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This article studies the benefits of using spatially randomized experimen-
tal designs which partition the experimental area into non-overlapping units
with treatments assigned randomly to these units. Such designs improve pol-
icy evaluation in online experiments by providing more precise policy value
estimators and more effective testing algorithms than traditional global de-
signs, which apply the same treatment across all units simultaneously. We
examine both parametric and nonparametric methods for estimating and in-
ferring policy values based on the spatially randomized designs. Our analysis
includes evaluating the mean squared error of the treatment effect estima-
tor and the statistical power of the associated tests. Additionally, we extend
our findings to the dynamic setting with spatio-temporal dependencies, where
treatments are allocated sequentially over time, and account for potential tem-
poral carryover effects. Our theoretical insights are supported by comprehen-
sive numerical experiments.

1. Introduction. Policy evaluation in spatially dependent experiments involves analyz-
ing spatially referenced data to assess the impact of new products. This methodology is
widely used in diverse fields, including environmental studies (Zigler, Dominici and Wang,
2012), epidemiology (Hudgens and Halloran, 2008; Callaway and Li, 2023), social science
(Sobel, 2006), and technology industries (Zhou et al., 2024; Wang et al., 2025). In such exper-
iments, the challenge often lies in the limited number of observations and the small magnitude
of treatment effects. Moreover, the strong interconnections among spatio-temporal units tend
to increase the variance of estimations, making it difficult to detect the weak effects. Addi-
tionally, the treatment on one spatial unit may influence the outcomes of other units, leading
to a breach of the stable unit treatment value assumption (SUTVA, see, e.g., Imbens and Ru-
bin, 2015), and causing interference or spillover effects that complicate the analysis (Basse
et al., 2024).

As an illustration, consider the applications in ride-sourcing platforms such as Uber, Lyft,
and Didi Chuxing. These companies extensively utilize A/B testing to assess the efficacy of
universal treatment policies, such as new order dispatch or subsidy strategies implemented
across an entire city (Xu et al., 2018; Zhou et al., 2021; Luo et al., 2024). In these settings,
the dynamic networks of call orders and available drivers represent the supply and demand
within these marketplaces, exhibiting significant spatial correlations (Ke et al., 2018). More-
over, budget limitations often restrict the duration of online experiments to a mere two weeks
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(Shi et al., 2023a), with the anticipated improvements from novel policies being relatively
modest, typically between 0.5% and 2% (Tang et al., 2019). To understand the spillover ef-
fects, consider that implementing a subsidy policy for drivers in one area might draw drivers
from adjacent units, thus influencing outcomes in those neighboring areas as well. This inter-
connected structure highlights the limitations of conventional experimental designs and calls
for novel frameworks tailored to such spatially and temporally dependent systems.

Experimental design plays a crucial role in accurately estimating and inferring causal ef-
fects, particularly in complex settings (Seltman, 2012; Imai, Tingley and Yamamoto, 2013;
Jia, Kallus and Yu, 2023; Li et al., 2023; Ding, 2024; Sun et al., 2024; Wen et al., 2025; Wu
et al., 2026). In clinical trials, numerous adaptive designs have been developed to personalize
treatments based on individual-level information (see e.g., Hu and Hu, 2012; Liu and Hu,
2022; Ma et al., 2024). However, these methods typically assume that observations are inde-
pendent and identically distributed (i.i.d.), limiting their applicability in settings with spatial
or temporal dependencies. Recently, there has been growing interest in experimental designs
that account for spatial dependence and interference (Jagadeesan, Pillai and Volfovsky, 2020;
Kong, Yuan and Zheng, 2021; Leung, 2022; Zhou et al., 2024; Zhu et al., 2025). However,
these works generally assume independent noise across spatial units and ignore dynamic set-
tings that capture temporal carryover effects, which are unique features in two-sides markets
such as ridesharing companies. Consequently, existing literature provides limited guidance
on how to design experiments in the presence of both spatial dependence and temporal dy-
namics, leaving a gap in practical methodologies for modern two-sided marketplaces.

This paper makes the following contributions. First, we formulate a unified framework for
analyzing three major designs in spatially randomized experiments: individual-randomized,
cluster-randomized, and global designs. The global design, which applies a uniform treatment
to all units, serves as a natural baseline for assessing the efficiency of spatially heterogeneous
treatment allocations. To accommodate diverse data environments, we study both paramet-
ric and semiparametric estimation procedures for evaluating treatment effects. We further
extend our framework to dynamic environments characterized by spatio-temporal dependen-
cies, enabling the study of sequential interventions and temporal spillover effects. Second,
we establish quantitative results that characterize the mean squared error (MSE) and testing
power of the proposed estimators, clarifying how design efficiency depends on spatial cor-
relation, interference range, and cluster size. The analysis also provides insight into how to
choose between individual- and cluster-randomized designs, and offers guidance on select-
ing an optimal cluster size that balances within- and between-cluster dependencies. Third,
our framework directly connects to modern A/B testing and policy evaluation practices in
large-scale online platforms such as ride-hailing, e-commerce, and digital advertising. In
these applications, spatial or network interference naturally arises when localized interven-
tions such as subsidies, pricing, or dispatch strategies affect outcomes in neighboring areas.
Our studied designs offer a principled way to account for such spillovers, enhancing both the
validity and efficiency of empirical policy evaluations.

1.1. Related work. In this subsection, we review existing works that are related to our
work as follows. The most prevalent approach for inferring treatment effects in the afore-
mentioned contexts is off-policy evaluation (OPE, see e.g, Uehara, Shi and Kallus, 2026, for
a review), which aims to evaluate the impact of a target policy offline using a pre-collected
historical dataset generated by a different behavior policy. In the context of finite-horizon set-
tings characterized by a limited number of decision points, (augmented) inverse propensity
score weighted estimators have been introduced for policy evaluation (Jiang and Li, 2016;
Luedtke and Van Der Laan, 2016; Thomas and Brunskill, 2016; Hanna, Niekum and Stone,
2019; Zhou et al., 2025). More recent advancements have extended these methodologies to
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efficiently handle evaluations over extended or infinite time horizons (Shi et al., 2021, 2022;
Wang, Qi and Wong, 2023; Kallus and Uehara, 2022; Zhou et al., 2023a). However, these
studies have not explored policy evaluation in the context of spatial interference or the role
of experimental design in such settings.

Research on spatial interference has primarily branched into two prominent types of meth-
ods. The first type is the partial interference, segmenting individuals into clusters with the in-
terference effects contained within each respective cluster (Liu, Hudgens and Becker-Dreps,
2016; Zigler and Papadogeorgou, 2021; Huber and Steinmayr, 2021). The second type is the
local or network interference, where the interference effects are confined to the local network
of each unit (Perez-Heydrich et al., 2014; Puelz et al., 2022; Shi et al., 2023b). Recent stud-
ies have proposed more complex interference structures to accommodate specific application
problems (Aronow and Samii, 2017; Tchetgen, Fulcher and Shpitser, 2021; Larsen et al.,
2022; Dai et al., 2024). However, these works did not consider experimental designs, which
is the focus of this paper.

1.2. Outline of the paper. The rest of the paper is organized as follows. In Section 2, we
present the problem formulation in the nondynamic setting and utilize parametric and semi-
parametric methods to estimate the treatment effects. We then examine the MSEs of these
estimators under different spatial designs and compare their testing efficiency. Section 3 ex-
tends our analysis to the dynamic case. The numerical simulations and real data applications
are displayed in Section 4, which further verifies the usefulness of our method. Technical
proofs are collected in Sections 2 and 3 of the Supplementary Material (Yang et al., 2026).

