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Abstract

In this paper we study approximating the total loss associated with the individual insurance risk model by a compound Poisson
random variable. By minimizing the expectation of the absolute deviation of the compound Poisson random variable from the
true total loss, we investigate not only the optimal compound Poisson random variable but also the numerical calculation of the
approximation error. We also discuss the influence of the Poisson parameter on the approximation error.
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1. Introduction

In actuarial science, the approximation of the individual risk model by a compound Poisson model plays an
important role. This is mainly due to the compound Poisson model’s advantages in recursive cal(tatjen
1981) combination and decompositioRdnjer and Willmot, 1992, Chaptein6Kaas et al., 2001, Chapte}.3n
the development on this topic, there are a lot of papers concerned with the approxiBationann et al. (1977)
illustrated why a cautious insurer should prefer the compound Poisson model to the individual risk model in the sense
of stop-loss ordefGerber (1979, Chapter gave a description of the choice of the Poisson parameter and introduced
two cases which are often used in the later discussi®asber (1984), Hipp (1985, 1986), Michel (1987), De Pril
and Dhaene (1992), Sundt (1998)dDhaene and Sundt (199investigated the error bounds for approximation in

* Corresponding author.
E-mail addressesrangjp@math.pku.edu.cn (J. Yang), szhou@math.pku.edu.cn (S. Zhou).

0167-6687/% — see front matter © 2004 Elsevier B.V. All rights reserved.
doi:10.1016/j.insmatheco.2004.10.003



58 J. Yang et al. / Insurance: Mathematics and Economics 36 (2005) 5777

terms of distribution or stop-loss premiuaas et al. (1988hjiscussed the approximation of the aggregate claims

and the stop-loss premiums by approximating the aggregate claims by the sum of a compound Poisson randon
variable (r.v.) and another r.v. determined by stop-loss oKiesn et al. (1993studied the approximation quality

when the portfolio keeps growing.

The former papers are mainly focused on approximation in the aggregate claims distribution and related functions,
such as stop-loss premiums. However, in practice one initially concerns about the individual risk model. Thus one
natural question arises: given the observation data from the individual risk model, how should one determine the
r.v.s in the corresponding compound Poisson model? From the practical viewpoint, the r.v.’s in the approximation
model have to be determined from the observation data.

The aim of this paper is to develop a method for carrying out such an approximation. By minimizing the
expectation of the absolute deviation of compound Poisson r.v.'s from the total loss associated with the individual risk
model, we present an optimal approximation model. We also give a numerical method to evaluate the approximation
error. Finally we discuss the influence of the Poisson parameter on the approximation error. Throughout this paper,
it is always assumed that the individual risks are independent. We first consider the case that the individual risks
are homogenous, then apply the homogenous results to approximate the heterogenous risk model.

Consider a portfolio containinghomogenous insurance risks. D&tdenote the loss associated with ttierisk,
i=12,...,n. Assume tha¥q, Xo, ..., X, are independent identically distributed with common distribufon
where the variance Vak(;) is finite and O< F(0) < 1. The total loss for the portfoligX1, X2, ..., X,} can be
written as

n
Si=_ Xi. (1.1)
i=1
The number of claims for the portfolio is denotedds i.e.,
N, =#{i:X;>0,i <n}.

For the technical reason, an auxiliary sequence of figks 1, X,+2, ..., } is introduced, wher& i, Xo, ... are
independent identically distributed. Denote

My =inf{i>1:X; >0},
M,=infli>M,_1:X;>0}, n>2

It is known thatP(M; < oo) = 1. M; is the index of the risk that a claim occurs abl is strictly increasing with
respect ta. By using the auxiliary risk$X,+1, X,+2, ...}, we can define a claim sequence

Yi=Xum, i>1

which is a subsequence pX;, i > 1} and is well-defined.
It is proved thatt;, i > 1 are independent with common distribution function

F(x) — F(0) .
T 1-F@O ° T~

It can also be shown thaf, is Binomial@, ¢) with parametey = 1 — F(0),

P(Ny=m)=Clq"1—q)"™, m=0,1...,n,
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andN, is independent of the sequeniGei > 1. HereC)' denotes]]). Based on the above method, the link between
the homogenous individual risk model and the compound binomial model has been established. Weirafet to
Yang (2001)or the above theoretical results.

