Supplementary Material for
“High-dimensional Detection of Spatial
Interference Effects”

In this Supplementary Material, we illustrate the detailed potential outcome framework
in Section [S1], discuss the model assumptions and robustness of our proposed method
in Section [S2] Discussion on the convergence and computational time of the estimation
algorithm, more explanations on BiRS algorithm, and the selection of tuning parameters

are included in Section [S3] Theoretical analysis, including lemmas and proofs, is included

in Section [S4}l-Section [SAl

S1 Potential outcome framework and interference ef-

fect

We now use the potential outcome framework to introduce the causal estimands of interest.
This framework is not intended to add methodological novelty, but rather to situate our
proposed method within the well-established language of causal inference. By formulating
our problem in terms of potential outcomes, we clarify how the direct and interference
effects we estimate correspond to standard causal estimands. This connection helps readers
interpret our results in familiar causal terms, and demonstrates that our estimation and
detection procedures are compatible with the classical causal framework. Let M and Y be
the corresponding RC-dim vectors in the whole experimental area. When SUTVA does not
hold, Y,. depends on M instead of M,.. Let Y,.(M) be the potential outcome for unit (r, c)
under treatment M. As pointed out by Rubin| (1986)), the potential outcome is well-defined

only if the following assumption holds:



Assumption S1 (Consistency Assumption, CA) For each unit (r,c), the observed out-

come satisfies Ypo = Yye(M).

For any unit (r,c¢), let N,.. C {(+',¢') # (r,¢) : 1 <1 < R,1 < ¢ < C} be an index
subset dependent on (r,c¢), and let N_,. denote all units not in {(r,¢)} UN,.. We impose

the following assumption.

Assumption S2 (Sparse Interference Assumption, SIA) For each unit (r,c), there exists
a smallest index subset N,. with cardinal s,. < RC' such that for any My .. and M a

rc 7

the potential outcomes satisfy Yyo(Mye, Mn,., Mnr_,.) = Yee(Mye, My, My, ).

The set N,. satisfying Assumption [S2is the interference neighbor set for unit (r,c¢) of
interest. We consider three causal estimands of interest in this work. The first two are
individual-level effects, following the definitions in |Forastiere et al.| (2021)). Specifically, we

define the direct effect (DE) for unit (r, ¢) by
DE,. = ZE {Yie(Mye =1, My, = b) = Y;e(M;e = =1, My, = b)} P(My;,. =)
b

where N,. denotes the set of potential interference neighbors of unit (r,¢), and b ranges
over possible treatment assignments to N,.. This quantity captures the average effect
of changing the treatment status of unit (r,c), holding the treatment assignments of its
neighbors fixed. The interference effect (IE) for unit (7, c), given its own treatment status

a € {1,—1}, is defined as
IE,;c(a) = ZE{Y;C(MTC = a, My,, =b) = Yie(Mye = a, My,, = —1)} P(My;, =),

which quantifies the average effect of changing the neighbors’ treatments from a baseline
(all—1) to b, while keeping unit (r, ¢)’s own treatment fixed at a. Finally, we define the av-

erage treatment effect (ATE), which reflects the global average effect of applying treatment
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versus control across the entire experimental area:
ATE = (RC)™ Y “E{Y;o(Mye =1, My, = 1) = Yyo(M,e = =1, My, = 1)},

where My, = a indicates that all elements of the vector My, are equal to a. This estimand
captures the expected difference in outcomes when all units are assigned to treatment
versus all assigned to control. We finally introduce the classical conditional independence

assumption.

Assumption S3 (Conditional Independence Assumption, CIA) Let X,. denote the ob-
served covariates for unit (r,c). Then the joint treatment assignment M is assumed to be

independent of all potential outcomes, conditional on the covariates {Xye}rc.

This assumption, also referred to as the unconfoundedness assumption, is fundamental
for the identification of causal effects from observational data. We assume the following

structural model for the potential outcomes:
)/rc(M> - Xlﬁrc + Mrchc + M,/—l\—/’msrc + 5TC(M)7 (Sl>

where f3,. € R? is the coefficient vector for covariates, L,. € R represents the direct effect
of the treatment at unit (r,c), and S,. € RWrel encodes the interference effects from neigh-
boring units. Here, My, denotes the vector of treatment assignments for the interference
neighbors of unit (r,¢). The error term ¢,.(M) has mean zero and is independent of the
treatment assignment, conditional on the covariates. This model reflects the assumption
that potential outcomes are linearly affected by the treatment status of each unit and its
interference neighbors, consistent with Assumption Under Assumption the ob-
served outcome for each sample i corresponds to the potential outcome under the realized

treatment assignment M;. Therefore, with repeated observations over time indexed by



1=1,...,n, the potential outcome model yields the observed regression model

Y;,rc = XT ﬂrc + Mi,rchc + MzTNTCST‘C + Eires

1,rC
where ¢, ,. are independent mean-zero errors. Then we have the following conclusions.

Lemma S1 Under CA, SIA and CIA, we have

DE,. = Y  Ex[E{Y;e|Mye =1, My, = b, Xyc) = E{Y;e|Myc = =1, My, = b, X;o)|P(My;, = b),
b

IE,c(a) = Y Ex[E{Ye|Mye = a, My, = b, Xye) — E{Ye| Mye = a, My;,, = —1, Xy)|P(My;
b

ATE = (RC)™' ) 0 " Bx[E{Y;e|Mye = 1, My, =1, Xpe) — E{Ype|Mye = =1, My;,, = —1,X)].