2. Nondynamic Setting. We start our exploration in the nondynamic setting, and the
examination of the dynamic setting will be presented in the next section.

2.1. Problem formulation. Consider a city divided into R non-overlapping spatial units
and we are interested in evaluating the performance of a newly developed policy against a
standard control. For the ¢th unit, let Y,(1) and Y, (0) represent the potential daily outcomes
under the new and existing policies for the whole city, respectively. Our focus is the average
treatment effect (ATE),

7= E{Y.(1r) - Y.(0R)},

where Y, (ar) denotes the potential outcome of unit ¢ under the global assignment vector
A=ap=(a,...,a)T € RE with a € {0,1}. Our definition of ATE aligns with those in
Forastiere, Airoldi and Mealli (2021); Leung (2022) and Lu et al. (2023). Consider the
following one-sided test hypotheses:

Hy:7<0 VS. Hi:7>0.

Under the null hypothesis, the improvement of benefits brought by the new policy is relatively
low compared to the implementation costs. As such, we recommend to use the standard
control.

To estimate and test the ATE, we collect data over N days in the form of treatment-
outcome pairs {(A4;,,Y;,):1<i<N,1<:<R} where 4;, € {0,1} denotes the binary
treatment assignment for unit ¢ on day 4, and Y , is the corresponding observed outcome. We
also incorporate observed covariates {O; , };,,, such as the number of active drivers in a ride-
sharing platform, to improve estimation precision. We assume the consistency assumption
(CA) as follows:

—CA. For any 7 and ¢, Y; , equals to the potential outcome Y; ,(A4; ,).



The aim of this paper is to compare the performance of different experimental designs (in
particular, two spatially randomized designs versus a global design) in terms of policy eval-
uation accuracy. We evaluate their relative performance by analyzing the mean squared error
(MSE) of the ATE estimators and the power of hypothesis testing procedures. To facilitate
comparison, we assume that observations across days are independent, i.e., daily outcomes
are not influenced by treatment assignments from previous days.

In the global design, a uniform policy is applied across all R units for each day, i.e.
Aj1 = Ao =---= A; g for any given day i. In contrast, spatially randomized designs allow
these A; s to be different at each time. We study two specific types of designs. The first one
is the individual-randomized design that allocates treatments to each unit independently with
a non-zero probability p, of receiving treatment 1. The other one is the cluster-randomized
design which organizes units into m non-overlapping clusters {Cy,...,Cy,} based on spa-
tial proximity and ensures uniform treatment within each cluster. Specifically, for any cluster

Cj, we have A; i, = Aj i, = Agj ) for any ki, ks € C;, where AZ(] ) is assigned independently
with probability p(/). In practice, clusters are often formed by grouping spatially adjacent
or strongly interacting units to reduce between-cluster interference. Typical methods include
community detection or hierarchical clustering. Our theoretical analysis further suggests that
that the optimal cluster size should scale with the interference range, emphasizing the impor-
tance of accurately capturing the interference structure. Notably, the individual-randomized
design is a special cluster-randomized design with m = R and C; = {j} for every j.

In spatial settings, outcomes may be affected not only by a unit’s own treatment but also
by other units’ treatments, a phenomenon known as interference. We model such effects via
an interference function fy, ({A4; ;};en;) where N, represents the interference neighbor set
of unit ¢. That is, unit j € N, if the treatment on unit j affects the outcome of unit ¢. These
neighborhoods may be heterogeneous across units and can also be unknown and learned from
data (Yuan, Altenburger and Kooti, 2021; Zhang, Yang and Yao, 2026). While various forms
of fp,(+) can be considered such as identity functions, linear combinations, or thresholded
rules, we focus on the mean-field approximation: A;, =n; 1 wens, Aik, where n, = |NV,|.
This formulation effectively summarizes the collective influence of neighboring treatments
and has been widely adopted in the literature (Yang et al., 2018; Luo et al., 2024; Hu, Li
and Wager, 2022; Shi et al., 2023b). Our results can be extended to other functional forms as
discussed in related work.

2.2. Parametric and semiparametric learning. We now introduce the parametric and
semiparametric learning methods in the nondynamic setting.

Parametric learning. We introduce the following parametric outcome model,
(D Yv@',b =q,+ OZLBL + ’YLAZ',L + ebzi,L + €4,

where «,,7v, € R and g, € R%. The errors {e;,} are assumed to be zero-mean, tempo-
rally independent, and spatially correlated, and independent from observations and treat-
ments. The function fy, (-) captures spatial spillover effects. This model allows a unit’s out-
come to depend on the treatments of several units while maintaining conditional indepen-
dence from treatments in the other units, a common assumption in spatial analysis literature
(see e.g., Aronow and Samii, 2017; Reich et al., 2021). Furthermore, one may include the
neighborhood-average observation 5m in model (1), which is equivalent to redefining the

. ~ =T . . .
covariate vector as O; , = (O7 | Om)T. Because we impose no restrictions on the correlation
structure among the observations, this reparametrization does not reduce the generality of the

model and leaves all theoretical results unchanged.
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Under the global design and the linearity assumption that fy, ({A4;;}jen;) = 0,4;,, dif-
ferent spatial units receive the same treatment and their outcomes satisfy

(2) Y;;,L =qo,+ O'Ibﬁb + /YLgAz + €,

where 7 = ~, + 6,. It is immediate to see that ATE has the closed-form expression 7 =
Zfil v = ZLRzl (7, + 6,). Using data collected from the global design, we apply the ordi-
nary least squares (OLS) regression to estimate ; based on (2) and plug-in these estimators
to estimate the ATE, leading to

- =] {2, 2 (Q)T} (3 22%).

where uz = (0,07,1)" and Z{, = (1,0/,, A)) .

In the individual-randomized design, we adjust +/ by splitting it into «, + 6, and apply
OLS to estimate these parameters from the model. The estimators obtained are denoted as
4! and gz For the cluster-randomized design, we define C? as the set of “interior” units and
dC; as the “boundary” units of C;. A unit is in CY if its interference neighbors are all within
the same cluster C;. In contrast, a unit in boundary 9C; has at least one interference neighbor
outside of C;. For these boundary units, we estimate the regression coefficients 7 and gf
using OLS, similar to the individual-randomized approach. However, in the interior units, -,
and 0, cannot be identified from each other, leading us to estimate their combined effect using
OLS, similar to the global design. This procedure yields the following plug-in estimators:

—Zﬁluw{z” (7)) (s,

=S ik, {2,1 (2 } (N, ze %),

WhCIGU34:(0,0,1,1)T,ZZ = (1,0, , Ai,, Ai)T ufZU34H{L€aCj}'i‘Ug]I{LEC]Q},and

2,07

26, = (1,01, A9, A,) T € ¢;) + (1,07, AP) TT{u € €0},

2,00 2,L)

‘L?.

Semiparametric learning. We now introduce doubly robust (DR) estimators for the ATE,
which are widely valued in semiparametric statistics for their resilience to model misspeci-
fication (see e.g., Tsiatis, 2006; Chernozhukov et al., 2018). For the outcome regression, we
propose the following model:

3) }/:L',L = hL(Ai,uZi,Lu Oi,u@i,L) + €5,

where the error terms {e; , }; s are temporally independent, spatially correlated, and indepen-
dent of the observed covariates {O; , }s and treatments {4, , }s.

