| X € Lz 1) } - E{a?(Vi,w) | X =2}
vx ( €, Ly )
ply|z)vx (dz)
Sy 1P12) = p(02) v (d2) < [rwa| [ Gr)y ~ P )
< JrEeng) Q L@ny) vx (L(z,I0;7))

vx (L(x,HE\j))> 0.



Therefore, averaging over total A/ Mondrian trees, we get

FJ:M( ) — Fr(w)

MZW
—E{d2 % )|X:.I‘}

5.

w) | X € L(z,11{ ))} )

Hence combine (11) and (12), it follows that for any w € €2,
Fppr(w) = Fu(w) = 0,(1).

Then (ii): By Assumption (A4), each L(z,T1{’),1 < j <
M, will not be empty, leading to

- 1 & 2imt Lixier@ny)y
D oim(@) =57 %) =
i=1 j=1 N(z,1I37)

For any w1, ws € €, the boundness of ) gives

]

wM (w1) — Fa:7M (M)‘

M=

<D i (@)[[d(Yi,wn) —

(wi,w2) Y ()
i=1

=0y (d (w1,w2))

where the O, term is independent of w; and w». Hence

d(}/’uw2)||d(}/®7wl> + d(Y;,CUQ)I

Il
—

3

<2diam(Q)d

sup FI,M (w1) — FI,M (wa)| = O,(9),
d(w17w2)<6
which can deduce (ii). O]
APPENDIX B

PROOF OF THEOREM 2

Proof. The proof that we are about to give will be developed
upon the work of [9], which focuses on local polynomial
Fréchet regression under the fixed design with X; = i/n €
[0,1],4 = 1,...,n. Here we consider the Fréchet Mondrian
forest model under the random design, where X;
on [0,1]P. Let us describe it briefly. The variance inequality
is initially employed to transform the error bound of the
minimizer to a uniform bound of the objective function. The
uniform bound is then decomposed into two distinct parts:
the bias term and the variance term. By analyzing the two
terms separately, the derived results combined with a peeling
device can effectively bound the tail probabilities of the error.
Finally, the convergence rate is obtained by integrating the tail
probabilities. Following [9], define

Oy1, Yo, w1, we) :==d?(y1,w1) — d*(y1,wa) — d*(y2, w1)
+d2(y27w2);
0 s Y2,wW1, W
)= sup  SWLI2ELLs)

w1,w2€Q,w1Fw2 d(wh w2)

Define the following objective functions

E azM

zM ivw)7

and

Variance Inequality and Split. Using Assumption (B1) and
the minimizing property of /g ar(z), we obtain
Cyio @ (1, v (), mep ()
Fy (Mg (), me ()
(e,m (), me (2)) = Fo v (g, (x), me (7))

F,
{ Fo (a1 (@), me (2)) = Foas (e a1 (2), mas () =+
{Fea

101 (%), (2)) = P (g i (), mo (@) |

(13)
The first bracket represents the bias term, and the second one
is the variance term.

<
<

Variance. Conditional on {X;}!_; and II, s, define
Ziao(w) = i (@) { Vi, w) — (Vi mo () }

- ai,M(x)E{d%Yi,w) - d2(Y;,m@(x))}.

Then Z; ;,..., Z, , are independent and centered processes
with Z; ,(mg(x)) = 0. They are integrable due to Assumption
(B3). By the definition of a,

| Zi 2(w1) = Ziw(w2) = Z{ (1) + Z{ (w2)]
< lag (@) a(Y, Y )d(wr, wa),

where Z] , (w) and Y/ are independent copies of Z; ,.(w) and
Y, respectively. Theorem 10 of [9] implies

IE{ sup FLM(mm@(x)) — FxﬁM(w,m@(x))
weB(mg(x),d,d)

K 1
2 K
o)}

K

n

=E sup
{ wEB(mg(z),d,s) Z

e

WQ(B(mEB (CE), dv 5)7 d)

Zl‘ m(w)

s

for a constant ¢, depending only on . If o, M (z) = 0 for all
1<i<n E(XCL, aim(z)?a(Y;,Y!)?)? = 0; Otherwise,
let W = Z —q O, M( )2 and ’ULA{(.’I;) = Ozi,]w(l')Q/W. We
apply Assumption (B3) and get

(ZazM YY))

K

= (Wzvzl\/f 17 7,)2>



<W2szM )Ea(Y;, Y)"

S]WT C'l\/lom'

Hence, these two cases can be summarized as

(ZW

By Jensen’s inequality,

a(Y;,Y!

(23 7

) ) < W3 Cfiom-

] 2
{X;eL(z,1{)} }
N(z, 1)

]l{XieL(z,ng))} }2
Nz, 1)

{N(z,1{)>0}
N(z,11{)
By Assumption (B2), conditional on {X;}7

E sup
w€EB(mg(z),d,d)

CMomCEm maX (S (5‘1

-1 and H)\ M

Fo (W, me (2)) = Fo (0, me (2))

}

K

[N

Z {N(w H<”>>0}
)

<ck

(14)

Bias. Using the conditional p-density y — p(y|z), we can
write

Fy(w, mg(2))
=E{d*(Y,w)|X =z} — E{d*(Y,mg(2))|X =z}
:/{dz(y, — d*(y, ma(z)) }p(ylz)p(dy).

Since

1 X 1
Fop(w) = — Y ———
M = N(%,Hg\]))

>

@:X;€L(z,11{))

E{d*(Y;,w)},

it follows that

v, (W, M (2))

1 1
== =~ & (y,w
M Z (@) Z { ’
J=1 1 N, I037) :X;€L(z,11{))
— d*(y,mg(x)) }p(y| Xi)pu(d )
M 1
d*(y,w y,me()}—» ————
/{ o M z:: N(z Hg\]))

> pIXoudy).

i:XiEL(J),H(j))
Let px,m (y|x) =
1 M A(j) d th
7 2_j=1 Py (ylz) and then
| P (w, me (2)) — Fom(w, me (2))]|

1 Liet v nD) Sixenend) PUIXD) =

2(y.mag(x)) } {p(ylz) — prae(ylz)} p(dy)

e
/\dQ y,w

< d(w, me()) / {d(y.w) + d(y, me ()}

lp(ylz)

Recall the definition of H(w;j,ws) in Assumption (B5). By
the Cauchy—Schwartz inequality,

/ {d(y,w) + d(y, mg(x)) } [p(ylx) — paar(yl)] p(dy)

1

@) ([ 1661 = a6l )

*(y,ma ()| lp(ylz) = pa,n (yl@)| p(dy)

= Pan(yl)] p(dy).

| Fe (g ar (), me (%)) — Foar (Mg, a (2), me (2)) |
<d(mg,m(x), me(x)) H(mg, m(x), mg(z))

(/ 19t615) = prsstolo ) .