T7C b

Proof. By Assumption [S1] the potential outcome can be expressed by
B{Y,.(M,e = a, My, = b)} = E{Y,.|M,. = a, My,, =b}.
By Assumptions [S3]
E{Y;e(Mye = 1, My, = b) = Yee(Mye = =1, My, = b)[ X,c}
=E{Y;c|Mye =1, My, = b, Xrc) = E{Yrc|Mye = =1, My;,. = b, Xpc),
E{Y,o(Mye = a, My;,, = b) = Yie(Mye = a, My;,, = —1)| Xy}

:E{K”C|MTC = a, MNrc = baXrC) - E{Yrc|Mrc = a, MNTC = _17X7”c)‘

The expression for ATE can be derived similarly, and we complete the proof.
|
Under model , the causal estimands DE, IE, and ATE can be expressed in terms

of model parameters L,. and S,. provided that identification assumptions hold.

Lemma S2 Under CA, SIA, CIA and model (1), we have

DE,. = 2ch> IErc(a> =2 Z Z Src,j P(MNrc = b)a
b \{j:bj=1}

2
and ATE = %Z {ch—l— > Src,j} .

e jENrc
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Proof. We take the derivation of DE,. as an example, and IE,.(a), ATE can be derived

similarly. Under model (1), it holds that

E{K"C‘MTC = 17 MNrc = 17 XTC>} = XTCB?"C + L’"C + 1.;\r/'rcS7“C

E{Y;"C‘Mrc - _17 MNTC = 17 ch)} = chﬂrc - ch + ]‘XfTCSTC'

Then it is straightforward to obtain the above conclusions.
|
Remark. We implicitly assume sufficient variability in treatment assignments across
time so that all relevant configurations of My, occur with positive probability (a form of
positivity). This is typically satisfied in dynamic environments like ride-hailing platforms.
Remark. Under model (1), DE and IE are separate and additive, and hence IE,.(a) is
independent of a. Therefore, we can simply denote it as [E,.. The probability distribution

P(My,

rC

= b) is determined by the treatment assignment mechanism.

Remark. In the context of the sharing economy, a key question in causal inference is
policy evaluation—for instance, whether implementing a new algorithm (such as a subsidy
policy or a supply-demand matching mechanism) can improve total driver income. When
the treatment assignment mechanism applies the new algorithm uniformly across all units
(i.e., a global treatment), we have P(My,, = 1) = 1 for all units (r,¢). In this case, the

following relationship holds

1
ATE = — DE,.+1E,.).
e ;( +1Er)

We are particularly interested in detecting the elements in N, for each unit (r,c)
from the observational data, as this can provide insights into the mechanisms underlying
treatment effects. Understanding these mechanisms can inform the development of more

effective strategies. Assumption[S2|covers many existing assumptions commonly used in the



causal inference literature to address spatial interference, including the partial IE and local
network interference (Sobel [2006, Liu et al.|2016, Savje et al.|2021)). However, Assumption
allows for variation in the interference structure across space. In scenarios where prior
knowledge suggests high-dimensional interference, one may refer to Leung (2022) which
assumes [E decays as the distance between two units increases. This assumption differs from
our sparse interference assumption. Both assumptions have their respective advantages.
While the decaying interference assumption potentially accommodates high-dimensional

IE, our sparse assumption allows for distant interactions.

S2 More on the Model Assumptions

S2.1 Model justification

Two important assumptions of our model are the additivity of DE and IE, and the spatial
independence of the noises. In this subsection, we verify these two assumptions in the case
study.

For the additivity of DE and IE, we augment the model to include an interaction term
between local and neighboring treatments and test its statistical significance. To do this,
we apply the multi-split method proposed in Meinshausen et al.| (2009), which is designed
for high-dimensional linear models. The method aggregates p-values from inferences across
multiple random splits to ensure the control of family-wise error rate. For each group of
samples, an ANOVA based on the lasso estimators is conducted to obtain the corresponding
p-value. The minimum p-value across the R x C' locations is pniy, = 0.677, indicating no
strong evidence of interaction effects. This result supports the validity of the additive

specification in our application.



For the spatial independence of the noises, we applied the high-dimensional correlation
test proposed by |Cai & Jiang (2011) to the residuals in our case study. Let ¢ = R x C, and
let © € R?? be the correlation matrix of the residual vector € = ¢,.. The null hypothesis

Hy : © = I, is tested using the statistic

T, = max O3,
1<j<k<q

with the asymptotic distribution given by

P (nT, — 4logq + loglogq < ) — e~ (/V8me™"?,

We reject H if
T,>n"! {4logq —loglog ¢ — log(87) — 2loglog(1 — a)_l} ,

where o = 0.05. The result fails to reject Hy, indicating that spatial residual correlations
in the data are negligible.

We also acknowledge that in domains where spatial dependence arises from unobserved
or poorly measured factors, additional modeling (e.g., spatial error models or random
effects) may be necessary. The main challenge lies in deriving an upper bound for the
operator norm of element-correlated matrices in the low-rank estimation. One potential
solution is to assume that the spatial dependence is local. Extending our framework to
explicitly account for such spatial correlations is an important direction for future work. We
have added these points in the discussion section to clarify the feasibility and limitations of
this assumption. To further explore this issue empirically, we conducted a simulation study
to evaluate the robustness of our method under spatially correlated errors. Specifically, we
vectorized the spatial error terms ¢,. and imposed a Toeplitz covariance structure 3,;(p) =
pP=F for j k = 1,..., RC, with correlation levels p € 0.5,0.7,0.9. For reference, p = 0

corresponds to the original setting with spatially independent errors. As shown in Figure[ST],
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the method maintains stable performance even under strong spatial correlation (p = 0.9),

suggesting practical robustness.
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Figure S1: Performance of the detection method under varying levels of spatial error cor-

relation.

S2.2 Robustness to model mis-specification

Though our model rely on the low-rank of DE matrix and temporal independence of noises

to establish theoretical guarantees, the proposed method perform well when these assump-

tions are violated.