Model (3) extends our analytical framework in two ways: firstly, it does not constrain
the form of h,, thereby permitting the use of nonparametric regression or machine learning
techniques for estimation; secondly, it incorporates the influence of O, ,, calculated as the
average of O; , across interference neighbors. With CA, the ATE can be expressed as

T= ZLR;l ]E[h’b(]-a 17 O’L’,vai,L) - hb(oa 07 O’i,Lvéi,L)}

To construct the DR estimator, we define the following estimating function for 1 <. < R,
1<i<Nandac€{0,1},

H(Ai,L = aaZi,L =a)
m.(al{O0i;}5)

(4) VDR(a7L7iahLa7TL) = Dfi,L - hL(aaaaO’i,L76i,L)] + hL(avaaOi,Labi,L)a
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Algorithm 1 Doubly robust estimation in nondynamic settings

Require: Data {(O; ,,4;,,Y;,)};, collected from a given design.
1: Split the data into K (K > 2) non-overlapped subsets, each with an equal size. Let Z;, denote the indices of
the kth data subset.
2: For k=1,..., K, compute the estimated outcome regression functions {ﬁﬁk)}L based on the training data
{(Oi,uAi,L? Y—i,L) ! ¢ Iy, 1< < R}
3: If the data is obtained from the individual-randomized design, construct the following ATE estimator

~i K . ~(k i . ~(k i
TzDR = % Zk:l ZiEIk Zf;l {VDR(LL’Z7 hE )vﬂz) - VDR(Oabvzth )77TZ)} .

If the data is obtained from the cluster-randomized design, construct the estimator ?j% R by replacing my with

¢ in the above equation. Otherwise, compute ?gD R by replacing 7, with 7rLg .

where [(e) denotes the indicator function and m,(a|{O; ;};) denotes the propensity score
P(A;, =a,A;, = al{O; ;};) (explicit expressions are given in Section 1.1 of the Supplemen-
tary Material, Yang et al. (2026)). It follows from standard arguments that vpr(a, ¢, i, h,,T,)
is an unbiased estimator for EY; ,({a})if either the outcome model &, or the propensity model
m, is correctly specified. The resulting DR estimator of 7 is:

% Zil Zf\il[VDR(lv Lvi)ﬁl,uﬂ-b) - VDR(Ov l’aLELa FL)])

where /ﬁb are estimators of h, obtained via suitable supervised learning techniques.

To avoid imposing restrictive complexity assumptions on h, (e.g., metric entropy bounds
(Diaz, 2020)), we adopt cross-fitting to compute DR (Chernozhukov et al., 2018). Specif-
ically, the data are partitioned into folds; each fold is used alternately for model training
and ATE estimation. The final estimator is obtained by averaging across folds. The complete
procedure is detailed in Algorithm 1.

2.3. Estimation accuracy in the nondynamic setting. In this subsection, we analyze the
MSEs of the ATE estimators under different models and compare different designs.

Parametric estimators. We begin by introducing the following assumption:

ASSUMPTION 2.1. Let n'”) denote the number of interference neighbors of to the «th
unit belonging to the jth cluster. Assume w = max 1zesn, nfjl)/nsz)]l(ngh) >0)=0(1).

Assumption 2.1 requires that, for any unit, the distribution of its interference neighbors
across different clusters is not overly uneven, in cases where the unit and its neighbors are
not all contained within the same cluster. This condition is mild and typically satisfied in prac-
tical settings—particularly when the interference range r is fixed, in which case the number of
neighbors per unit is uniformly bounded and the assumption holds automatically. For illus-
tration, Figure 1 displays three example clusterings, where interference neighborhoods are
defined based on adjacency. Let V = Var(¢&;) € RE*E where ¢; = (€its--- €5 r) | denotes
the residual vector. We derive the MSEs of ATE estimators under arbitrary treatment proba-
bilities p, and pU); full details are presented in Theorem S.1 of the Supplementary Material
(Yang et al., 2026). These results imply that MSEs are minimized when p = pl) =p, = 0.5,
leading to the following theorem.

THEOREM 2.2. Suppose that CA holds. Set p=p\) =p, =05 forall 1 <. <R, 1<
j<m.Letr =max,n, and v = Zfil ZR Vo / Zfil V,,, it holds that

V=

MSE (7) _ (r+1)°
MSE(79)~ v

&)
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@ (b)

Fig 1: Panels (a), (b), and (c) illustrate examples of clusters with interference neighbors being the
adjacent units, each differing in the values of ¢ and 7. Specifically, these panels present clusters with
c=9and r = 3,4, and 6, respectively. In each panel, the central cluster is emphasized in yellow, with
its adjacent units outlined by bold, darker edges. Upon examination, we find that the respective values
of w and the cardinality of \/\/’cj| are w = 1,3,3 and |/\/'cj\ =9,12,14 for panels (a), (b), and (c),
respectively.

where ay < by means an /by = 1+ o(1). Further suppose that Assumption 2.1 holds and
let N¢, = U,ec,N.. Then it holds that

MSE (7/:6) Z;nzl ZL7LIECjUNC7~ V“"
(6) ~0 eCONe, T
ZL,L/:I Vi

MSE (79)

Theorem 2.2 characterizes how the interference structure influences the MSE of the ATE
estimator in spatially randomized experiments. In particular, equation (5) reveals that the
relative efficiency of the individual-randomized design over the global design depends on
two critical parameters: the interference range r and the correlation strength v. When the
total covariance across units » f%: 1 > ﬁ:l V.. scales linearly with R, thatis, v > e R for some
constant € > 0, we obtain the bound MSE(7%)/MSE(79) = O(r?/R). Therefore, when the
interference range is small, the individual-randomized design is more capable of generating
efficient causal estimator than the global design.

In light of equation (6), the presence of interference effects influences the MSE MSE (7¢)
not only by the covariance matrices of residuals within the same cluster (e.g., {eb}becj), but
also by those within interference neighbors of the cluster (e.g., {e, },cn7. ). To build intuition
for the upper bound in (6), we consider two illustrative cases: ’

Case 1 (Reduction to individual randomization). Suppose that m = R and C; = {;} for
each 1 < 57 <'m, so that each unit forms its own cluster. In this case, the cluster-randomized
design reduces to the individual-randomized design (Su and Ding, 2021). Equation (6) then
simplifies to O((r 4+ 1)?/v), which matches the bound in equation (5).

Case 2 (General clustering with bounded correlation). Assume the pairwise covariances
V.. are uniformly bounded above, and that the total covariance across all unit pairs, scaled
by R?, is bounded away from zero. Then, applying the Cauchy-Schwarz inequality, the nu-
merator in (6) satisfies: > 7" | [C;UNg, > <2370 [Ci[P+23°7% | [Ng,|?. Let ¢ = max; Cj]
denote the largest cluster size. The first term on the right-hand side is then O(c/R). Addition-
ally, if [N, | is of the order of magnitude O(r + |C;|), as is the case in the examples shown
in Figure 1, then the second term becomes O(c/R + mr?/R?). As such, (6) is bounded by
O(c/R+mr?/R?).