1
Since E{H (rhg, (), me ()" [{ X}y, T} * < Chom

by (BS), (15) implies

E{ Py (1,01 (2), me (2)) = Fo, vt (1,1 (2), ms (2)|

1
Laig i (2).me (2))€l0.81) }

1

< Cgomd </ p(ylz) — ﬁA,M(y|x)|2N(dy)> (16)
Peeling. For § > 0, define
As(wi,ws) :( (w1, wa) — Fw,M(Wlaw2)’ + | Fp v (wr, w2)

- Ax,M(leW2)D]l{d(wl,w2)€[015]}’

Let 0 < @ < b < oo. The inequality (13) and Markov’s
inequality yield

P{ d(rine, i (x). ma(2)) € [a.b][{X} iy D
< P{a® < Cuoly (1 a1 (), mes (@) | {XiFiy, T }

_ Gl [ {4007,01 (), 1 (2} [{X:HLy, T
- a2k .

By virtue of our previous deliberations about the variance
term (14) and the bias term (16), we are able to bound the
conditional expectation of As(rhg, a(x), me(z))".

E {As(ihe,u (@), me (2))" | {Xi}isy, My <277

<E{ |G (2), s (@) = o (0,11 (2), ms ()|

sup
mg(z),d,d)

)

]l{d(mea,M(/ILWGB("L’))E[Oﬁ]}} + ]E{
weB(

Fo i (w,me () — Foar (w0, me (2))




=2t ( {Csomé (/ p(yla) = pa (ylz)|” u(dy)> : }H

1
M q

Z{N

{CMomCEm maX (5 50& (

< Cn{CBom (/ p(yla) = pau (ylz)[” u(dy)); +

MLy n{)>0 "
zM) } « max(, 8"
j=1

CMom CEnt <
N (a, T15))

We are now prepared to apply peeling (also called slicing):

Let s > 0. Set
Ay =CutoChonm ( [ 10t6l) = praralo)f u(dy))

+ CVIOOMom CEnt

It holds that
P{d(me,m (), me(z)) > s [ {X:Hoy, v}

<> P{d(eu(x)

1=0
> ¢, A" max (2“‘157 (2“‘18)0‘)5

(218)25
(oo}
n 5711(2704)> Z 9—lr(2—a)

=0
+ S—K,(Q—O()) ]

IN

=0

. A" (87'{

IN

<c A" (s_"i

We integrate the tail to bound the expectation. For this we
require £ > 52—. Set By, \ = ¢, A~ ,, then

E {d* (e, (2), me (@) | {Xi}y, T }
:2/0 sP{d(the rm(x), me(x) > s|{Xi}{y, M} ds

< 2/ smin(l, By (s_” + s_”(Q_a))) ds
0

§2/ smin(17Bn7>\s_“) ds+
0

2/ smin(l,Bn?As_“(Q_o‘)) ds.
0

For the first summand,

2/ smin(l7 anAsf"”") ds
0

1
K

B’!L‘,)\ S
2/ sds + 2Bn,A/
0 K

n,A
2B, »
K— 2

— K

k- 2B”’/\'

17I{d5

2 2—r
K K

Bn,A + Bn,)\
K

H(7))>0} 2 "
— N(z,I j))

me(x)) € [2's, 27 8] [{ X}y, T }

Similarly,

0o ) (2 H(Q_Oé) = 2—0(
2/0 smm(l,Bn,,\s m( a)) ds < m n,()Q\ )
Thus,

E {d®(rhg, (), me(z)) | {X;}y, M}

_2
<Can (Ai,,\ + AZ,;‘)

< o (CuioCam) =7 {(/ o(ole) = k) )

+ (/ lp(ylz) — ﬁA»M(yLT)Qu(dy))zl“ }+

Ca,k (OVIOOMomCEnt 2=

=:Ca,k (CVIOCBom)m T+ Ca,k (CVIOCMomOEnt)ﬁ Ts.

a7)

Now we take expectation to the above terms over {X;} ,
and H,\’M.
(i) Analysis of T5. By Lemma 4.1 of [55],

_ ﬂ{N(z,nA»O}) < 2 >
E(T2)_E< N(JC,H)\) SE nVX(L(JZ,H)\)) ’(18)

where the last inequality comes from the independence be-
tween II and {X;}" ;.
(ii) Analysis of T1. By Assumption (B4),

lo(ylz) — p(y|Xi)| < Ly) |z — X5,

the definition of px a(y|x) leads to

/ Ip(yle) = pane (yl) P a(dly)

M 1 .
1 2. 1149
<Y AR S ) — p(ulXo)
Mj:l N(x,H/\j ) ; €]
: X, €L(x,II}7)
2
H{N(LH@)_O}p(ylfv)} p(dy)
M 1 ,
1 / {N(z,11{")>0} 8
<— Ly)——25— |z — X
Mg { N (a, 115 2 ’

i:XiEL(a;,H&j))

2
H{N(m,ngﬂ)_o}P(yW} U(dy)

M 2
S% Z/ {L(y)ng)(x)ﬂ + H{N(x,n&”)—o}P(ylx)} 1(dy)

< CSmDM Z D(J) 25 + OzdlM Zﬂ{N(LE H(J)) 0}7
Jj=1



where D) (x) stands for the [5-diameter of the leaf L(z, H(Aj ))
containing «x in the j-th Mondrian tree. Therefore,

I I YT DV IR VP S
§22QCSHSE<MZD,\ (2) +MX:D/\ (z)2a>
j=1 j=1

. e 9 M
50 2—a
+ 222 Cgq ]E(M 2 H{N(x,n;”)—o})
]:
o _2 28
<255 L s (E {DA@)*} + E{Dr(2)7< })