First, to examine the robustness of our method beyond the exact low-rank setting,

we considered a scenario where the direct effect matrix L is full-rank. Specifically, we

construct L,. = 0.01 - F;. where F,. = >""" | Xj;c[,c/n represents the expected outcome of



unit (7, ¢). Under this construction, the matrix L = (L,.) no longer satisfies the low-rank
assumption. Figure compares the true positive rates (TPRs) and false discovery rates
(FDRs) between the original low-rank setting and this full-rank alternative. The results
show only minor differences in performance, suggesting that our method remains effective

even when the low-rank assumption is violated.
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Figure S2: Detection results under a full-rank direct effect matrix.

Second, we evaluated robustness to temporal dependence in the error terms. Specifically,
for each spatial location (r, ¢), we introduced temporal correlation across n repeated samples
by assuming that the error vector .., © = 1,...,n follows a stationary Gaussian process

with autocorrelation structure

pyn
Z(p) = {p‘] |}j,k’=17
where p € {0.5,0.7,0.9}. The case p = Ocorresponds to the baseline scenario with tem-
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porally independent errors. As shown in Figure [S3] the TPRs and FDRs under temporal
correlation remain very similar to the independent case, even when the correlation is strong
(p = 0.9). This indicates that the proposed method is robust to moderate-to-strong tem-

poral dependence in the noise.
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Figure S3: Detection results under temporally correlated error terms.

S3 More on Algorithms and Tuning Parameters

This section provides additional discussion and empirical evidence regarding the numerical
performance of Algorithm 1, which performs joint estimation of the direct and interference
effects via an iterative procedure. More explanations for the BiRS detection algorithm,

and recommendations for the selection of tuning parameters
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S3.1 Computation and convergence of Algorithm 1

Convergence Behavior: Algorithm 1 alternates between updating the direct effect matrix
L using a low-rank regularized regression, and the interference structure S via Lasso-based
sparse regression. While theoretical convergence guarantees for the full alternating opti-
mization procedure under our model setting remain analytically challenging, we evaluate
the convergence empirically across various grid sizes.

Specifically, we record the number of outer iterations until convergence under the cor-
related treatment design (with strength parameter 6 = 0.1) for different grid sizes ranging
from 8 x 8 to 18 x 18. The results in Table [S1| show that the algorithm typically converges
within 6 to 7 iterations, and the number of iterations does not grow significantly with grid
size. This supports the practical stability and efficiency of the proposed method.

Computational Cost: We also report the average computation time (in minutes) for
the estimation step across the same grid scales. As expected, the cost increases with the
number of grid points, since each iteration involves solving Rx C' Lasso problems and matrix
updates of size proportional to RC. However, the computation time remains manageable
across all tested settings (e.g., less than 0.3 minutes for a 324-cell grid), making the method

feasible for moderately large spatial applications.
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Table S1: The empirical average computing time (mins) for estimation, testing, and de-
tection procedures, as well as the number of iterations of the proposed method in the
correlated treatment scenario with the strength parameter 6 = 0.1. The scale of R x C

ranges from 8 x 8 to 18 x 18.

(R,C) (8,8)  (10,10)  (12,12)  (14,14)  (16,16)  (18,18)
Iterations  6.050 6.000 6.000 6.950 6.400 6.050
Estimation  0.025 0.037 0.059 0.111 0.160 0.225

S3.2 Estimation of o,.

The estimation of o,, follows the method proposed in Sun & Zhang (2012) and can be
implemented by the R package scalreg. Specifically, let Z,. = (X, Mye, M_,.) and 7, =

( TTC, L., S;E)T, then o,. can be estimated by the following iterative algorithm:

Ore n_1/2 ||Y;C - Zrcfs/rcHF )

Ao 6 20,10,

2 New L new

/?TC — Yre if L/\g,rc (’yrc ) S L)\g (’?rc) ’

where

1 2
LAJ,T‘C(%"C) = n ”Yr‘c - ZTC'VT‘CHF + As ”7%”1 )

Ao is a constant and termination criterion is the convergence of 6,.. In our problem, fol-
lowing the suggestion of Sun & Zhang (2013), we set the universal penalty level A\, =
V2L, (ky/RC) with L,(t) = n~/2®~1(1 — t), where ® is the cumulative distribution func-

tion for A'(0,1), and kq is the solution to k = Li(k/p) + 2L1(k/p).
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S3.3 Illustration of BiRS algorithm

For easy presentation, we give a flow chart in Figure for clustered signals, where the

signals reside in several separated signal regions, to illustrate how the BiRS algorithm

works.
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Figure S4: BiRS detection scheme. The red lines are the normalized estimation \/ﬁVeC(S ).

From this scheme, we can see that the BiRS algorithm identifies signals through an
efficient binary search process that iteratively splits regions until a minimum size is reached
(in our problem, the minimum size is set to be 1), enabling rapid detection without prior
knowledge of segment boundaries. A key component is the use of dynamically adjusted
critical values, which ensures that BiRS can achieve higher detection power while effectively
controlling the family-wise error rate. After the binary search process, a re-search procedure

is applied to remove detected significant signals and initiates a new search among the
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remaining regions. This iterative process continues until no further significant signals are

found, after which selected segments are merged to adapt to the true signal structure.

S3.4 Tuning parameter selection

Finally, we further clarify the parameter selection involved in our method. Our proposed
method involves two main types of tuning parameters:

1. Low-rank penalty parameter \.
This parameter controls the nuclear norm penalty ||L]||,, which encourages a low-rank
structure in the direct effect matrix. In practice, we select A using standard 5-fold cross-
validation, a widely adopted approach that balances model fit and regularization.