By the definition of{Y;}, we know thats,, in (1.1) can be expressed as

N,
Sp=Y Y. (1.2)
i=1

Each termy; of S, in (1.2)corresponds to an actual claim while there are many té¢nis (1.1) which may equal
zero. Among these terms {i.2), the individual claims;, i > 1 are independent and identically distribut@d,
is the number of claims in the portfolio(1, X», ..., X, }, and the independence betweEn andY; is fulfilled.
Summing over the firsV, claims of the sequencg, i > 1, we thus obtain the total loss, associated with the
portfolio {X1, X2, ..., X}

Now we consider the approximation model. It is natural to assume that the approximation model has the same
claim sequence as the individual risk model. The number of clal(@}, as a Poisson r.v., should be estimated from
the observation data. Furthermore, the independence be@gandY;, i > 1 is assumed. An approximation to
S, is defined by

N

s*=>"v. (1.3)
i=1

In the above approximation, the main problem is to determine the Poissaf(#)v.

Let Fpoig) denote Poisson distribution with meénand Fyin(,,4) denote binomial distribution with parameters
(n, q¢), whereg = 1 — F(0). The family of all Poisson r.v.'s, which have common méamd are independent of the
claim sequencé;, i > 1, is denoted aR(Fpoi@)). As mentioned above, the optimal Poissonms}(e) € R(Fpoip))
is determined by the following minimizing principle:

N2(6)

H,(0) =: E|S, — Y= inf  EIS, —S*, 1.4
©) S ; N(G)EIIQ(Fpoi(e)) 15 S (14

whereS,, andS* are given, respectively, ifl.2) and (1.3)Here H, (9) represents the approximation error.

We organize our paper in the following frame.$ections 2—@ve investigate the homogenous individual risk
models. We first concentrate on the case that the Poisson pararsdiged, then study the influence of the Poisson
parameter on the approximation error.3action 2we show the existence of the optimal PoissonM,Q/(e), and
give an explicit expression fo’W,?(Q). In Section 3we prove some optimal properties Nﬁ(@). In Section 4we
present a numerical method to evaluate the approximation er®edtion Sve apply our approximation argument
to the functions of the total loss. Bection 6ive demonstrate thdi, (6) has a uniqgue minimum point, and make a
comparison between the minimum Poisson parameter and those parameters normally used in liter8eatsnin
7 we apply our main results to the heterogenous individual risk moddppendix Awe give the detailed proof
of the main theorems iBection 6

2. The existence of the optimal Poisson r.v.

Given the risk sequendeXy, X», ...}, a r.v.U can be defined as below. Construct r¥Wg,m =0,1,...,n
such that,,,m = 0,1,...,nandX;,i > 1 are independent. It is assumed that is uniformly distributed over
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(Foingr,q)(m — 1)), Fhin(.q)(m)] with probability density function

1
Fhin(n.q)(m) — Foin(n.g)(m — 1)

Then define

n
U= Z Unlin,=m)-

m=0

Under the above constructioti,,, m = 0, 1, 2, ..., n are independent of the number of claiMgsand the claim
sequencd;,i =1, 2, .... Thus by the independence betweéénandY;, U is also independent df;. Moreover,

1, x > Fhin(u,q)(m),
x — Foin,q)(m — 1)
Fhin(r,q)(m) — Foin(n,q)(m — 1)
0, x < Fping,q)(m — 1).

P(U < x|Ny =m) =

Fhin(r,.q)(m — 1) < x < Fhinn.q)(m), (2.1)

The inverse functiorFt;r}(n,q)(y) of Fhing,q)(v) is defined as

F[;r}(nyq)(y) =inf{x ! Foinp.g)(x) =y}, y€[0,1]

and the inverse functioFF;j(e)(y) of Fpoi@)(y) is defined as

Foai)() = Inf{x 2 Fpoigo)(x) = ).
Lemma 1. The r.v. U is uniformly distributed ovg®, 1], and
Ny = Foinn.(0)-
Proof. For fixeds € (0, 1), denoteM = sugk : Fyin(s,q)(k) < s,k =0, 1,...}. It follows from (2.1)that:

s — Fhin(n,q)(M)
Foing.q)(M + 1) — Fhin(.q) (M)

P(U<sIN,=M+1)=

and
P(U <s|N,=m)=0, m>M+1, PU<s|Ny,=m)=1, m<M.