+(2Cca) T E (LN (2,110)=0})
7))
)

2 5
< (2Csmp)* = p>=E { (

(QCCdI)2 S E (L{n(z,11,)=0}

By Corollary 1 of [21], we have

{(20))erveoinr= (2)

By the independence between II and {X;}} ;, we have

E (Lnann=o) = E ({1 —vx (L(z,111))}")
<E (e—m/x(L(;v,HA))>

(19)
o1
<E({ ——0———
- <n1/X(L(;v,H)\))
Hence
E(T1) < (2Csmp) ™= p== (8/)”
(20)

+ (2Cca) ™ ]E(?”LVX(LG(;H,\)))

Finally, combining (17), (18) and (20) gives
E {d? (g, s (2), me (x))}
=E [E {d* (e, (2), ma («)) | { X}y, T ]
<Ca,x (CVIOCBom)m ]E(Tl) + Ca,k (CVIOCMomCEm)m ]E(TQ)
Sca,n (CVIOCBomCSmD)ﬁ p% (8/)‘2)ﬁ

2 1
Ca,i (CvioCBomCcdi CMomCEnt) 7~ E <n1/X(L(:z:,H>\))) .

Integrating risk over the hypercube. Now we integrate the
above inequality with respect to z € [0,1]? to obtain the
bound for the mean integrated squared error. Assume there
are K, leaves in II,, denoted by A;, A, ..., Ak, , which is
a partition of input space, then

E {d® (e, (X), me (X))}
:/E {dQ(ﬁl@,M(I), me())

2 B
< cCa,n (CvioCBomCsmp) 2~ p?—= (8/)\2)ﬂ + Ca,x (CvioCBom

} vy (dx)

K

1
Z /Ak nvx (L(I, HA)) VX(dx))

k=1
2 B
< Ca,k (CVIOCBomCSmD) 2o pima (8/>‘2)ﬁ
+ Ca,r (CVioCBomCediOMomCEnt) 2= E(K ) /1
2 B
<cCa,r (CvioCBomCsmp) 2~ p2—= (8/)‘2)ﬁ
+ Ca,r (CVioCBomCcdiOMomCEnt) == (1 + M) /n,
since E (K) = (1 + A\)P by Prloposition 2 of [21].

Lastly, taking A = \,, < n?»+28 , we can get

E {d2 (g (X)), ma (X))} < O (n*%ﬂ) .

CodiChMomCent) == E <

APPENDIX C
PROOF OF THEOREM 3

Proof. By the proof of Theorem 2, we have the following
conclusion (see (17)):

E {d? (g s (2), mes () | (X0}, T 0t}
< con (CyoClom) 25 { ( [ otulo) - m,M(ywm(dy))

T (/ lp(yle) — ﬁA,M(y|x)|2M(dy)> =a }+

2 (1 M ]l{N(x,H(j))>0}
Ca,k (CVIOCMomCEnt) N = — N

M j=1 N(x,Hg\j))
_2 _2
= Co,k (CVIOCBom) 2=+ Ca,k (CVIocMomCEnt) 2-a T,
(21)

To get a sharper upper bound, we need to make a delicate
analysis of 7T7. Recall that

1 &
Mzﬁ&%\x)

For 1 <7 < M, let
= Ex{p(y|X)| X € L(z, 1)},

P (ylr) =

—

>

#:X,€L(z,11{?)

H(J ) Pyl Xi)-

P ()
which depends on 11, And let

pr(le) = E[pY (y]e)] = B[Ex{p(y|X) | X € L(z,T1{)}],

which is deterministic and does not depend on IIy ;. By

Jensen’s inequality and [ p?(y|z)u(dy) < C3y for all z €
[0,1]? in Assumption (B4'),

[ 0tole) = i ar(wlo) )

< / Pyl u(dy) + / 22 (Wl (dy) < 202,

Taking expectation with respect to {X;}? ; and II, p;, we
have the following decomposition based on the above result:

E ( [ 10wl = prarolo)f M(dy)) o



< (203,) K < [ 10wl = prantolo? u(dy)>
= (2C4q) = /E‘M ZP(]) (ylz) —

a1 M 2
<2(28) " [ E!M (ko) 5% 0l) [ i)

+2(2C3y) ; ) /]E'MZP(]) (ylz) —

=2(2C%4) == Ti1 + 2 (2C&g) e

ool ity

(o) n(dy)
* Tlg.

(i) Analysis of T11. Jensen’s inequality implies that

M 2
B Z( (6l - w10 |
<E |5 (ylz) - 7} (y\ﬂf)‘2

1
=E N(z,1Iy) Z p(y|Xi)

©:X; €L(x,ITy)
2
—Ex {p(y|X)|X € L(z, 1)}

1
=[] >
N(z,11y) i: X, €L(x,I1y)

~Ex {p(yX)| X € L(z,11)}

p(y]Xs)

2

H)\, N(QT,H,\)}
<E [H{N@ SUSESON

e [UES

~Ex {p(ylX)|X € L(z, 1))}

, _
) ‘Xl € L(z,II,)

+ ]]-{N(J),HA)ZO} [Ex {p(yIX)‘X € L(:E,H)\)}}Q]

<E|:]1{N(x ;1x)>0} 2-Eyx

NG {PWx)|X € Lz,

+ ]]'{N(JC,HA)ZO}EX {p2(y|X)‘X € L(x, HA)} } )

where the second inequality is because p(y|X;) are i.i.d. for
X; € L(z,1I) given II, and N(z,II,). Then we can get

{/pg(le)u(dy))X € L(w,HA)}

F ey Ex{ [ FOOR@)X € )

T

o LN (x.11,)>0} Ex

SE{ ERN

-1

) # 2 ¢
SQCCdIE<m/X (L(z,11y)) ) - CCdIE<nVX (L(x,113)) ) ?
(22)

where the last inequality has utilized (18), (19) and Assump-
tion (B4').

(ii) Analysis of Tho. p)\ (y|x) are iid. for j = 1,..., M
with expectation 5t) (y|x). Therefore

Zp

= plyle))? + Var (55 (y12)) /0.