2. Sparse penalty parameter \,..
These control the /1-penalization in the estimation of interference effects S,.. Theoretically,

we follow the guidance in high-dimensional literature and set

Are > Ao/ log(RC) /n,

where A > 24/2 is a universal constant and ¢, is the noise level at unit (r,c). In our
implementation, we take A = 24/2.1, and estimate ,, using the scaled lasso method (Sun
& Zhang|2012), as detailed in our response to Comment 7.

To assess the sensitivity of our method to the choice of A, we conducted a robustness
study with A € {2.1,2.3,2.5,2.7}. The results, shown in Figure indicate that our
method remains stable across different values, with only minor variation in detection per-
formance. This supports the robustness of our approach with respect to tuning parameters.

3. Other parameter settings.

The step size (or updating rate) in our algorithm is set to n = 2, following the recommen-

dation of Beck & Teboulle| (2009). The convergence tolerance is 7 = 1074, based on the
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Figure S5: The detection results for different tuning parameters.

relative change of updates across iterations:

s _ 185 = B0l LU — LOp S — SO
1691 ILO]|r 151lr

For the global testing and detection procedures, we use B = 1000 bootstrap replications

to ensure accuracy and stability of the inference.

S4 Key Lemmas

Lemma S3 Let (Zy,...,Z,) be a zero-mean multivariate normal random vector with co-
variance matriz = (wjk)1<jr<p and diagonals w;; = 1 for 1 < j < p. Suppose that

max;<jzp<p |Wik| <7 <1 and max;y »_ wir < Co. Then for any x € R, as p — oo,

1
IP’{II%(%JZH < \/210gp—10g10gp+x} — exp{—ﬁ exp (—%)}
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Lemma S4 Assume the estimator L of L* satisfies that

K R C 2 ~
S IMALE < = P e, ) A (Il - 2] ve 2

r=1 c=1

where A(L) = L — L*. Let U™ € R®" and V™ € RE*" be matrices consisting of the top
r left and right singular value vectors of L*. Then there exists a matriz decomposition
A(L) = A'(L) + A"(L) such that:

(a) the matriz A'(L) satisfies the constraint rank(A'(L)) < 2r;

(b) if A>2[|[x(M,P,e)l,, /n, then the nuclear norm of A"(L) is bounded as
min(R,C)
1AL, <BIA (L), +4 > oy(L) +3.
j=r+1
Lemma S5 Let the random vector U, € RP be the test statistic and U,Sl), cee UT(LN) € R? be
generated by the bootstrap procedure in the previous test. Denote Jy to be the null set and
Ji to be the signal set. Suppose that for any index set Ay C Jy, the random vector U, (Ay)

satisfies that

P{IUn(Ao)llo > cB(e, Ao)} S @,

where cg(a, Ng) is the empirical threshold generated by U,Sl)(/\o), Uy (Ao).
We further assume that U, satisfies that there exists some [ > « such that for some

H — oo,

P(QJHﬂAij) < 1
iy 1T P (A;,) — (28)1

where A; = {|U,:| > t;} and t; is the 1 — a quantile of |U, .
~ BiRS . ‘ ‘ . .
Let Jy be the estimated signal set by BiRS algorithm, then there exists a constants

¢ such that

P{j (Jl,leiRS) 21—2}2{1—%}{1%(%)”}, (S3)

where s = |J1| and n = ’leiRS‘.
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Lemma |S3| is Lemma 6 in (Cai et al.| (2014)). One can refer to this paper for detailed

proof.

S5 Theoretical Proofs

S5.1 Proof of Lemma

We write the singular value decomposition (SVD) as L* = UDV'", where U € R™*® and
V € RE*Y . Note that the matrices U™ and V" are given by the first 7 columns of U and V/

respectively. We then define the matrix I' = U A(L)V, and write it in block form as

Iy T
I'= ,
Lop Tao

where I';; € R” and T'yy € RE=X(C=1) We now define the matrices

0 0
A"(L)=U v
0 Ty

and A'(L) = A(L) — A”(L). For easy notation, we denote A = A(L) and the same for

A'(L),A"(L). Note that we have

INTR T Iy T Iy 0
rank(A") = rank < rank + rank < 2r,

F21 0 0 0 le 0

which establishes Lemma[S4|(a). Moreover, we note for future reference that by construction

of A” the nuclear norm satisfies the decomposition
TLar (L7) + A", = [[TLar (L], + 1A,

where Ls = Il 4 (L*) + Mg (L*) and T4 (L*) = U™ Ty V7.
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We now turn to the proof of Lemma (b) According to equation , the error A

satisfies that

0= 2 (0 P.), AL + A (1) - £ )+ (54

using the decomposition Lk = II 4 (L*) + Iz-(L*), we have
Li| = I(Mar (L) + A") + (I (L7) + A,

*

> [[(Tar (L7) + A", = [[(Tsr (L7) + AT,
> [ (War (L) + 1A = (e (L), = 1A, -

Consequently, we have
lE N = |2 < 2 (), + 127, = 1a71,
Substituting this inequality into the bound [S4] we obtain,
0< % X (M, P, ), AL)) g 1AL + A2 [T (L), + [1AT]], = [[A"][} + 6.