Thus
n
P(U <5s)= Y P(U < s|N, = m)P(N, = m)
m=0
n M
= Y. PU<sINy=m)P(Ny=m)+ Y  P(U < s|N, =m)P(N, =m)
m=M+1 m=0
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M
= P(U <s|Ny = M+ 1)P(N, = M+ 1)+ > P(N, =m)
m=0
s — Fhin(n,q) (M)
= . X { Fpi M+ 1) — Fp; M)} + Fpi M) =s.
Fbin(n,q)(M T 1) — Fbin(n,q)(M) { |n(n,q)( ) |n(n,q)( )} |n(n,q)( )
That is, the r.vU is uniformly distributed over [01].

Next we prove thatVv, = Ft;r}(n ) (U) holds. Fix non-negative integet, 0 < m < n. Suppose thalv, = m.

Thus Fyin(s,q)(m — 1) < U < Fyin,q)(m) follows. EquwalentIyFbm(n q)(U) m. HenceN,, = Fb‘ir}(n’q)(U) =m
The lemma is proved. O

In the following theorem we prove the existence of the optimal PoissoN,?(\?-), and then give a mathematical
expression for the corresponding approximation error.
Theorem 1. The Poisson r\NO(G) defined byv,?(e) = pol(0)(U) satisfieg1.4),i.e, Fooi 0)(U) is a possible choice
for the optimal Poisson r.v. with me@&nMoreover the approximation erroiH,, (6) satlsfles

H,(6) = EQDE|Fyky o (U) = Fak(0)] = E(Y) /O | Foingn) () — Fooiy ()] . 2.2)

Proof. Let R(Fyin(:,q), Fpoie)) denote the family containing all random vecto#, (V), whereW has distribu-
tion Fhinp,q) @andV has distributionFpgie), and W, V) is independent of the claim sequerigei > 1. Using the
independence relation betweEni > 1 andR(Fin(:,q), Fpoi)), We find that

w % w %
inf E Y — Y| = inf E|Ly-w Yi+ Liy-w Y;
(W, V)eR(Fbin(u.q)» Fpoi(e)) =1 ' ; l (W, V)eR(Fbin(u.q)» Fpoi(e)) V= }i:;-i-l l { }i:;kl '
E(Y1) inf E|\W —V]|. (2.3)

(W, V)ER(FbIn(n q) Fpol(@))
From the result of.1-Wassertein distanc®arrio et al., 1999or Shorack and Wellner, 1986t holds that
o
inf E\W -V E|F_ U U)| = Fhi — Fpoi dx. 2.4
(W»V)ER(i'!l?n(n.q)vaoi(a)) | | = E| bln(n q)( ) — p0|(9)( )] /0 | Foingn,q)(X) poi) (x)] dx (2.4)

It is obvious that

w \%4
Hl0) = NGR”}‘J;m(e)) Z l' w, V)ER(;S:(n,q),Fpoi(e)) £ ; Yim ; il 25)
Combining Eqs(2.3)—(2.5) we obta|n(2.2) and complete the proof.[]
In this paper we choose the optimal Poisson r.v. as
NO) = Fogiipy(U)- (2.6)

In modern risk theory, comonotonicity is an important concept. The two RsksdQ are comonotonic if there
exist two non-decreasing real-valued functions and a riskZ such that

P =u(2), 0 =v(Z)
(seeWang et al., 199% By Lemma land(2.6), N°(6) andN,, are both non-decreasing functions of theldvThus

they are comonotonic. It means that with the varyingJoN,?(e) increases when,, increases, anN,?(G) decreases
whennN,, decreases.
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3. Some results onvV9(8)

The joint distributionF, n() Of (N, N(0)) satisfies

max{ Foin(z,q)(X) + Fpoi@)(y) — 1, 0} < Fy, n(e)(x, ¥) < Min{Fhin(,q)(x), Fpoi)(y)}- (3.1)

SeeJoe (1997%or its related discussion. Note that the distribution functionmf,(N,?(e)) equals the upper bound
MiN{ Foin(z,q) (%), Fpoie)(»)}-

3.1. Some optimal properties

We will show some optimal properties mﬁ(e) in the following theorem.