This result highlights a trade-off: larger clusters increase intra-cluster correlation effects,
while broader interference neighborhoods (large ) amplify cross-cluster spillovers. Both
inflate the MSE, limiting the efficiency of the cluster-randomized design relative to the global
baseline.
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Semiparametric estimators. We now examine the theoretical properties of the DR esti-
mator for the ATE. Let 02, = Var{zfi Uh(1,1,04,,05,) — hL(o,o,Oi,L,@,L)]} denote
the variance component that is independent of the experimental design, and let 5]2\, L=

maXae(o,1} E|ﬁ§’“) (a,a,0;,,0;,) — h,(a,a,0;,,0;,) |2 represent the estimation error of the
regression model for unit ¢. In cluster-randomized experiments, the arrangement of a unit
and its interference neighbors, whether they fall within the same cluster or are spread across
multiple clusters, plays a critical role in determining the DR estimator’s performance. To
capture this, we partition the residual covariance matrix according to the cluster distribution
of interference neighborhoods. Let r.(¢) denote the number of clusters that include unit ¢ and
its interference neighbors, and define 7. = max, 7.(¢). Let R = {1,2,..., R} as the index set
of all units, and Ry = {¢: r.(¢) > 2}. We define

— ZL ZL’ VLL’ vy = ZL ZL’ VLL/
ZLER] VLL ZLE'R/Rl VLL

which reflect the relative covariance concentration across these two partitions.
To control the complexity introduced by interference in semiparametric models, we im-
pose the following assumption.

vy

ASSUMPTION 2.3, Foreacht, Y, I(1 <m,, <2)=0O(cr), wherem,, = ;" I(M,U
{tH)NCp £ 0, (N, U{/})NCx #0)

This condition limits the interference effect across clusters, ensuring that the number of
unit pairs with shared or overlapping interference neighborhoods remains manageable. As-
sumption 2.3 is typically satisfied when interference is distance-based, as in the settings il-
lustrated in Figure 1. We are now ready to present the main result for the DR estimator.

THEOREM 2.4. Suppose that conditions in Theorem 2.2 hold, and R Zle 6]2V,L — 0.
Then as N — oo,

(r+1)%27
” )

MSE(7hp) — N~ 10}
(7 N-1g2
- 0

MSE(7]5) lo
When assumption 2.3 holds, we have
MSE(75 ) —N’laé B <cr-r002”c cr)

8 = -
® MSE(7),,) — N 102,

V1 V2

Theorem 2.4 establishes the relative efficiency of DR estimators under individual- and
cluster-randomized designs, accounting for spatial interference and estimation error in the
outcome regression. Equation (7) shows that, under a fixed interference range r, the MSE
ratio between the individual-randomized and global designs is of order O(R~1), indicating
a potential efficiency gain. However, the ratio grows exponentially with r, due to the impor-
tance sampling (IS) [(4; , = a)/P(A;, = a) in (4). We refer such an exponential dependence
upon r as the curse of spatial interference. It represents a key limitation of the individual-
randomization design under substantial interference. In practice, this issue can be partially
mitigated by truncating the denominator P(4; , = a) from below, which avoids excessively
large IS weights.

A more principled solution is to adopt cluster-level randomization, whose benefits are re-
flected in the bound provided by equation (8). The strength of cluster randomization lies in
the fact that all units within a cluster receive the same treatment, reducing the variability in
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neighborhood treatment assignments. When Assumption 2.3 holds, the curse of interference
is largely confined to cluster boundaries, which represent a small fraction of the spatial do-
main compared to the cluster interiors. The two terms on the right-hand side of equation (8)
correspond to contributions from two groups of units. The first term captures the MSE of
MSE(7f,p) aggregated over units in R1, to MSE(77,). The second term reflects the ra-
tio of MSE(7f, ), aggregated across all units in R /R, whose interference neighborhoods
span more than two clusters. Its growth is controlled by the cluster-level interference range
r¢, and the exponential term 2" reflects the complexity of modeling these interactions. The
second term accounts for the remaining units in R /R, which are subject to less interfer-
ence across cluster boundaries. Importantly, this term lacks the exponential factor 2", and
is therefore generally much smaller. These two ratios can be considerably smaller than the
RHS of (7) for two reasons: (i) 7., the cluster-level interference range, can be much smaller
than r. For example, in the scenarios illustrated in Figure 1, while r is 3, 4, and 6, r, is only
3, 3, and 4, respectively. (ii) The second term in (8) is further diminished by a scaling factor
R Z;”Zl |ONG, |, which reflects the relatively small proportion of boundary units compared
to interior units.

REMARK 1. The relative efficiency between individual- and cluster-randomized designs
can also be inferred from Theorem 2.2. The MSE bounds indicate that the individual-
randomized design attains smaller MSE when the number of neighboring units r is small,
whereas the cluster-randomized design becomes more efficient as r and the within-cluster
dependence increase. Specifically, under the parametric model (1) and the conditions of The-

orem 2.2, we have
MSE() _ SELVL,
MSE(?C) Z;’;l ZL,L/GCjUch 7

When all elements of V,,» are positive and uniformly bounded above and below, this simplifies
to

MSE(™) _ r’
MSE(7¢)  ~ \e+mr2/R)’

Since m ~ R/c, it follows that T° converges faster when r > c, whereas 7' is more efficient

when r < c. In the semiparametric case (Theorem 2.4), noting that 1/vy + 1/ve = 1/v,

we similarly find that the cluster-randomized design is preferable when r > log c, while the

individual-randomized design is favored when r < log c.

REMARK 2. Another implication of Theorem 2.2 concerns the optimal choice of cluster
size in cluster-randomized designs. Under the conditions of Theorem 2.2, when all elements
of V. are positive and uniformly bounded above and below, noting that m ~ R /c and mini-
mizing the leading term c + mr? | R, we obtain that the optimal cluster size satisfies c* = 7.
The interference range r thus serves as a key design parameter, as it characterizes the spatial
extent of spillover effects and directly determines the appropriate granularity of randomiza-
tion. In the semiparametric case of Theorem 2.4, when the within-cluster interference radius
T remains constant, smaller clusters generally yield lower MSE. However, if c becomes too
small such that the cluster radius is much smaller than the interference radius (i.e., c < r),
then the assumption of constant r. no longer holds, and cross-cluster interference increases.
This transition suggests that the optimal cluster size scales proportionally with the interfer-
ence range, that is, ¢* < r, where =< denotes asymptotic equivalence up to a constant factor.
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2.4. Testing power in the nondynamic setting. In this section, we describe how to con-
struct Wald-type test statistics for ATE inference and analyze how different experimental
designs influence the power of these tests. We begin with the asymptotic normality of the
estimators.

THEOREM 2.5. When the conditions of Theorems 2.2 and 2.4 hold,

(2.5.1) there exist constants v9, v* and v¢ such that as N — oo,
N9~ (79 —71), \/N(vt)~! (5’“‘ — T) s VN()"H(TC — 1)

are asymptotically standard Gaussian distributed.
(2.5.2) there exist constants v% r Vpr and vy p such that as N — oo,

N(vhp)™! </T%R - T)v N(vpp) ™ </T\ER - T>a N(vpp) ™t </T\BR - T>
are asymptotically standard Gaussian distributed.

Conclusion (2.5.1) follows from the classical asymptotic normality of the OLS esti-
mator. Conclusion (2.5.2) extends the doubly robust asymptotic theory in Chernozhukov
et al. (2018) to accommodate spatial interference. We now turn to the estimation of the
variance terms. For the parametric estimators, standard sandwich estimators can be con-

structed, denoted by Var(79), Var(7%) and Var(7¢). For the doubly robust estimators, the
residual covariance V,,, can be estimated in a similar fashion. Let A;, = [E(l, 1,0;,,0;,)—
R(O, 0,0;,,0;,)] and define A;, = N~} Zf\; 1 Aj,. The design-invariant variance compo-
nent o2 can be estimated via 55, = N~ SN {Ai — A, }2. Alternatively, bootstrap proce-
dures can be employed to obtain consistent variance estimates.