Finally, since 2 [|(x(M,P,e), A(L))]|,, < A by assumption, we conclude that

op
* 3 / 1 "
0< A3 2|[s (L) + S AT, = 5 I1A7IL ¢+

Since |||, = Z;n:lﬁ(ﬁc) 0;(L*), we finish our proof. |

S5.2 Proof of Lemma

In order to obtain the theoretical true positive rate, we need some algorithm based inequal-

ities. We first look into the case that there exists two signal points j;.jo, let
A; = {The binary search step detected j;},

and

Ay Ay = {The first re-search detected js}

18



, according to the power analysis Theorem 3, we have that P(Ay|A;) > 1 — 8/n%(p — 1)
(a dimension reduction accurred after the first binary search). Then under the case that

there exist only two signal points, we have

P(Ay) = P(A)P(Ay|A)) > P {1 - i} ,

n2p
with P(A;) =1— n%p. Then by induction, in general, when there exists s signal points, let

A = {all the signal points are detected}, we have

p
P<A>2Hi=1{1—#}21—§21>1_M,

2 _ g — 2 2
n*(p—r—1) n? i n

Then we give the theoretical true positive rate tends to 1 with high probability and we prove
the theoretical Jaccard index tends to 1 with high probability. The previous statements

JiNJ,

say that — s. Then the Jaccard index only depends on how many non-signal

points are detected by the BiRS algorithm. Let
A, = {3¢non-signal points be detected under s true signal points are removed} .

Since the consistent of detecting certain signal point has been proved. We just need to
specify the value of Py, .
Assume that the BiRS detected ( points after s true signal points be removed through
M whole binary search, 1 < M < (, the corresponding probability is Py;. Let K =p —s
and
i—1
B(¢) = {EIQ points been detected among the remaining K — Z G points} .
j=1
Denoting A; = { the index of points remaining after i whole binary search under the

true signal regions removed }, i =1,..., M. Let

Cir, = {the points k is selected as signal point at step i},

19



1=0,....M —1;k=1,..., K. Then we have,

Py< > [IPBW)

C1t-+Car=¢ =1

< Z HIP’ {UAM ..... Aec; €Ai—1 [OAW N O/\kcﬂ} } (S5)

Gt Cr=¢ i=1

< ) ﬁ > P[kalzﬂ-“ﬂcxkcii}

Gt +Cu=Ci=1 | Ag1,Akg; €A1

For the probability of Cy, by the first condition and Bonferroni correction, we have

that P (Cy) < a/ (K — Zj‘;}) Cj>, continue with ([S5), we have,

Pu< Y (g) <K—§§i11<j) ﬁ (#m)gp(g)

1t +Cnr=¢ i=1

K K=Y\ (K - c
< ¥ (O)-Ca)EEe e
C1+'§;]WC Cl CM H

By the second condition, there exists constants H such that Hf\il D(¢) = H-(1/2B)% and

recall that,

5 (g)m<K—§;]i_11Cj):% > ﬁ

CldeCar=¢ G-+ Cm=¢
¢—1
R
Sw-0)

Then we have Py < H(S,)(a/2B)¢, thus, we have that,

22 (0) (3) =2 (5) < ()

Then we finish the proof of Lemma [S5] |

S5.3 Proof of Theorem 1

Assume that (8, Ly, S1)], is the minimizer of

re)

1

R C R C
ﬁ Z Z ||}/;c - chﬁrc - Mrchc - M—rcSrc”g + )‘ ||L||* + Z Z /\rc ||Src||1 )

r=1 c=1 r=1 c=1

20



and that the true model is

Y;‘c = chﬁ:fc + MT‘CL:C + M—rcs:c + Ere-

By the profiling procedure, BTC is the minimizer of ’
then

Brc = (X;EXTC)_I X;E (ch :c - MTCA<LTC) - MfrcA(Src) + grc) )

A A

where A(S,.) = B — B A(Lye) = L. — L}, and A(S,.) = S,c — S}.. Thus,

XTCA(ﬁT‘(/‘) - _PXrCM’I‘CA<L7‘C) - PXTCM—TCA(STC) + Pchgrca

where Px,, = X, (XLXTC)_l X, is the projection matrix.

Next, we note that (S, LT)7 is the minimizer of
'y
r=1 ¢

Let &, = €re — X3 eA(Bre), then we have

Yrc - erérc - M’/’chc - M—T‘CS’I"C

r=1 c=1

1 R C
ﬁ Z Z “MTCA(LTC) + M—TCA(STC)Hg

r=1 c=1

?1[:
Mo

ﬁ
Il
—
(¢
Il
—

rc

:Ml\;
M2

(T = Py, )M A(Le) + ML = [[2]])

Il
—
o
I
—

M~

2
{ﬁg;u P )M A S — e |rA<sm>H1}

ﬁ
Il
—
o
I
i

IA
3o

X

M,P,e), AL) + M), ~ || E]|)

2
{ge;u P M A — A HA<Sm>Hl} |

ﬁ
I
R

+
M=
1Mo

§/Tc - XTC/BTC - Mrcﬁrc -

M—rcSrc

I

(S6)

9 R C
AL DD A Svel

(M A(Lye) + My A(Spe)} Py AMeA(Lye) + Mo A(Sre) }

where x(M,P,¢) = (¢,.(I — Px,,)M,c)r.. Next, we consider the last term in the last line

of the above inequality. Let

- {<7~, ) Ao < 2l - PXN>M_TC||OO} |
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From Lemma S1, it holds that

T(I =Py )M, !
. { | \/garz [ < \/2log RC — 1Og10ch+g;} — exp {_ﬁ exp (—g) } .