Theorem 2. The optimal r.vN,?(@) in (2.6)is optimal in the following senses

E(N, = NO)* = et EWN = N(0))? (3-2)
and
var(N, — N%0)) = inf  Var(N, — N(6)). (3.3)

N(9)eR(Fpoi@))

Proof. Recalling inequality(3.1) we have that fox, y € [0, 00),
P(N,, > x, N(#) > y) < min{P(N,, > x), P(N(0) > y)}.
Applying Hoeffding’s identity Joe, 1997, p. 23we obtain

E{N, x N(0)} = /000 /000 P(N,, > x, N(6) > y)dxdy < /000 /(;00 min{ P(N,, > x), P(N(0) > y)} dxdy

= /oo /oo P(N, > x, N%(0) > y)dxdy = E{N, N°(9)}.
0 0

Thus we have
E(N, — N(0))?> = EN? + E(N(F))? — 2E{N,, x N(6)} = EN? + E(N(6))?> — 2E{N, x N°(8)}
= E(N, = NJ©O)),

which implies(3.2).
By using(3.2)and

Var(N, — N(0)) = E(N, — N(8))?> — (EN, — EN(0))? = E(N, — N(9))? — (nq — 6)?,

we obtain(3.3). Thus we complete the proof of the theorenf]

The above theorem asserts the optimalitwﬁ(e) in the senses B.2) and (3.3)
3.2. The joint probability ofN,,, N9(6))

In this section we give several formulas to evaluate the joint distributioN/;zW,?(e)).
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GivenN, =m,m =0, 1, ..., n, the conditional probability

P(NJ(6) = kIN, = m) = P(Fogi5)(U) = KIU € (Fbingu.q)(m — 1), Foings,q)(m)])

P(U € (Fpoig)(k — 1), Fpoig)(k))IU € (Fin(n,q)(m — 1), Fin(a,q)(m)])
min{ Fpoi(g)(k), Fbin(n,q)(m)} — max{ Fpoig)(k — 1), Fhinga,q)(m — 1)} Vo

Fhin(r,q)(m) — Fpin(a,q)(m — 1)

Then the joint probability

P(N, = m, N%(6) = k) = P(N2(6) = k|N,, = m)P(N,, = m)

63

= (MIN{ Fpoi) (k). Foin(r,q)(m)} — max{ Fpoi@)(k — 1), Foin(r,q)(m — 1)}) v 0. (3.4)

Furthermore, the probability(N,?(e) = N,)) can be evaluated by

P(NJ(6) = N,) = Z P(NJ(6) = N, = i)
i=1

= Z(min{Fpoi(e)(i)s Fhinn.q) ()} — max{ Fpoi(e) (i — 1), Fin(u.q)(i — 1)}) v 0.

i=0

Table 1gives some values of the joint probabilities &, N9(6))inthe case = 1000 6 = 1, p = 0.001 EY; = 1,
calculated by3.4). Table 2gives some results in the case= 10,6 = 0.01, p = 0.001, EY; = 1. The values in

the two tables show the comonotonic trend bethgrandN,?(e).

Table 1
The probabilityP(N,, = i, N9(9) = j) whenn = 100Q 6 = 1, p = 0.001 andEY; = 1
i=0 0.3677 0 0 0 0 0 0
i= 0.0002 0.3679 3.0687D8 0 0 0 0
i= 0 0 0.1840 9.2054E05 0 0 0
i=3 0 0 0 0.0612 6.1323E05 0 0
i=4 0 0 0 0 0.0153 2.2969ED5 0
i=5 0 0 0 0 0 0.0030 6.1147E06
i= 0 0 0 0 0 0 0.0005
i=7 0 0 0 0 0 0 0
Table 2
The probabilityP(N, = i, N9(6) = j) whenn = 10,6 = 0.01, p = 0.001 andEY; = 1
j=0 j=1 j=2 j=3 j=4 j=5 j=6
i=0 0.9900 0 0 0 0 0 0
i= 4.9535E-06 0.0099 4.9072E06 0 0 0 0
i= 0 0 4.4595E-05 4.6050E-08 0 0 0
i=3 0 0 0 1.1896E07 2.0435E-10 0 0
i=4 0 0 0 0 2.0817E10 5.7532E-13 0
i= 0 0 0 0 0 2.498E13 8.8819E-16
i=6 0 0 0 0 0 0 2.2205E-16
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4. Evaluating the approximation error