By Assumption (B4"), p(y|z) is L(y)-Lipschitz w.r.t. z. Thus,

Var (5610 < 2{ (8" v1s) - p<y|x>)2}
4pL

)= :
where we have used Corollary 1 of [21]. Consequently,
2

2

(ylz) — p(ylz)

= (m(ylfv)

y)’E {Dx(z)

Zp (yle) = plylz)
) 4pL(y)*
< (palylz) — plyla)* + M

Then
- 2 2 4p
T2 < | (palylz) — p(ylz))” u(dy) + Csmpyaag-

By (22) and (23), we get

(23)

2—a

E ( [ 10tul) = prar ol M(dy)>

2 1 p
< 2—«
= coCea® (nux (L(z,11,)) ) " Cach' CSmD A2 M

2a—2
+caleq” /(ﬁx(ylx) — plyle))” u(dy).

(24)
It remains to control [ (7x(ylz) — p(ylz))* u(dy) in (24),
which heavily relies on leveraging the higher smoothness of
the conditional density function p(y|x). Thanks to [21] for a
thorough analysis of the Euclidean Mondrian forest, we outline
a similar proof process as follows. Let us recall that L(z, ITy)
represents the leaf of IT) which contains z € [0, 1]? and f(z)
is the density of X. It is not hard to see

1
ox(ylz) = - 2f(2)izenis dz
p)\(y| ) vy (L(l’,H)\)) /[0’1]17 p(y| )f( ) {z€L(z,II,)} ‘|
— [ sl Frae
(0,1]»
(25)
where f1
z {z€L(z,IT1)}
F =K
o) =B |5 SRR
In particular, f[m]p Fp(z,z)dz = 1 for any z € [0,1]7

(letting p(y|-) = 1 above). By Assumption (B4’), it holds that
|p(ylz) — Volylz) ' (z - )|

-|/ [Vp(y|x+t<z—x))—wmwm—mdt\

p(ylz) —

1
SA L(y)(t]lz = 2[|2)?||= = zll2dt < L(y)l|= — =],



Now, by the triangle inequality, Plugging (26) into (24) gives us

’/[071111 {p(yl2) — pylx)} FrA(x, 2)dz E </|p(y|x) ﬁA,M(ylx)IQM(dy)> e

20 —2
o D 1
+ caCoy Cng{ +3

- ’/[ ] Vo(ylz) " (z — 2)Fy\(z, 2)dz M a2
0,1]»
A A(1—z HCH\ p? A\ ptte
<L _ 1+6F d e A["(])/\(l ,(J))] ( o + JL S
<L(y) /H Iz = ally™ Fpa(a, 2)dz, 2 =) 5t \7) o
so that, with the fact f[O,l]P Fya(z,z)dz = 1 and (25), we get @7
- Naturally, taking o« = 1, we have
A (lz) — p(yla)] s e
. 2
< ’Vﬂ(ybs)T/ (z — x)Fy\(x,2)dz I </ p(yl) = P (y] )] u(dy)) < caCgx
H 1 p 1
E( ————— ) +caC2mpd ~r +
+ L(y)/ Iz = 2]l P Fya(e, 2)dz. <m/x (L(:c,HA))> e CS’"D{ Near e
[0,1]r p C 2 148
Under the assumption that the density f of X is positive and Z e—A[m<j>/\(1—m<j))] (fl f) P (fl) p }
C'¢-Lipschitz, the proof of Theorem 3 of [21] establishes the — fo A4 fo A2(1+8)
following bounds: (28)
5 A (1+8)/ Finally, combine (21), (18), (27) and (28), then we get
1+
z—z Fea(x,2)dz <=/ | = , N
[, = e Fra(e 9az <3 ( ) B {m (s}
2 18 =E [E {d* (e, m (2), me (2)) | {Xi}isy, M}
AR NEIE = Alen-2)] 2 :
[0,1)7 2 j=1 < cak (CvieCBomCcdiCMomCEnt) 7 E [ —————— | +
5 nvx (L(z,11,))
+2<f10f3p\/5> e
2 2 ’ p 1
fo A . Ca, KCSmDCCdI (CV|OCBOI’T‘I) o {)\QM + < f2f> FJF
where fo = inf, f(z) > 0 and f; = sup,, f(z) < oo since f 0
is positive and continuous. Therefore, ( fi ) 2 p1+5 1 i A(1— )]}
o _ z(J) @)
~ 2
(177 (lz) = plylx)]) fo) 2R TR &
2 (29)
2
§2<||Vp(ya:)2 X 1]p(z —2)Fya(z,2)dz Integrating risk over the hypercube. Now consider the
’ o hypercube B, = [¢,1 — ¢]P with € € (0,1/2). We integrate
Az A=z ()] iti
2 1+ Sy over X conditionally on X € B,
+ L) ( [ Ff,m,z)dz) ) T
p 2 p
<or(y)? | B § e Aleona-rg) 4o (110 30VP E{ Y e lont-enl x BE}
A? fy N =1

p
2 1+8 w] N1=z ;)
o2 (2 (%) =Y E{ebortollix e b}

fO A2 j=1
2 1—
< 36L(Y)° N~ oAfwgyni-egy)]  36LW)°P° (ACy P [T waa-wlgy
=T ‘ M IT = fo(l—2e)p
Fl 0 f 1/2
8L(y)*p"? [ fi)’ S/ - ><2/ e My,
+ =, fo(1=2¢e)P
)\2(1+ﬁ) fo e gpf N
. € PJ1
< _— 30
which leads to SN -2 (30)
~ 2
/(pA(y\a:) = pyl))” u(dy) due to fo < f(z) < fy for any « € [0,1]”. In addition, by
Proposition 2 of [21], we have
36~ Ay AG—agy)] L 36P° (A1Cr 202 P 21l
—)\2 SmDZ + A 2 SmD 1
= 0 /E —————— |ux(da)
’I”LI/X(L(JZ,H,\))

8pl+ﬁ (fl>2 2 K
+ == ) Cép. A 1
220+8) \ f SmD =E / ———ux(d
0 (26) kZ:l A m/X(L(:c,H,\)) vx(dw)



_E(KN) _ (LW

where A, Ao, ..., Ak, are K leaves in Il and form a par-
tition of input space. Hence, integrating 1/{nvx (L(z,11,))}
over X conditionally on X € B, gives