Take A\ = Ac,./log RC/n with A > 24/2. Then with probability tending to 1, |C| <

K{RC***/8/\/rTog RC. Similarly, since S, is the minimizer of

1 R R
- ‘ }/7"0 - XT’C/BT‘C - Mrchc - M—TCS'I‘C

2
) + A [[Srelly -

We have

\V)

1 -
E ||M—rcA(5rc)H§ < - ;rcM—rcA(STC) —A ||A(S7”C)||1

1\33

] PX )MT‘CA(LT’C) + PXrCM—rcA(Src)}T M—’I‘CA(STC)

AQMMM

/_/Hz

H (I = Px,.) My

o

Then outside the set C, by Assumption 2, there exists a constant K5 such that
“M—TCA(SW:)HQ < K ||MTCA(LTC>H )

and inside the set C, it has the classical lasso error bound. Recalling the common error

bound for lasso estimator, we have that

RZZWAWM 2 (WM P.2), A(L))

r=1 c=1

K,RC?*#*/8,/log RC

n

e (1= ) +

Next, we need to bound the nuclear norm and the Frobenius norm of the low-rank part.
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By Lemma S2, we have that,

ZZ 1M A (L) |12

r=1 c=1

K RC***/3\/log RC
< = (M, P,2), A(L) + A|AL)], + ——=——==2

| Do

n
2 K, RC?*#*/8,/log RC
S5IIX(M,P,e)IIOPIIA(L)II*+AIIA(L)II*+ . -
K,RC?*#*/8,/log RC
<A AD)), + —=—2==
K RC*4*/8,/log RC
<2X (A (L) + |A" (L)) + = -
min(R,C) A2
K RC?*4°/%,/log RC
<SAJA' L), +8x Y oL+ o8
n
j=r+1
min(R,C) 2
K 2—A%/8 1
<SRN A, + 80 S oy (1) + 2 Y og G
Jj=r+1

Since Ks || M,.A(L,.)|3 /n = K5 ||A(L)|]5, it holds that

IA(L)]], < max RC'*/1010g/4(RC)

Vo) \/SAE;““;fiC) (L) [E,
K )

5 K "V Ksn

Since A = 2 IX(M, P, e,y then in the set

min(R,C)
By(v,) = { A e RF7C . Z 0(A) < v

q (>

A < Kgy/2E€ with probability at least 1 — exp {—(R+ C)}. Thus, with probability at

least 1 —exp{—(R+ C)},

R+ C\ /29 K,
n )

1AW, < max{Kw;/2( o

—L RC1-4*/16 log1/4(RC)} .

Then the result in Theorem 1 is a simple extension of this result when ¢ = 0.

Under the alternative hypothesis, since (IA/, S ) is the minimizer of

1 R C ) 9 R C
=S S| = Ko = MucLoe = M|+ ML+ D03 A Svely

r=1 c=1 r=1 c=1
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Similarly, we have

S|

r=1 c=1

In this case, when A > 2 ||x(M, P, ¢)||

+ZZM@M‘ -

r=1 c=1

op» there exists a decomposition

A(L) = N(L) + A"(L),

where rank(A’(L)) < 2r and

min(R,C)

1AL, < BIA D, +4 Y oy(L7) +QZZMHA re)lly /2

Jj=r+1 r=1 c=1

Since (B, L, S) is the minimizer of

1R
2>

=1 c=

C
Z ||K“c -

1

R C
chﬁrc - Mrchc - MfrcSrcHg + )\ HLH* + Z Z /\rc HSrcHl .

r=1 c=1

Then we have that

IN

S|
S o EMPJ
M:a

+
S

C

o

M=

D XA Bre) + MyeA(Lye) + M_p o A(Sye) I3

1

2
S et Xeell, 1A, + = XM ), 1A,

C
1 c=1
C

R C
S llereMorel|  IAS L+ MADL + DD M A, -

1 c=1 r=1 c=1
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Recalling the selection of tuning parameter, it holds that

R C
1
=3 D IXeABre) + MicA(Lye) + Moy A(S,) 3
r=1 c=1
2
SEZZHJXTCH IABre) |l + 2X | AL, +4ZZ>‘TCHA Dl
r=1 c=1 r=1 c=1
2 R ETX min(R,C)
< T 1Al + VIR AL, + 8 32 oy(L)
r:l c=1 —1
+1QZZM 1A ally + 1A(Sre)s 1)
r=1 c=1
R C min(R,C)
2 sTXrC )
nZZ HA Brello + 8V2rAAL) [l + 83 Y oy(L7)
7’:1 c=1 J—
+24 )‘T’CHA rc 51”1
r=1 c=1
B min(R,C)
2 ETX’I“C "
—nZZ IIA Brellly + 8V2rAA(L) [, +8) Y oj(LY)
r=1 c=1 j=r+1
+ 24 )\Tm/sm |A(Sre) ]y
r=1 c=1
Tch min(R,C) )
< 7= {2 LVAGIA@, - sVEA AW, +81 Y a0
Jj=r+1

+ 24 max {\yer/Src } VRC[|A(S)], -
According to Assumption 3, let Kg = k2.(s,c, 1), then we have

K ”A(ﬂ L, S ||2 Z Z HXTCA BTC) + MrcA( TC) + M—rcA(STC)Hgv

r=1 c=1
and
el X 2vV/3RC 8+/6r )\ 24\/3RC’
A L < re T >\rc rc .
NG ,S)II_maX{rggX T e e e/

Then, it is easy to prove that with probability at least 1 — exp {—(R + C)},

IA(S, L)y < Ko max {7,/5,c10g(RC/m) } VRC,

with Ky = 324/ min, . /1370(3,@, 1). This completes the proof of Theorem 1.
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S5.4 Proof of Theorem 2
For size analysis, consider

Ere = Ere = Xy eA(Bre) — MyeA(Ly)
= = Px,.)e — (I = Px,. ) M A(Lye) + Px,. M A(Sre)
= Ere + Are.
By the error bound of L in Theorem 1 and Assumption 4, 6, with probability at least

1 —exp{—(R+ C)}, there exists a fixed constant Ko, K1; such that

1/2 (R+ C,)1/2
(nRC)1/2

}Azrc’ < KlO

fori=1,... n.