H,(0) measures the expectation of the absolute approximation error. In this section we will show how to compute
the error.
At the beginning we will list a useful lemma.

Lemma2. If 6 > —nlog(1l— g), then Fying,,q)(t) = Fpoig)(t) for all t. Converselyif Fiin(:,4)(0) > Fpoig)(0), then
6 > —nlog(1— g).

Lemma 2can be obtained directly by Theorem 1[é¢ Pril and Dhaene (1992)

Theorem 3.

(@) If > —nlog(l— g), then

H,(0) = (0 — nq)EY1. (4.1)
(b) If0 <0 < —nlog(1- g),then
H,(0) = =2 DO i = HPINy =i, NYO) = j) +6 — nq] EY]. (4.2)
i=0 j=0

Proof.
(a) Inthe casé# > —nlog(1— g), by Lemma 2we have
P(N, > 1) < P(N°(0) > 1), 1€ [0, ).
Then using2.2), we obtain
o0 o0
H,0) = By [ 1PN, =0)— POV0) <01k = B [ (PND0) = 1)~ PN, > )
0 0

= EY1(EN%(0) — EN,) = EY1(6 — ng).
(b) Inthe case & 8 < —nlog(1— ¢), by Theorem Iwe have
Hy(6) = EY1 x E|N, — NJ(0)| = EY1 x {2E(N, — NY(©))+ — E(N, — NJ(0)}
= EY1 x {2E(N, — N2())+ + 6 — nq}

= [22 > = DP(Nu =i, NJO) = J) +9—nq] EY1,

i=0 j=0

where the probability function of\,,, N9(6)) can be calculated b{3.4). [

The Poisson parametéris often chosen a8 = nqg or 6 = —nlog(1 — ¢) (Gerber, 1979, Chapten.4Tables
3-5 provide some numerical values éf,(nqg) and H,(—nlog(1— g)) when EY1 = 1. By comparingH, (nq)
with H,(—nlog(1 — g)), one can analyze the accuracy of the approximation. For instance, in theqcasé.05,
Hio(ng) > Hio(—nlog(1 — q)), Hioo(ng) < Hioo(—n log(1 — g)) andHioodng) < Hiood—n log(1 — g)). Gener-
ally speaking, one cannot assert that the parametes optimal than the parametem log(1 — g).
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Table 3

The expected errors when= 10

q nq nlog(l—q) Hy(nq) H,(—nlog(1— q))
0.001 0.01 0.010005 0.000010 0.000005
0.005 0.05 0.050125 0.000239 0.000125
0.01 0.1 0.100503 0.000911 0.000503

0.05 0.5 0.512933 0.015587 0.012933

0.1 1 1.053605 0.038402 0.053605

0.5 5 6.931472 0.524205 1.931472
Table 4

The expected errors when= 100

q nq nlog(l—q) Hy(nq) Hy(—nlog(1—q))
0.0001 001 0010001 9.90116E07 500032 — 07
0.001 01 0.100050 0.000091 .000050

0.005 05 0.501254 0.001520 .001254

0.01 1 1005034 0.003694 .005034

0.05 5 5129329 0.044504 .029329

0.1 10 10536051 0.128624 .636051

0.5 50 69314718 1.653039 1914718

Table 5

The expected errors when= 1000

q nq nlog(1-q) Hy(ng) Hy(—nlog(1-q))
0.0001 01 0.100005 0.000009 0.000005
0.001 1 1000500 0.000368 0.000500
0.005 05 5.012542 0.004393 0.012542