To analyze the testing performance under different designs, we consider the following
local alternative hypothesis:

9) Hy:7=0 VS. HltT:h/\/N.

Given a consistent ATE estimator 7 and a consistent variance estimate Var(7), the standard

Wald statistic is defined as T = T/1/ \/k;r(?). Let ¢s be the (1 — §)th quantile of the standard
Gaussian distribution and ®(-) be the cumulative density function. The null hypothesis in (9)

is rejected when T> ¢s. Under Hy, Theorem 2.5 implies that P (T > ¢5) — 0. Under Hj,
we have the following conclusion.

COROLLARY 2.6. Suppose that the conditions of Theorems 2.2 and 2.4 hold, V,, is
bounded from above and ), Vs / R? is bounded from zero. Under the alternative hypothe-
sis in (9), as N — 0o,

(2.6.1) the sufficient and necessary conditions for test consistency are:

P(f9205>—>1<:>h>>65R,
P(T\iZC(;)%1<:>h>>C(;T\/E,

P(’f6265> —>1<:>h>>c(;(\/"rim“+ VcR).
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(2.6.2) for the DR estimators, the corresponding conditions are:

P(Y/:%RZC(;) —>1<:>h>>(:5\/0%+R2,
P(fli)RZC(g) —>1<:>h>>05\/0%+T2TR7

P(Thr=cs) = 1= h>cs{od + [Rulerre2™ + (R~ [Ral)er}'/2.

These results highlight the comparative efficiency of spatially randomized designs.
From (2.6.1), if the interference range r is fixed and the cluster size ¢ <« R, then both
{rv/R,/mr ++/cR} grow at a slower rate than R, implying that the spatial designs achieve
consistency at smaller signal strengths. Similarly, in (2.6.2), when r and 7. are constants,
¢ < R and the number of boundary regions |R1| < R (e.g., c = O(R?®) for some 0 < § < 1),
we have 72" R < R2, and |R1|crr.2™ + (R — |R1|)cr < R%. Under these mild conditions,
the power of tests under spatially randomized designs converges to 1 at a much faster rate
than under global randomization. This implies that, for a fixed signal strength, spatial ran-
domization offers greater testing efficiency, particularly in large-scale experiments.

3. Dynamic Setting. In this section, we consider a dynamic environment where, within
each day, each spatial unit receives a sequence of M (possibly different) treatments over
time. The observed data take the form { (A, Oiut, Yiur) }1 << Ni<i<Rr1<t<m Where ¢ indexes
the ¢th day, ¢ indexes the tthe unit, ¢ indexes the ¢th time interval, corresponding to i.i.d.
copies of {(Ay, O, Yit) hi<i<r,1<t<m. To simplify the presentation, we have chosen not to
employ the potential outcome framework to formulate the causal estimand. Readers who are
interested in exploring the potential outcomes approach may refer to the works by Luckett
et al. (2019) and Shi et al. (2023a). The ATE in this context is given by:

7= X S B (Vi) — Eo(Yi),

where [E; and Eq denote the expectation assuming that treatments are assigned according
to two non-dynamic policies: consistently set to 1 and consistently set to 0, respectively.
In settings with multiple decision stages, past interventions may influence current variables,
thereby indirectly impacting current outcomes. This carryover effects adds complexity to
both the estimation process and theoretical analysis.

3.1. Parametric and semiparametric modeling. For parametric modeling, in addition to
the outcome regression model, we posit another first-order autoregression model for the ob-
servational variable, yielding the following models:

Yie =+ O;l;tﬁLt + 'YLtAiLt + QLtZiLt + €t
Oivi+1 =Mt + BiOip + T Ajs + O it + Eit,

where Ay, Ty, 0, € RY, By € R, Ay =t Y, cv, Aiee and {egu, B} are iid.
copies of {e,;, E,;} which are independent of {O;,;} and satisfy E(e,;) =0, cov(e,, e, v) =
Ve, {t =t'}, E(E,;) =0, and cov(E,, E,) = VE, T{t = '}, respectively, and for all ¢,
e, and E,; are independent over ¢. This assumption rules out temporal dependence in the
error structure, which, if present, may induce endogeneity and complicate identification and
inference. Addressing such time-dependent endogeneity is beyond the scope of this work;
see Luo et al. (2024) for possible solutions for such settings.

For the global design where A;,; = A;; for any ¢, model (10) degenerates to
Yiie =t + O But + 75 Ait + e,
Oivi+1 =Mt + BuOit + P;thit + Eiu,

(10)

Y
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where 7%, =, + 0, and T, =T, + ©,;. We now turn our focus to estimating 7 within the
framework of models (10) and (11). We first present the subsequent proposition.

PROPOSITION 3.1. Define ¢/, as Z,Af:tﬂ B (Hf;tlﬂ BLj). Under models (10) and
(11), the ATE can be expressed as

T= M (G A T = M e+ O+ ey (T + Ou)

Proposition 3.1 shows that the ATE consists of two components: the initial terms v, =
vt + 0, represents the direct effect of A; on the immediate outcomes, whereas the last term
¢, 7% = ¢}, (T4 +©,;) corresponds to the indirect effect, measuring the delayed treatment ef-
fect on future outcomes through Oy, 1. Analogous to the nondynamic setting, one can derive
OLS estimators for the regression coefficients and plug-in them into the expression in Propo-
sition 3.1 to obtain the estimated 7. To save space, we do not detail the estimating procedure
again.

For semiparametric modeling, we adopt the double reinforcement learning (DRL) frame-
work of Kallus and Uehara (2020), assuming a time-varying Markov decision process (MDP)
(Puterman, 2014). The Markov property implies that, conditional on the current state and ac-
tion (O, A;), future observations and immediate outcomes are independent of the past. Here,
for a € {0, 1}, let the target policy 7, denote the deterministic policy that sets all actions to a.
The Q-function is defined as Q% (O, A¢) = 22/[:15 Eq(Y,x| O, A¢), where the current action
A,; is fixed by conditioning, and the expectation is taken over future transitions &£ > ¢ under
the policy m,. We also define the density ratio between target and behavior policies as

1, 1(A = a)]pa(O)
(N{ A =a}|O¢)py(Or)’

where p, and p, denote the density functions of O, under the target policy and the behavior
policy respectively. In dynamic settings, the state distribution evolves according to the tran-
sition law p(Oy41|0y, A;). Because past actions affect subsequent states, the marginal state
distribution under the target policy may differ from under the behavior policy. Accordingly,
the ratio 1, accounts for both the difference in action probabilities and the policy-dependent
state distributions. The resulting DRL estimator is given by

Fon = & Sho(-1) 2, S {Q4(0a,a)

+ 0 (O A) Vit + Qi1 (Oin1. ) — Q5 (Oies Au)] .