1
E{nyx EN)
1

<P(X€B.)" /E(TW(L(W)VX(@)

< 1 (I+ NP
~ fol=2)p  m
With the conditional expectation results (30) and (31), the

upper bound of integrating (29) over X conditionally on
X € B, follows as

E {dz(’l’h@,]V[(X)vm@(X)) | X € BE}
2 1

2 14+ X)P
< Ca,r (CvioCBom Ccdl Ciom Cent) *=° fod =27 ( - )

2a-2 2 c\? p
Ca.sCmpCo (CVloCBom)Qa{ P +<f1 f> LA

)

XGBg}

€1V

+

AN M fé At
AV 2P A pe
fo) X20+8) © fo(1—2e)p A3 (7
In particular, for a fixed ¢ € (0,1/2), (32) writes
E {d*(thga(X), me(X)) | X € B.}
AP 1 1
=0 (n + e t sz) -
By optimizing the terms on the right-hand side, one can choose
A=A, < nV/®+29) and M = M, > \2F =< p28/(r+2s),
where s = 1+ € (1, 2]. This yields the rate O (n=2%/(P+29)),

In contrast, when ¢ = 0, we have e~*¢ = 1, so that the
inequality (32) becomes in this case

E {d* (e, v (X), me (X))}

AP 1 1
=0 (n T erein T )\ZM) :
For 2s < 3 (equivalent to 8 < 1/2), this gives the same
rate as before with identical parameter choices. Conversely,
when 2s > 3, the rate becomes suboptimal at O (n*B/ (p+3)),
obtained by setting M,, > \,, =< n'/(»*+3) This completes the

n

proof of all statements in Theorem 3. O

(32)

APPENDIX D
PROOF OF PROPOSITION 1

We prove Proposition 1 by analyzing Examples 1-4 sepa-
rately.

A. Proof of Example 1

Proof. Since S5 with the log-Euclidean metric is a Hadamard
space, by Remark 1, Assumption (B1) holds with Cy,, = 1
and Assumption (B5) holds with Cgom = ¢xCMomCLenCints
where the unknown constants will be determined progressively
in the subsequent discussion. For any B C S, let log(B) =

{log(S) : S € B}. Since d(S1, S2) = || log(S1) — log(S2)|,
we can regard log(B) as a subset of R* endowed with the
standard Euclidean metric || - ||2, then

N(Bvdv T) = N(IOg(B)’ H ) ||2,’I“)
N(Bz(diam(log(B), || - [|2)/2), [| - [l2:7)
N (Ba(diam(B,d)/2), | - [|2,7)

: 4
< (dlam(B,d) n 1> ’

<
<

o r
where By(b) is a Euclidean ball with radius b € R in
R* and the last inequlity comes from Corollary 4.2.13 of

[56]. To simplify the bound a bit, in the non-trivial range
r € (0,diam(B, d)], we have

)
r

N(B.d.r) < (gdiam(s,d))‘{

in the trivial range where r > diam(B, d), B can be covered
by just one r-ball in S, so N(B,d,r) = 1. Thus

v2(B,d) < c/oij V1og(N(B,d,r))dr

diam(B,d) .
<o %og (25D ),
0 r

< 4c-diam(B, d).

That is to asy, Assumption (B2) holds with &« = 1 and Cgp; =
max{1,4c}. By the spectral decomposition,

y_Ll(1 1 el (X8 0 11

(W) (70 e ) (1 4
Therefore, we have

log(Y)

111 1+ f(X,¢e) 0 1 1

2 \1 -1 0 1+ f(X,e) 1 -1
_ 1 f(X,e)

-\ f(X,e) 1 '

Based on it, the Fréchet regression function in Example 1 is

e (z) = argminE { | log(Y) — log(w)|2 | X = 2
wGS;
= exp(qz)

with

G = ( ]Ef(lx,s) He) )Z ( pir 1 )

Then for all x > 2 and z € [0,1],

E{d"(Y,mg(2)) | X =z}

(ko ) (T

— E{(2€2)n/2}

(%3

N3

)

=

:ZKO_K
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Thus (B3) holds with Cyom = max{1, 20(L(%£L)/\/m)1/"}.
As for Assumption (B4’),
sup  d(mg(x1), mg(x2))
z1,22€[0,1]
= sup gz — Gullr
$1,$2€[0,1]
z1,22€[0,1] Ty — T2 0 F
<V?2,

so we can take Clen = 1/2. Let the probability measure z on

S5 be the distribution of
>) . e~N(0,0%).

1 ¢
exp e 1

For any z( € [0, 1], it holds that
/dQ(y,m@(xo))H(dy)
_ / 1og(y) — log(me (o)) |3 (dy)

1) -l )

FOV2T
=207 4 2(zo + 1)%

Thus Ciy can be 202 + 2(zg + 1)? with 79 € [0, 1]. Addi-
tioanlly, conditional on X = z, the p-density of Y is

52
e 2:2de

_ <z+1>2—2<z+21><1og(y)>12

plyle) = e 2 :

where (log(y))12 is the (1,2)-th entry of the matrix log(y).
The derivatives of p(y|x) with respect to x are

x4+ 1—(log(y))12 — (a+1)? (et 1) (log(u))1
— e 20

Vp(ylz) = o2 ’

2
- { () LY

(@412 —2(z+1)(log(y))12
e 202

Since V2p(y|z) is bounded with respect to x due to its
continuity on [0, 1], Vp(y|z) is Lipschitz continuous with
respect to x, leading to 8 = 1. The rest of Assumption (B4')
can be easily checked.

Lastly, we derive the lower bound for the prediction error
of a single Fréchet Mondrian tree estimator. Given the i.i.d
training sample {(X;,Y;)}; from (X,Y), the prediction
given by a Fréchet Mondrian tree can be written as

1
Mme(r) = argmin ———— Z

weSsy N(w, 1) i:X;€L(x,ITy)

> llog(vi) -

©:X;€L(x,IIy)

d* (Yi,w)

W)l

= argmin

1
_— I
st N(x.1Iy) og(w

= exp(Qz)
with
if © =7,

1
(‘jx)z = ’ [P .
’ W Yixien@my (X +1+e), ifi#j.