0.01 10 10050336 0.012545 0.050336

0.05 50 51293294 0.142642 1.293294

5. Approximation to the total loss and related functions

Given the valuesN,, Y1, >, ..., Yy,} determined from the portfoli¢X1, X», ..., X,}, the optimal Poisson
r.v. in (2.6) can be determined as follows. First simulate theU.ly (2.1), then calculate the Poisson rN,?(G) =
Fp‘o}(g)(U). In the caseV, > N9(6), the values of the claim sequenkg Y», .. ., Yyo(e) can be obtained from the
set{Yy, Yo, ..., Yy, }. Otherwise, simulation is needed to obtain the r{\(’g, 1, ..., YN,?(@)}-

Now we consider the total amount of the typ&'_; g(X;), whereg is a non-negative measurable function and
g(0) = 0. An approximation fod_"_, g(X;) is

ND()

> av).

i=1
The corresponding approximation error equals

N(6)

ha(6,8) =2y g(Xi) — Y g(¥).
i=1

i=1
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Note that wherg(x) = x,

N(O)

Su=Y_ Yi+ha(0, g).
i=1

Theorem 4. For the non-negative function g wig{0) = O,

Ehy (6, g) = (nq — 6)Eg(Y1) (5.1)
and
Elha(6. )| = E;gl) H,(6). (5.2)

Proof. Itis easy to provég5.1). Here we only prové5.2)in detail.
Sinceg(0) = 0, we have

n N,
D eXi) =) a(r).
i=1 =1

Thus

Na NO(6)

Elha(6.9) = E |30 = Y o) = o2, 0)
i=1 i=1

Therefore, the theorem is proved
We would like to mention one interesting fact whes= —n log(1 — ¢). In this case, byemma 2we have
-1 -1
Fpoi(é‘)(s) > Fbin(n,q)(s)’ s€(0,1)
Then
_ -1 -1 _ A0
Nu = Fin.(U) = Fooig(U) = N, (6).
Hence
n Ny N2(9)
D oex) =) e(r) < Y g¥)
i=1 i=1 i=1

Thus the approximated total amount is always greater than the actual aggregate claims.
For the portfolio{X1, X2, ..., X,,}, we consider the excess-of-loss reinsurance treaty with retektiorhe
direct insurer pays the amount

n
Sp.a(M) = Z X;AM
i=1
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and the reinsurer pays the amount
n
SrRa(M) =) (Xi — M)y,
i=1

whereX; A M = min{X;, M} and (X; — M)y = maxX; — M, 0}. Use the two compound Poisson r.v.'s

NO(©) NR(0)

SS,Z(M) = Z YiAM and SRL(M)= Z(Yi — M)y
i=1 i=1

to approximatesp , (M) andSr (M), respectively. ByTheorem 4the expected approximation errors are

E(Y1 A M)
EISrn(M) = SR5(M)| = =7 Ha®).  EISpn(M) = S}, (M)| =

E(Y1— M)y
————H,(0),

T n(6)
respectively. Note that the sum of the expected approximation errors d@u@lsi.e.,

E|Sr (M) — SR5(M)| + E|Spo(M) — S55 (M) = H,(6).

6. The uniqueness of the Poisson parameter to minimizingf,, (9)
In this section we investigate whether there exists a uréfusuch that
(0] .
H,(0,) = r@nzlg H,(0). (6.1)

The answer to this problem is affirmative.
Fork=0,1,2,...,n — 1, denot&® to be the solution of equation

Foin(n,q) (k) = Fpoiw) (k).
Then we have the following result.
Theorem 5. It holds that
gD 5 g2 5 5 9D 5 gO),
Denote

1 if Foing.g)(x) > Fpoi(e) (%),
Sign(Fbin(n,q)(x) _ Fpoi(@)(x)) =40 if Fbin(n,q)(x) = Fpoi(e)(x),
—1if Fbin(n,q)(x) < Fpoi(@)(x)'

In the following we give a theorem on the uniquenesﬁfbbnd present an approach to soﬁf,b Here for
simplicity we assumé&Y; = 1.
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Theorem 6. There exists a uniqué? with 0 < 689 < —nlog(1— ¢), such that(6.1) holds. Further, for e
(e%+D) o0 k =0,1,2,...,n — 1,the derivative function off, with respect t@ satisfies

n-1 —0 gk
HA(0) = Y (SignEoing. () — Fpain(®) — DT + 1 (6.2)
k=0 '

H!(0) is strictly increasing fol # 6%, k =0,1,2,...,n — 1and
H,(6h—-) <0,  H,(6+) =0, (6.3)
whereH/,(69—) and H,(6%+) denote respectivelythe left and right limits o/, at pointé?.