Since \/ﬁgrc is the minimizer of
Ve (uye) = —2u, l]\4T Ere | +u,, 1MT M u ﬁ || tre ||
n rc rc n —rc=Tre rc —7rc —Trc TC \/ﬁ TCl|1
then /nS is the minimizer of
Vi) = 20" (“2GT2) 4T (267G ) ut —= ||Au]
n \/ﬁ n \/— 1>
where u = (u{},...,up)", €= (&]},...,épc) " and G = diag{M_11,..., M _gc}. Let
1
f(Z) =argmin —2u"Z +u" (—GTG) u+ [[Aoul|,
u n
then we have that for a rectangle A, there exists a rectangle B such that
P(VnSeA)=P(1/vnG € B).
Similarly, \/nS is the minimizer of

_ 1 1
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then P(y/nS € A) =P(1/\/nG & € B). At the same time,

‘]P’ <%GT§ € B) —P (%G% € B) ‘ < maxP ” (%G%)j < Kuvém(fc;g)m —0
holds with probability at least 1 —exp {—(R + C)}.
Thus, we have that with probability at least 1 — exp{—(R + C)},
sup P (%GTé € B) ~P(STe B)' < 2K, B2 {log” (R*C?n) /n}"°.
Next, we consider the bootstrap procedure. Let el) = (I — PXTC)egé), where el ~

N(0 62 1 ), and &, is estimated by scale lasso procedure under the lasso problem

rYre

1 2
E ||)/7“c — Oype — Zrc’YrcHF + >‘ ||’77"c||1

with Z,. = (Xye, Mye, Ave) and Yoo = (Brey Lye, Spe). Then similarly, \/ﬁé’ ®) ig the minimizer
of

1 1 1
() — —24T [ ——aTo® T(LAT A
V2 (u) u (\/HG £ )—l—u (nG G)u—i—\/ﬁH ully

and P(,/nS® € A) = P(1/y/nGTe® € B). Next we derive the bound of

MB __
pn - Sup
BeB

1
Pl—G"e® ecB) —P(SF e B)|.
(\/ﬁG€€> (Sne)‘

Since E {1/\/HGTE(I’) € B} =E {Sf;} = 0, we only need to calculate there covariance
matrix. Let D = 1/nGT (I — Px) G, ¥ = diag {o41,... 05,1} and 3 = diag {621, ..., 641}

We have that
1
NLD
Let A, = Hf)D — ZDH . We present a lemma here, which is Lemma 5 of Xue & Yao

GTe® v N (0, f:D) ,SF ~ N (0,5D)

(2020). One can refer to Xue & Yao (2020)) for a detailed proof of Lemma

Lemma S6 If min; E (ng)2 > b > 0, then for any sequence of constants A\,, > 0, on the

event {An < An}, we have the following,

MB < ()" (10g R2ZC)*".

n

27



Since A, = HiD — EDH = Hﬁl — EH | D], = max|62, — ||| D], by Theorem 2

in |Sun & Zhang| (2013) and Assumption 5,
VN (6re — 0ve) —a N(0,1/202).

Noting that 6,. is independent across r,c, we have that with probability at least 1 —

exp {—v/Iog RC},

~

A, = max ‘&36 — 02‘ |D||, = Ki3max !&EC —o?

< 2K max 0. max |0,c — Ope|

21
< 2K 5 max oy, —og(RC)'
n

Let A,, = 2K;; max Orer/ 21%(1%0), then with probability 1,

n n2

1/3 s
21 log” RC
qu\lB 5 {2K15 max o, M} (10g R202)2/3 S K16(maxo-rc>1/3 {Og—} )
Finally, we have that with probability at least 1 — exp {—(R + C)} — exp {—+/log RC'},

e (v <) = (|vas] <)

t>0

< sup P(\/ﬁg(b) € A) —P(ﬁg € A)’

AeA
= sup |P (LGTEU)) € B) —P (LGTé € B) ‘
BeB Vn vn
1 1
=sup [P | —=GTe® eB) ~-P(SFeB ‘+su P(SfenB —IP’(—GTéeB>'
fie (\/ﬁ (S € B)| s P (S € B) ~PL 77
log® RC\ /°
5 2K15Bi {10g7 (R2C'2n) /n}l/ﬁ + Klﬁ(max Urc)l/s {OgT} .
The proof of Theorem 2 is completed. [
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S5.5 Proof of Theorem 3

From the error bound in Theorem 1, with probability at least 1 — exp {—(R + C)},
(i, 2 o) 2[R (- )

e (i (s 5)] VRS -t - 5]

e fJurso < ms -t - (559
EIP’{H\/ES(b H H\/_S*H — cpl(a Kgmax{am smlog(RC’)}}.

‘OO < ||[v/nsS* o cB(a)}

Then we need identify the quantity of H \/ﬁg ) H . For region (r, ¢) and \,. = Ao, @
with A > 2v/2, it holds that

RC i 1\ A%/8-1 RC
b) _ =T > 1 —
P(30=0) = {p ([ aerre]_=2)] %{ s (7e) }

1
—expq — 3 .
{ Vrlog RC (RC)* /8—2}

Then for 2v/2 < A < 4, under which P (S(b) = 0) — 0 and if S® # 0, let J; be the index

set of the nonzero elements of S® . then we have that
%G}l (5<b> — Gy, ggl;)) — Ay sign ( 5‘3?) /2.
Then we have that
it HG GJIS(b H HGT (b) H +Q%XATC/2,

by Assumption 3 and k,.(1,3) = 1, we have that,

n

SO min (s,0:3) < |62/ + VAT max A2

Then by Lemma S1 and the elements of G come from {—1, 1}, we have that

cp(a) < Fmax {\/4logRC—loglogRC’—log7r—log(l/l—a)—|—\/21ogRC'},

T ming . Kre(Sre, 3)
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Similarily, by

% |68 = % 163,201, — max /2,

we have that

Umax

cp(a) >

2 i (s 3){\/4logRC—loglogRC—log7r—log(l/l—a)—\/ZIOgRC},

Let ||S*|l. = K9O0maxSmax \/log(R2C’2n)/n (Assumption 7). Then we have that
H\/ES*HOO — cp(a) — Kgmax {arc Spre log(RC)} > 2max o, logl/Q(RQC'Qn).