Let Z;, = X;+1+¢; and

. 1

m(x) - N(IZ’,H)\) . Z Zi7

©:X;€L(x,ITy)

which is just the prediction given by a Euclidean Mondrian
tree based on {X;, Z;}" ;. Notably, when the leaf L(x,II))
is empty, adopting the convention mg(z) = e - Ip is ex-
actly equivalent to setting /(x) = 0. Through the above
analysis, the Fréchet regression problem in Example 1, where
the response variable is symmetric positive-definite matrices,
can be equivalently reformulated as the following Euclidean
regression problem

Z=m(X)+e=X+1+c¢.

This equivalence allows us to indirectly obtain the lower bound
of the risk for Mondrian tree regression on Sy~ by applying
the result of [21]. Specifically, by Proposition 3 of [21], there
exists an absolute constant Cy such that

2/3
1/3
} >Co N = < 7 )
4 n
when n > 18. Since

w-en(( sy ")
1 m(x)

ma@ =ew (( 0 "))

the mean integrated squared error of the Fréchet Mondrian tree
estimator 7hg () is

f B {d*(me(X
ot E{d (e (X),

inf E{m
AER 4

me (X))}

= Alnf E{Hlog(m@(X)) log(me (X))}
2
2)\16%+ E{m(X) - m(X)}

2/3
30

> .
i 2<n)

B. Proof of Example 2

Proof. The metric induced by the inner product in L*([0,1])
is

1 1/2

— /2 _ 2
a0 = oafon =| [ {10~ o) a

0
Although L?([0,1]) is an infinite-dimensional space, it would
change nothing if we restrict the response space from
L2([0,1]) to its subset H = {fo @ (c ® go) : ¢ € R} for
the setting in Example 2. Now we take 2 = H. Then the
Fréchet regression function in Example 2 can be expressed by

[/01 (Y1) —w(t)dt | X = a

mg(x) = argminE

weH
=E{Y | X ==z}
=fo® (z© go), (33)



where E in E{Y|X = =z} refers to the Bochner integral.
Therefore, for Assumption (B1),

Fw(w) - Fw(mGB(I))
=E{d*(Y,w) | X =2} —E{d*(Y,m

_E [/1{(“56) 'go(t)}th]

/{c—x

(w; me (),

which implies Cy, = 1. We continue to check Assumption
(B2). For any ¢y, co € R, it holds that

d(fo @ (c1 © go), fo © (c2 © go))

[/o1 {(c2 = 2) - go(t)}* dt 1/2

lgoll - er — eal-
For any B C H, let
C={ceR:fod(c®go) € B} CR.
By (34), we have
N(B’ d"r) = N(C’ | ’ |vr/||90||)
< N(Ba(diam(C, |- [)/2), ] |,r/llgoll)

< N(Bo(diam(B, d)/2lgol1). | |7/ g0}
 diam(B, d)

a() | X = 95}

~E Uol {5~go(t)}2dt]

o(t) Y dt

(34)

+1,

where By (b) is a Euclidean ball with radius b € R in R
and the last inequlity comes from Corollary 4.2.13 of [56].
Following similar arguments to the proof of Example 1, it can
be proved that Assumption (B2) holds with o = 1. Since

E{d"(Y,mg(z))|X =2} = E{/O152-go(t)2dt}

= llgoll” - E{(*)~/*}

L)

VT

for all x > 2 and = € [0,1], we can take Cyom =
max{1, v20||go[ (T'(2£2)//7)*/*} in the assumption (B3).
As for Assumption (B4’),

K/2

= 2%/20% gy |

lz1 — x2| - lgol|

sup d(mg(z1), me(22)) =

z1,22€[0,1]

sup
z1,22€[0,1]

SHgO”’

so we can take Clen = max{l,||go||}. Let the probability
measure 4 on H be the distribution of

fo® (e®g0), €~N(0,07).
For any z¢ € [0,1], it holds that

/ 02 (y, mes (o)) u(dy)
= llgoll? - / (e - >N1%fd

= (0® +25)  llgoll*.

21

Thus Cin; can be max{1, (62 + 23) - [|go|*} with z¢ € [0, 1].
Additioanlly, conditional on X = z, the u-density of Y is
2% —20{(Y 5 f0)/90}

plyle) ==
By similar arguments to the proof of Example 1, Vp(y|z) is
Lipschitz continuous with respect to x, leading to 5 = 1. The
rest of Assumption (B4’) can be easily checked. There remains
the assumption (B5) to be verified. Given the i.i.d training
sample {(X;,Y;)}" , from (X,Y"), the prediction given by a
Fréchet Mondrian tree can be written as

1
Mme(r) = argmin ————— Z

wer N(z,IL) :X;€L(x,I1y)

1
N(LE, HA) i:XiELZ(I,HA) fO {( ) ) go}
(35)

By the expression of mg(x) in (33) and g (z) in (35), we

take
S
N(z,I1) i:X;€L(z,ITy)

d* (Yi,w)

1 = (Xi+ei), 2=z,

and let y = fy @ (¢y © go) following the measure (i, then
H (g (z), me(2))

= {/ (ley = el - llgoll + ley — caf - ||go||)2u(dy)}
=|goll - {/ (ley — 1] + ey — 62|)2u(dy)}% )

The triangle inequality tells
2
[ ey =il +1e, — ex) i@y
2
< [ (ler = cal + 2e, ~ o))ty

< 2| —02\2+4/\5—x|2

N

1 52 d
e 57de
ov2n

<2le; — cof® +4(0” + 2°).
Given {X;}? ,,II,, we have

E{H (1 (2), m ()" [ { X}y, T}
< ||90||K ‘E {2|01 - 62\2 + 4(02 + x2)}ﬁ/2
<cullgoll® - {E(ler — co|) + 0" + 2"},

where

E(jer —cof") = E m Y (Xite)-

©:X;€L(x,ITy)
is bounded by z" if N (z,II)) = 0; otherwise, it is bounded by
K— K K K F(LH)
2~ {N(wl,l'[,\) X (e,my) | X — @] 4 282 }
Thus

E{H (11 (2), me (2))" [{Xi}oy, T} < cellgoll™ - (0" + 1)

and we can choose Cgom = max{1l,cl|/gol - (0 + 1)} with

some constant c,.
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Lastly, we check the lower bound for the prediction error
of a single Fréchet Mondrian tree estimator. From (35), we
further have

Z(fo S go)@

({xem

Let Z; = X;+1+¢; and

e ()

> (Xi+1+5i)}®go>.