The main challenge lies in estimating ()% and u’, which depend on the high-dimensional
input (Oy, A;) € R, Moreover, the variance of 7prz, may grow exponentially with the
input dimension, akin to the “curse of horizon” (Liu et al., 2018). To address this, we adopt
the mean-field approximation (Yang et al., 2018; Shi et al., 2023b). For each unit ¢, define
Xt = (O, Ay, m, (O, Ay)), where m, () summarizes local neighborhood information, e.g.,
averages over interference neighbors. We assume: (i) Q% and E(Y,;|O;, A;) depend only on
Xyt; (1) O, 441 and m,(-) are conditionally independent of past history given X,;. These
assumptions are testable using modern Markov or conditional independence tests (Chen and
Hong, 2012; Zhou et al., 2023b; Zhang et al., 2011). Under these assumptions, it can be
shown that 7p gy, is unbiased to the following (Shi et al., 2023b)

Hi(On Ar) = 5 ae{0,1},

1

N R M
P = e D1 S QA X+ D (X)Wt Qi (Xi)~ QX))
t=1

a=0 =1 =1
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where X4 = (O,t,a,m,(Oy,a)). Unlike Tpry, this estimator relies on low-dimensional in-
puts and avoids exponential variance growth.

It remains to estimate Q% and u% to compute Tpry, . To estimate %, we employ backward
induction (Murphy, 2003). Specifically, we begin by estimating Q%,,(X,ar) = E(Y,ar| X, a1)-
Let @fM denote the resulting estimator. We next recursively estimate Q% (X ;) = E[Y,; +
@\(th+1( G 1) Xy fort =M —1,M —2,---,1 and construct these estimators {Q%}, via
nonparametric regression (e.g., kernel smoothing or splines). To estimate y¢, we employ
minimax learning (Liu et al., 2018; Uehara, Huang and Jiang, 2020). To save space, we
relegate the detailed implementation to Section 1.2 of the Supplementary Material (Yang
et al., 2026). Finally, similar to the contextual bandit setting, we employ data-splitting and
cross-fitting to construct 7pry,. We summarize our procedure in Algorithm 2.

Algorithm 2 Doubly reinforcement learning in dynamic settings

Require: Data {(O; ; ¢, A; ¢, Y, 1) }i.¢ collected from a given design.
1: Split all data trajectories into K (K > 2) non-overlapped subsets, each with an equal size. Let D, denote
the indices of days that belong to the kth data subset where k =1,2,... K.
2:Fork=1,...,K,a€{0,1}, 1 <t < M and 1 < < R, compute ﬁft’
trajectories {1,...,n}\Dy,.
3: Set

(k) and @ft’(k) based on data

DRL = % Laco(—D T TR Tiep, T {@fi(k) (Xie) +

Zt]‘il ﬁ‘;(k Aa,(k) Aa,(k)

N X Wi + Q8 (X200 - 35 ™ (X}

3.2. Estimation accuracy in the dynamic setting. Since treatments are sequentially as-
signed over time, we incorporate the spatial designs with the following temporal designs:
(1) The constant design that sets each unit the same treatment at each day, i.e. A;1 =
Ao =+ = Ay for each 1 < < R. (ii) The independent design in which all {A;,;},
are independent for any ¢ and ¢. (iii) The switchback design that switches the treatments
for each unit back and forth (the initial treatment on each day is randomly generated), i.e.
A =1-A0=A3=1—A;4=--- forany ..

We first compare different designs under the parametric model assumption (10). Let
?g LS % s and 75 ¢ be the estimators under the global, individual- and cluster-randomized
designs, respectively. Define the composite noise term u;,; = CD;EM + e;,t, Where ¢4 18 de-
fined the same as in Proposition 3.1 and represents the delayed indirect effects. Let V7.,
denote cov(u,, u;,¢), and define the heterogeneity index

M R R M R
n= Zt:l Z[,:]_ Z[/:l V,LLLL’t/ Zt:l Z[,:]_ V?Lt
THEOREM 3.2. Under any of the three temporal designs (constant, independent, or
switchback), it holds that

N -MSE (74p5) = 0dps o (r+1)
N-MSE(7s) —0brs ~ 0

Furthermore, if Assumption 2.1 holds, we have

N ° MSE (?BLS) - O—%LS - O Z:;TL:I ZL,L/ECJUch VZLL/
N -MSE (?gLS) o U%LS ZL,L’ VZLL'
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The results in Theorem 3.2 are consistent with those in Theorem 2.2. The explicit expres-
sion of 0(2) g 1s presented in Section 3.6 of the Supplementary Material (Yang et al., 2026).
We remark that if the indirect effects are weak, e.g., I';; = O(R‘l/ 2) for any ¢ and ¢, or if for
any t, { E;,+ }, aare spatially correlated only within interference neighborhoods, we obtain

2 2
90Ls -0 L
N-MSE (7 5) = 0815 R
Moreover, under standard regularity conditions, such as boundedness of V};,, and nonvanish-
ing aggregate variance, we also have

MSE(7).5) _O<r2) and MSE(7§s) —O(C mr2)

OLSE = 0( — OLSL = O — + —5 )
MSE(75, o) R MSE(73, ) R R

To compare the semiparametric estimators, we assume:

ASSUMPTION 3.3. For1<:< R,1<t<M and a =0,1, the reward Y,; and the den-
sity ratio u& are bounded; the sample splitting estimators 7i,; *) and th’(k) are finite.

Denote the DRL ATE estimators under the global, individual- and cluster-randomized de-
signs as 79 1, Th gy, and 75 g, respectively. Let uyy = 1y — E(r,4| Oy, Ay, m, (O, Aiy)) be
the noise term and C,, ,, ; = cov{u,, ¢,u,, +} be its covariance. Then we have the following
result in parallel to Theorem 2.4.

THEOREM 3.4.  Suppose that m,(Oy, Ay) = (n; D keN, Ogt,n; L > ken, Akt). Under
the condition that r is finite, and all elements in {C,, ,,+:1 < 11,10 < R,1 <t < M} are
nonnegative with a substantial proportion distinctly greater than zero, the following result
holds as N — oo:

N - MSE(%RL) - U%RL -0 r2"
N -MSE(Fdp,)—0bp,  \R2)’

where 0%, = Var{ZLR:1 (Qui(1ra) — Qu1(Orar))}. Furthermore, if Assumption 2.3 holds,
then

N -MSE(Thr) ~ 0brr _ <C7" e 2 Cr)
N -MSE(T)p) —05p 2 v )’
Similar to the nondynamic case, we establish the asymptotic normality of the ATE esti-
mators in the dynamic framework when the number of stages M is finite. See Theorem S.4
in the Supplementary Material (Yang et al., 2026) for details. Results regarding hypothesis
testing follows directly from this result. For brevity, we omit these results in the main text.

4. Numerical Experiments. In this section, we conduct numerical experiments to vali-
date the theoretical insights derived from Sections 2-3. We focus on scenarios where interfer-
ence neighbors are defined as adjacent neighboring units. This setup is particularly relevant
in contexts such as ride-sharing markets, where the impact of a policy in one area can in-
fluence neighboring units through driver distribution, under the assumption that drivers can
only move to adjacent areas within a given time frame.
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4.1. Simulation of the nondynamic setting. We evaluate performance in a single-stage
setting with R = 36, 81, and 144 units, arranged as regular polygons with r = 3, 4, and 6
sides, respectively. Clusters are of fixed size |C;| = 9, yielding m =4, 9, and 16 clusters as
depicted in Figure 2.

In the parametric model (1), covariates O; , are i.i.d following N (4, 1). Each unit ¢ has nor-
malized coordinates (i, ty) € (0,1)%. We set oy, =8+ 2{ f1(tz) + 91(¢y)} and 8, = fo(ts) +
g2(ty), where fy,, g, are Fourier series of the form ag + Zszl (ay cos kmx + by sin kwx) with
K = 3 and coefficients drawn from U (0, 1). Treatment effects follow v, = s, -,/ >, c, and
6,=0.6s, -5,/ , B., where s, corresponds to s% improvement over the control outcome.
We vary s € {0,0.25,0.5,...,2}.