Thus, it holds that,

P ([lves

> IP’{H\/HS’U’)H < 2max oy, log1/2(R202n)}

2]

2 2,72
>1—2R2C2exp {_élmaxr,C o2, log(R*C n)}

2
2max, .o,

8
>1l——— = L
- (nRC)?
The proof of Theorem 3 is completed. |

S5.6 Proof of Theorem 4

We first prove equation (7) in the theorem. Recall that
Ere = 10— XroA(Bre) — Mo (L)
= (I = Px,.)e — (I = Px,.)M;cA(Lye) + Px, . M_rcA(Sye)
= Ere + Are.
By the profiling procedure, A,. can be seen as a bias term and let .J; be the index set of

zero elements of S,., similarily, we have that

—rcTrc —rc

L, 5
n

< Ll L IMTLALL A2,
oo n n
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it has been proved that max{|A(L,.)|, ||A(S,:]Cl)“1} < KoOpeSren/10g(RC) /n. By Assump-

tion 8(a), we have HMLCAMHOO < 0per/10g(RC) /n. Recall that

AJo & Jo ~
’ Src Src S"’C

<]

<4
1

Y

[e) 1

then we have that

s

: erc(&“ca 3) < HMTTCETCHOO + Orc V log(RC) + Orc V 2 log(RC)

By simple calculation,

O J
H\/ﬁsrg Fope
P

UTC

1 T

% < \/log RC + /2log RC —loglog RC' + 2 | > exp{—ﬁ exp (——)}.

2

This gives

(e

> cpla) < .

~ /7TRClog(RC)

In each unit (7, c), the stepdown or BiRS algorithm tends to select the signal points first.

By Lemma S3 and Assumption 9, the probability that this two method select all the signal
points is just 1 — 8log(RC + 1)/n?. For the number of false detected signal points, since
€, =1,...,R;c=1,...,C is independent across units, then by the profiling procedure,

conditional on the estimates of L and 3, we have for some constant K7,

RC k RC—k
. RC 1 1
P(J <1-— 1— 1—
(W >m) < Z( k ) ( \/—chngc) ( \/—WRClogRC’)

k=n

where J'? is the estimated signal sets by stepdown. Thus, we finish the proof of the first

part of Theorem 4.

Next, we prove equation (8) of Theorem 4, we only need to validate the two conditions
in Lemma S3.

For the first condition, recall that the lasso solution satisfies that if S)Cj %0 for j € Jy,

then
1

n

Mjrc’j (Yrc - MJO SJO) - )\rcSign( ’I‘Cj)?

—rcTre
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5 ~ ~ T Odr
where Y;“c - Y;"c - XT‘C/BTC - MrcLTc - Mfi"cS 17 Le.,

1
T
ﬁ Mirczj

(Vre = M2,8,0) = Aesign(Ses) + - A(Lee) ML(T = P, )My

b AT(SIOMATP Moy + - AT(SIIMAL(T = P )Mo
where Y,, = Y. — X, r . — M, L, — M7 .S*1. By Assumption 8(b) and Assumption 6,
we have that

1 1
EA(LTC)Mf—'E(] - PXT‘C)M_TC’j + EAT(S;’J(?)MZ(;‘IPXT(‘M_TC’]

1
+ = ANSMI (I = Px, )Moy = 0(Are),
n

Jo

then the distributions of the estimator S’;ICO and SV are asymptotically the same. Then

we validate the first condition of Lemma S3.

For the second condition of Lemma S3, from the proof of Theorem 2, we have that
P <\/ﬁs c A) =P (1/vnGé € B),

since G is block diagonal, in order to check the third condition, we only need to check the

third condition in certain location (r,¢). With out loss of generality, let

1
Ai={ =M1 &>,
7] )

. By the central limit theorem and w.l.o.g, set

with ¢; is the 1 — a quantile of \/LHMLQE

.. = 1, we have
1

Zi:_MT €~ 07QTC7
\/ﬁ —rc,zg N( )

with H,. = M M_,./n. We only need to prove the inequality of D(H) with H = RC —1.

Denote Z = (Zy,...,Zy)", let x be the 1 — a quantile of standard normal. Then we have,
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let d = K3s,.

1 1
PAN-NAg) = / exp (—§ZTQT01Z> dz
|2] g =T

(2m)H/2 ’Qr0|1/2
1
exp (—§zTQrclz) dz

min =

il
(27T)H/2|QT’C|1/2 2] in =2, 2|l >log H

min =

()
+ exp | —=2" Q. z)dz
(277')1{/2 |Qr6|1/2 2] pin 22, || 2]ly <log H 2

min=

log> H
2H

< cexp {—

1 1
+ s / exp (——ZTQT_CIZ> dz
2m) A2 Q|7 e in>a 21l <log H 2

min =

<ed M+ ! 7 / exp (—EZTQT612> dz.
(2m) 121 Qe| 77 12, >all2 ) <log H 2

min =

Since Cov (Z;, Z;) = o(1/d), we have
127" = 1], < (1]l 192e = 11l = 0(1/d).

Thus,

P(AiN-NAy) <{1+0o(1)} (™ + (1/a)").

Then we have,

i < () < e

with g = W. Then we validate the second condition, then we finish the proof of

Theorem 4.
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