X, €L(x,ITy)

. 1
m(x) - N(l’,H)\) . Z Zi7

:X;€L(x,IIy)
which is just the prediction given by a Euclidean Mondrian
tree based on {X;, Z;}" ;. Notably, when the leaf L(z,II))
is empty, adopting the convention fj© go is exactly equivalent
to setting 7 (x) = 0. Noticing that

fo® (z®g0) = (foO g90) ® ({z+1} ®g0),

the Fréchet regression problem in Example 2, where the
response variable is functional data, can be equivalently re-
formulated as the following Euclidean regression problem

me(r) =

Z=m(X)+e=X+1+e.

This equivalence allows us to indirectly obtain the lower bound
of the risk for Mondrian tree regression on L?([0,1]) by
applying the results of [21]. Specifically, by Proposition 3 of
[21], there exists an absolute constant Cy such that

2/3
30
>
T

(fo© g0) ® (M(z) ® go),
(fo© g0) ® (m(z) ® go),

the mean integrated squared error of the Fréchet Mondrian tree
estimator 7hg (z) is

inf ]E{m
AER 4

when n > 18. Since

me(z) =
me(r) =

inf E{d?(me(X),me(X))}

XER4
1
:/ go(t)*dt - inf E{m(X m(X)}2
0 AER 4
2
> oy Lol (30)
4 n

C. Proof of Example 3

Proof. Since U? with the Aitchison metric is a Hilbert space
and is thus a Hadamard space, by Remark 1, Assumption
(B1) holds with Cyj, = 1 and Assumption (BS) holds with
Ciom = ¢.CMomCLenClint, Where the unknown constants will
be determined progressively in the subsequent discussion. For
any B C U2, consider the following transformation

g:{g(u):(log (()) ,log (())> ueBE@

U2

h(u)’

log

1/3
with h(u) = (H;ll u(i)> . Noting that d(u,v) = ||g(u) —

g(v)||2 for any u,v € U2, if we consider B as a subset of R?
endowed with the standard Euclidean metric || - ||2, then

. 3
N(B.dr) = N[ o) < (TED )

where By(b) is a Euclidean ball with radius b in R? and the
last inequlity comes from Corollary 4.2.13 of [56]. Following
an analysis similar to the proof of Example 1, it can be proved
that the assumption (B2) holds with o = 1. Since

1 6X+1+51

e2X+24e2 \ |
Y = ) ) b
<f(X5€1752) f(X’€1762) f(X7€1a€2)>

by the same transformation as in (36), we get

9(Y) =
1 1 2 1 1 2 T
(—X—l—551_5527551—gEQ,X+1_§51+§€2) .
Let m(z) =E {g(Y) | X = x}, then
m(z) = (—x— 1,0,z +1)"

Further, the Fréchet regression function in Example 3 can be
calculated by

me(x) = argminE {[|g(Y) — g(w)|3 | X =z} = g7" (m(2)),

weU?

1

where g~ is the inverse function of g:

_1( ) et e ’
g (a)=
Z?:l e’ Z?:l e’ Z?:l e®

" Then forall k> 2 and z € [0,1],

e%(3)

with a = (a1, a(2), a(3))
E{d"(Y.me(2)) | X =z}
=E{[lg(Y) - g(ma ()5 | X =z}

K/2
2 2 2
]E{(gz—:f—i— 362 3E1€2> }

W)
VT

Thus (B3) holds with Cyiom = max{1, 20(I'(L

As for Assumption (B4'),

<2Fg"

)/ V)Y

sup  d(mg(r1), me(z2))
{L’l,{L’QE[O,l]
= sup |m(z1) —m(a2)|l2 < V2,
.’El,xze[o,l]

so we can take Clen = V/2. Let the probability measure z on
U? be the distribution of

1 et €2 T
<1+€51 +ef2) 1 4 ef1 +ef2 1 + eft +652> ’

where £1,e; ~ N(0, 0?) are independent. For any z € [0, 1],
it holds that

/fmmamM@w:/mw—mum@mw
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250'2 + 2(1‘0 + 1)2.

Thus Cint can be 40%/3 + 2(x¢ + 1)? with 29 € [0,1].
Additioanlly, conditional on X = z, the u-density of Y is
5(e+1)2 — (+1) (2 1og(y(2))+4 log(y(3)) —6 los(y(1)) )

plyle) = e~ 37 :
where y(;) is the i-th element of y. By similar arguments to
the proof of Example 1, Vp(y|z) is Lipschitz continuous with
respect to x, leading to S = 1. The rest of the assumption
(B4’) can be easily checked.

Lastly, we check the lower bound for the prediction error
of a single Fréchet Mondrian tree estimator. Given the i.i.d
training sample {(X;,Y;)}"; from (X,Y), the prediction
given by a Fréchet Mondrian tree can be written as

1
Mg (z) = argmin ————
weSyT N(Jf, Hk) Z

i X;€L(x,I1y)
=g~ (m(x))

d* (Y;,w)

with

. 1
m(z) = N 1) | >z,
:X;€L(x,IIy)

where Z; = g(Y;) = (—X;—1—3ei1— 2ei0, 2651 — 2640, X;+
1 — Zei1 + 2652) " and €1, are realizations of the noise
variables €1, o in the i-th observation. It is clear that 7i(x)
corresponds to the predictions given by a Euclidean Mondrian
tree based on {X;, Z;}" ;. Notably, when the leaf L(x,II))
is empty, adopting the convention g (z) = (1/3,1/3,1/3)T
is exactly equivalent to setting 7(z) = 0. Through the above
analysis, the Fréchet regression problem in Example 3, where
the response variable is compositional data, can be equiva-
lently reformulated as the Euclidean regression problem Z =
(m(12r(X)—%€1—%€27m(2) (X)+%E1—%827m(3) (X)—%E1+
2 _ 1 1. 2 1 1 2
s62) = (—X—1—3e1—3¢62, 3561362, X+1—35e1+5¢2)
This equivalence allows us to indirectly obtain the lower bound
of the risk for Mondrian tree regression on 242 by applying the
results of [21]. Specifically, by Proposition 3 of [21], there
exists an absolute constant Cyy such that