For the semi-parametric model, the underlying model is

Y, =5+3(0;, +0;,)sin {g(% +iy)+5-A,+05-s -ZW} + 0.5¢;,,

where O;, ~ N(4,1) truncated to (3,5) and s varies from O to 0.015 in increments
of 0.0025. The noise terms e;, are mean-zero with cov(e,, e, ) = pdw’, where d,, =
V (@, — )2+ (y, — yv)?/2 is the scaled spatial distance. We vary p € {0.3,0.6,0.9}, with
N = 30 samples per configuration and 500 replications. Additional noise structures are dis-
cussed in Section 4 of the Supplementary Material (Yang et al., 2026).

F=3 /é@ . ‘
o o, \ Sk %
O
- i iﬁfﬁ e
aia EEERRREEE

LI T LI rrrr)
\\\\\ 20¢ DI C I X XTI
‘Se® ffr\*tﬁ%[ﬁl? " be. {TITT] S
e Y \ggf‘i pe e e
T I @ _ N
r=6 [S® BB e s e D L L
1) TT T | | LTI 17 c S S
L o f‘\lilj ‘rEH TTY . L LLLT T
100000 e jesssss
e ee s
R =306 R =281 R—144

Fig 2: Simulation layout showcasing unital patterns. Each row illustrates configurations with a max-
imum number of neighbors per unit, specifically » =3, 4, and 6. The columns indicate varying total
counts of units, with R =36, 81, and 144. Within each panel, distinct colors denote separate clusters,
leading to varying cluster counts of m =4, 9, and 16.

Table 1 presents empirical MSE ratios, where 71 and ro denote the ratios of the individual-
and cluster-randomized designs to the global design, respectively, for both parametric (7) and
semiparametric (Tpg) estimators. The results demonstrate that spatially randomized designs
consistently reduce MSEs compared to the global design, especially as the noise correlation p
and/or the number of units R increases. The individual-randomized design is generally more
efficient than the cluster-randomized one when the number of neighbors r is small (e.g.,
r = 3,4), while the cluster-randomized design becomes preferable for larger r (e.g., r = 6).

Inference results based on these settings show that both designs control type I error near
the nominal 0.05 level when s = (. As the treatment effect increases, spatially randomized
designs exhibit superior power under both models. Figure 3 further confirms that power im-
proves with larger R or smaller 7, aligning with our theoretical findings.
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TABLE 1
Nondynamic setting: MSE ratio comparisons under parametric and semiparametric models across different
(r, p) settings.
Model R Ratio | (3,09) (3,0.6) (3,03) (4,09 4,0.6) 403) (6,09 (6,0.6) (6,0.3)
36 1 0.360  0.379 0.421 0.544 0.582 0.661 0.982 1.042 1.171

) 0.522  0.554 0593  0.641 0.690 0.759 0.674  0.724  0.795
r1 0.214 0200 0.195 0316 0306 0319 0577  0.557 0.577

Parametric 6 1y | 0370 0361 0361 0457 0460 0485 0493 0497 0524
a4 | ™1 | 0117 0130 0155 0187 0219 0250 0357 0413 0485

ro | 0185 0196 0212 0246 0272 0090 0271 0298  0.339

2 | 71 | 0186 0202 0239 0352 0382 0459 0286 0316  0.385

ro 0.306  0.331 0.378  0.438 0484 0576 0363 0399  0.466
r1 0.103 0.106  0.118  0.165 0.175 0.204  0.138  0.153 0.185
9 0.163 0.173 0.192  0.199 0214 0244 0.190 0.203 0.231
1 0.062 0.068 0.079 0.09  0.107 0.127 0.080  0.090 0.107
) 0.089  0.095 0.107  0.102  0.111 0.129  0.102  0.111 0.129

Semiparametric | 64

144

Parametric Semiparametric
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Fig 3: Rejection probabilities in the parametric and semiparametric models under a non-dynamic
setup. The horizontal axis represents the treatment’s relative improvement. The red lines depict the
individual-randomized design, the blue lines represent the cluster-randomized design, and the black
lines denote the global randomized design. The line styles-solid, dashed, and dotted-correspond to the
number of units R = 144,81, and 36, respectively. The figure is organized into three rows and three
columns of panels, representing different values of r (6, 4, and 3) and p (0.9, 0.6, and 0.3), respectively.

4.2. Simulation of the dynamic setting. In the dynamic setting, we use the same unit
configurations as in the static case. For the parametric model, initial covariates O;,; ~ N (4, 1)
are i.i.d., and for ¢ > 1, covariates O;,; follow model (10). Coefficients a4, 5,¢, A+ vary over
time via functions hy(t), ha(t), ha(t):

it = I (O{8+2(f1(tz) +91(2y))}, But = ha(D){f2(ta) +92(1y)}, Aut = h3(D){f3(e2) +93(1y) },

where each h;(t) is of the form ag + Zle(ak cos(kmt) + by sin(kwt)) with ag, ag, by, ~
U(0,1), K = 3. Similarly, define BY = hy(t)fa(tz) + ga(ty), then normalize: B, =
0.5(BY —min B?) /(max B® —min B°) +-0.3. Noises e;,; are i.i.d. as in the static case, while
E;,; are 1.1.d. copies of 0.1e,. Effect coefficients are scaled by signal strengths s, and s,:
Vet = Sy - aLt/ZL Zt oy, 0 = 0~65y : 'ﬁLt/EL Zt Buts Lt = 55 - ALt/ZL Zt Ay and O =
0.681 . 'Bbt/ZL Zt BLt7 with Sy =S8- Eb,t E(OLt|A]‘k = 0) and Sy = S% . Zb,t E(YVLAAJk = 0)
representing s% improvements.
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For the nonparametric model, the underlying model is
. 7T —
Yit =5+2-0;ysin {g(bx +iy+t/M)+s- (Aig + Aut)} + 0.5¢;,4,

where (Ojiy,...,0;p:) ! are ii.d. multivariate Gaussians with mean (2 + A;i4,...,2 +
A;r:) " and covariance X(p)) having unit variances and off-diagonals v,v!, where v, ~
Unif(0.75,1) for about a p-.

We simulate » = 3,4, 6 (number of neighbors), p = 0.3,0.6,0.9 (noise correlation), R =
36,81, 144 (units), and M = 12 time steps, each with N = 30 observations. Table 2 summa-
rizes empirical MSE ratios across settings, showing consistent trends with the static case and
supporting Theorems 3.2 and 3.4. Figure 4 presents power curves for various s levels. In all
scenarios, spatially randomized designs outperform the global design, highlighting their ef-
fectiveness in dynamic environments fraction of indices and 0 otherwise, yielding a low-rank
correlation structure controlled by p.

TABLE 2
Dynamic setting: MSE ratio comparisons under parametric and semiparametric models across different (r7 p)
settings.
Model R Metric | (3,0.9) | (3,0.6) | (3,0.3) | (4,09) | (4,0.6) | (4,0.3) | (6,0.9)
36 r1 0.315 0.350 0.410 0.551 0.603 0.694 1.067
N ro 0.495 0.513 0.543 0.693 0.738 0.808 0.726
Parametric 64 =] 0.249 0.252 0.267 0.434 0.444 0.475 0.709
ro 0.291 0.302 0.326 0.388 0.416 0.471 0.428
144 71 0.116 0.126 0.142 0.196 0.211 0.238 0.366
79 0.103 0.114 0.138 0.158 0.179 0.224 0.165
36 1 0.139 0.135 0.152 0.181 0.156 0.181 0.193
79 0.641 0.713 0.809 0.666 0.757 0.871 0.705
Semiparametric 64 1 0.073 0.070 0.075 0.084 0.082 0.085 0.089
79 0.425 0474 0.587 0.355 0.409 0.503 0.352
144 1 0.033 0.032 0.033 0.037 0.035 0.038 0.043
ro 0.224 0.250 0.296 0.218 0.245 0.291 0.221
Parametric Model Semiparametric Model
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Fig 4: Rejection probability in the parametric and nonparametric models with M = 12 of dynamic
setting under different relative improvements of the new policy. The red, blue and black lines repre-
sent to the individual-, cluster- and global-randomized designs, with R = 144, 81, 36 plotted in solid,
dashed and dotted lines, respectively. The three rows of panels correspond to r = 6,4, 3, and the three
columns correspond to p = 0.9, 0.6, 0.3, respectively.
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4.3. Real data based simulation. In this section, we evaluate the performance of our
proposed experimental framework by simulating a real online ride-hailing service, using the
same simulator in Zhou et al. (2021). This simulator accurately models the dynamic interplay
between demand and supply, mirroring an actual ride-hailing platform. It generates demand
distributions from historical data, while initial driver supply distributions are based on early-
day data, subsequently adjusted through the simulator’s dynamic transitions and order dis-
patch algorithms. The simulation’s key metrics, such as driver earnings, response rates, and
idle times, deviate from real-world figures by less than 2%.

For our analysis, we selected the largest square unit of the city, dividing it into 64 equally
sized, non-overlapping squares (R = 64). Over N = 20 days, segmented into M = 24
hourly intervals, we investigated the effects of policies simulating ATE improvements of
0%,1.0%,2%, and 5%. We applied a parametric regression model for the multi-stage sce-
nario to estimate and analyze the ATE, comparing the classical global design with an indi-
vidual randomized design that incorporates temporal randomization. The outcomes of these
designs are denoted by % g and ?(g) 1.g» Tespectively.

Using 300 Monte Carlo simulations to closely estimate the true ATE, we compiled the
test powers and MSE ratios MSE(7,; ¢)/MSE(75; ¢) in Table 3. Our findings indicate that
both the classical global and spatially randomized designs maintain proper type I error rates.
Notably, the spatially randomized design consistently exhibited lower MSE and higher test
power compared to the classical global approach, irrespective of interference effects. This
evidence strongly supports the superior efficiency of the spatially randomized design in real-
world applications.

TABLE 3
Test powers and MSE ratios MSE(7(1 ¢)/ MSE(?% 1) under different effect sizes and interference settings.

Effect Size ATE-test (No Interference) | ATE-test (With Interference) MSE Ratio
Benchmark Proposed Benchmark Proposed No Interf.  Interf.
0% 0.07 0.06 0.07 0.05 0.010 0.129
1% 0.16 1.00 0.16 0.32 0.013 0.134
2% 0.33 1.00 0.33 0.89 0.016 0.128
5% 0.87 1.00 0.87 1.00 0.037 0.158

4.4. Real data example. To illustrate our approach, we analyze data from a dynamic
A/B experiment conducted on a ride-sourcing platform to evaluate a customer-subsidy pol-
icy. The study area was partitioned into R = 17 regions, and treatments were assigned via an
individual-randomized switchback design over N = 24 days (2020/02/19-2020/03/13), with
30-minute decision intervals (M = 48 per day). For interference, we defined each region’s
adjacent regions as its neighbors, consistent with common assumptions in spatial transporta-
tion settings. This choice is supported empirically: over 90% of ride requests were served by
drivers within the same region, implying that interactions are predominantly local. We take
the number of requests as the state variable and drivers’ total income as the outcome. While
the spatial dimension here is modest relative to the rich temporal resolution, the setting pro-
vides a concrete and realistic demonstration of how our framework can be implemented and
assessed in dynamic, operational environments, including cases where the number of spatial
units is limited.

Applying our parametric dynamic model, we detect a statistically significant treatment
effect (p = 1.0158 x 107?), suggesting that the customer subsidy increased overall driver
income. Figure 5 displays the observed and fitted income trajectories for two economically
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Fig 5: Plots of the corresponding relative residuals, as well as the fitted drivers’ income against the
observed values.

dominant regions that contribute the most to citywide revenue, along with their relative resid-
uals. Here, the relative residual is defined as the fitted residual divided by the standard de-
viation of the corresponding region’s income. In these high-activity regions, the fitted tra-
jectories closely follow the observed daily dynamics, and the residuals exhibit no systematic
patterns, indicating a good fit where the signal is strongest. By contrast, several low-income
regions with sparse ride requests show larger residual variability, plausibly reflecting weaker
signal strength and higher relative noise. Because these regions contribute little to the aggre-
gate outcome, we highlight the dominant regions for clarity and space economy. Overall, this
case study illustrates how the proposed framework can be used to evaluate dynamic spatial
policies in large-scale online experiments.

5. Concluding Remarks. In this paper, we aim at enhancing the efficiency of inference
across various scenarios by assigning treatment randomly across units. A pivotal discovery
is that randomization effectively diminishes the spatial correlation of noise. Under standard
conditions, we observe that the MSE ratio of ATE estimators, derived from spatially random-
ized designs compared to classical global designs, is inversely related to the number of units
or clusters, applicable in both static and dynamic frameworks.

Moving forward, there are several important topics worthy of further investigation. Firstly,
examining experimental designs with temporal random effects is an interesting issue, which
may cause endogeneity bias in the state autoregression model. One possible solution is to
assume that random effects satisfy certain covariance structures such as declining correlation
as temporal distance increases. Secondly, investigating more complex interference structures
and/or more complex treatment variables (Ao, Calonico and Lee, 2021; Dong, Lee and Gou,
2023) would be an interesting problem.

6. Significance Statement. Modern online platforms, such as ride-sharing and digital
marketplaces, rely heavily on A/B testing to evaluate policies, yet these systems exhibit
strong spatial and temporal interactions that standard experimental designs often ignore. This
paper develops a unified framework for designing and analyzing experiments under such in-
terference. We show that spatially randomized designs can substantially improve estimation
accuracy and testing power, and we provide practical guidance on when to use individual or
cluster randomization and how to choose cluster size. Our results bridge theory and practice
by linking experimental design to real-world policy evaluation, and are demonstrated using
data from a large-scale ride-sourcing platform.
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SUPPLEMENTARY MATERIAL

Supplementary Material for ‘“‘Spatially Randomized Designs Can Enhance Policy
Evaluation” (DOI:10.1214/[providedbytypesetter]-AOAS2173SUPPA;.pdf). The additional
implementation details, simulation results and supplementary theoretical results along with
the proofs unshown in the main text.

SpatiallyRandomization-code (DOI:10.1214/[providedbytypesetter]- AOAS2173SUPPB;.zip).
Code files to generate the numerical results in the main text. The data can be found on
the GitHub page at https://github.com/anneyang0060/SpatiallyRandomization. The real data
used in our study is proprietary and cannot be shared publicly. However, we have provided a
synthetic dataset that can yield similar results for broader accessibility and understanding.
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