2 1 /202\*?
inf E{Th(l)(X) - m(2)(X)} >Co A= () ,

)\ER+ 4 3Tl
. . 2 1 /502 2/3
B (X) — sy ()} zcoA4(3n) |

when n > 18. Since

me(X) = g7 (M(z)), me(X)=g7" (m(z)),

the mean integrated squared error of the Fréchet Mondrian tree
estimator 7hg () is

B 5 00 105(00)

= it E{|li(z) - m(x)]3}

> i E{ () (X) - mn)(X))" + () (X) = me (X))}

1 /202 2/3
> - — .
=GN g (371)

O
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D. Proof of Example 4

Proof. Since W5(R) is a Hadamard space, by Remark 1,
Assumption (B1) holds with Cyj, = 1 and Assumption (B5)
holds with Cgom = ¢<CMomCLenCint, Where the unknown
constants will be determined progressively in the subsequent
discussion. Let w € W,(R) be an arbitrary probability
distribution, and denote by Q(w) its quantile function. Let
dr, denote the standard Lo metric on the space Ly(]0,1]).
Inspired by Proposition 1 in [2], we present the following
argument to verify the assumption (B1). For any B C Wh(R),
the definition of Wasserstein distance yields

N (B,d,r) < N(Q(B),dr,,7/2)
<N (Bdiam(Q(B),sz) (Q(wo)) NQW2(R)),dL,, 7"/2>

where Bdiam(Q(B),dL2)(Q(w0)) refers to the Lo ball of radius
diam(Q(B),dr,) centered at Q(wy) with some wy € B. Let
{9u}yev C L2([0,1]) be a minimal r-cover of B1(Q(wo)) N
Q(W:2(R)). For § > 0 Define g, = Q + 5 (g, — Q), then
the collection {g,} forms a dr-cover of Bs(Q(wp)) N
Q(W2(R)). Thus

N (B,d,r)
< N<Bdiam(Q(B),dL2)(Q(WO)) NQW2(R)),dr,, 7“/2)
< N(B1(Q(w0)) NQW:(R)), diy, 1/2 diam(Q(B), di,) )

exp (C - diam(Q(B),dr,)/r)
exp (C - diam(B, d)/r) .

uelU

IN

where the last inequality is due to Theorem 2.7.5 of [34] and
C is independent of 7. Then

Y2 (B,d) < c/oOO V1og(N (B, d,r))dr < 2¢v/C diam(B, d).

That is to asy, the assumption (B2) can hold with o = 1 and
Cent = max{1,2¢v/C}.

Next, we verify the remaining assumptions. Since the
Fréchet mean of normal distributions under the Wasserstein
distance remains Gaussian, it would change nothing if we
restrict the response space from W2(R) to its subset G =
{NM(a,1) : a € R} when calculating the (sample) Fréchet
mean. From now on, we take the optimization range (2 to be
G. For any N (a1,1),N(azg,1) € G, [57] gives

d(N(a1,1),N (az,1)) = |a1 — ag|.
Then Fréchet regression function in Example 4 is

me(z) = argminE {d* (Y,w) | X =2} =N (z + 1,1).
weg

It follows that

L(%)

s

for all kK > 2 and x € [0,1]. Then we can choose Cpmom =
max{1, v20(T'(%)/y/7)/*} in Assumption (B3). As for
Assumption (B4),

E{d"(Y,me(2))|X = 2} = E {|¢]"} = 20"

sup
z1,22€[0,1]

|z1 —x2] <1,

d(meg(x1), me(r2)) =  sup

z1,22€[0,1]
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so we can take Clen = 1. Let the probability measure g on
Ws(R) be the distribution of

N(g, 1), e~N(0,0%).
For any z¢ € [0,1], it holds that

/ @2y, mes (o)) u(dy) = / (e — 20— 1)?

= 0'2 + (l'() + ].)2

Thus Ciyt can be 02 + (29 +1)? with xq € [0, 1]. Additioanlly,
conditional on X = z, the p-density of Y is

1

oV 2w

_ 2
e 2:2de

x 2_ x Qq
plyle) ==
where a, is the location parameter of the normal distribution
y = N(ay, 1). Similar to the proof of Example 1, Vp(y|z) is
Lipschitz continuous with respect to z, leading to 8 = 1. The
rest of Assumption (B4’) can be easily checked.

Lastly, we check the lower bound for the prediction error
of a single Fréchet Mondrian tree estimator. Given the i.i.d
training sample {(X;,Y;)}", from (X,Y), the prediction
given by a Fréchet Mondrian tree can be written as

. _ . 1 2
Mg (z) =argmin N L) Z d (Y;,w)

weg :X;€L(x,I1y)

N > (Xi+1+si),1>.

1
=N <N<x,n |
: X; €L(x,ITy)

Let Z;, = X;+1+¢; and
. 1
iw) = N (z,11,) 2

i:X;E€L(x,I1,)

Ziv

which is just the prediction given by a Euclidean Mondrian
tree based on {X;, Z;}™ ;. Notably, when the leaf L(x,II,) is
empty, adopting the convention A/(0,1) is exactly equivalent
to setting m(z) = 0. Through the above analysis, the Fréchet
regression problem in Example 4, where the response variable
is probability distributions, can be equivalently reformulated
as the following Euclidean regression problem

Z=m(X)+e=X+1+e.

This equivalence allows us to indirectly obtain the lower
bound of the risk for Mondrian tree regression on W2(R)
by applying the results of [21]. Specifically, by Proposition 3
of [21], there exists an absolute constant Cy such that

1 (302

2 2/3
Jnf E{m(X) —m(X)}" > Con g (n)

when n > 18. Since

e (X) = N (m(X),1), me(r) =N (m(X),1),

the mean integrated squared error of the Fréchet Mondrian tree
estimator 7hg (z) is

inf E{d?(ig(X), ma(X))} =

Jnf inf E{m(X) —m(X)}*

AER L

1 9N 2/3
>Cy A~ (30) .
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