We will prove Theorems 5 and i Appendix A
In the caser = 1, (6.2) can be used to fin@. For < —log(1 — g), Fhin(L4)(0) < Fpoip)(0). Then by(6.2)we
have

Hi(f)=-2e+1.

Solving H;(9) = 0, we haved = log 2. Moreover,H;(f) < 0 for # < log 2. Then we can conclude that in the case
g > 0.5, H,(p) achieves its minimum log 2 ¢ — 1 at point¥9 = log 2; whery < 0.5, H,,(9) achieves its minimum
—q — log(1— ¢) at point6? = —log(1— ¢).

In generalﬁ,? can be solved numerically. Byheorem 662 is the solution ofH, (9) = 0 if the solution exits.

Otherwise, it satisfiegl)(6—) > 0 andH, (9+) < 0. Thus byTheorem §we can focus on the strictly increasing
function(0) defined as

n-1 —0 gk
. e’e

h(®) = Y_(S1anFbing.q)(K) — Fpoiy(k) = )=~ + 1. 8 €[0.00)
k=0 ’

and use the Newtonian method to locéfe

Table 6lists some numerical results. It can be seen that whisttarge, the difference betweéfiandnq is very
small. Thusig is a good approximation fcﬂg whenng is large while—n log(1 — ¢) is a good approximation when
ng is small.

7. Approximation to the heterogenous individual risk model

In practice, the individual riskX; of a portfolio are often independent, but not identically distributed. In this
section, we will apply the above results to the heterogenous individual risk model.

We can divide the heterogenous portfolio into several independent homogenous portfolios, then approximate
every homogenous portfolio separately by our method. Assume that the portfolio can be divisedammgenous
portfolios and the aggregate claims from tkie portfolio can be represented b§(i) fori = 1, 2, ..., m. For the
ith homogenous portfolio,

NG®

IS(i) = Z Yij,
=1
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Table 6
The optimak? and the corresponding erréf, (90)
n q nq —nlog(l—q) A H,(nq) Hy(—nlog(1—q)) H,(67)
2 0.001 0002 0002001 0002001 1.997E06 1001E— 06 1.001E-06
2 0.01 002 0020101 0020101  0.000197 .000101 0.000101
2 0.10 02 0.210721 0210721 0.017462 010721 0.010721
2 0.5 1 1386294 0961278 0.235797 086294 0.226086
10 0.001 o1 0010005 0010005  0.00001 .000005 0.000005
10 0.01 01 0.100503 0100503  0.000911 .000503 0.000503
10 0.10 1 1053605 099907  0.038402 053605 0.038161
10 0.5 5 6931472 495961  0.524205 931472 0.519686
100 0.001 a 0.100050 0100050 0.000091 .000050 0.000050
100 0.01 1 1005034 1000 0.003694 ®05034 0.003694
100 0.1 10 1636051 99991  0.128624 636051 0.128548
100 0.5 50 6814718 4959 1.653039 19814718 1.651654
1000 0.001 1 D005 1000 0.000368 ®00500 0.000368
1000 0.01 10 1M50336 1000 0.012545 ®50336 0.012545
where N is the number of claims and the claim sequenkes j = 1,2, ..., are determined as iBection 1
i=12,...,m. Then the aggregate claims for the heterogenous portfolio is
m m NGO
IS=Y"1SG) =Y Y Yi;.
i=1 i=1 j=1

Note that the following properties hold:

=

. N® i=12 ... m, areindependent.

2. Foragiven,Y;;, j=1,2,...areindependent identically distributed, here the common distribution is denoted
asF;. Furthery; ;,i=1,2,...,m, j=1,2,..., are independent.

3. Claim sequences are independent of the numbers of claims.

Let CS(i, 6;) be compound Poisson with Poisson M(, ;) and claim sequencg ;, j =1, 2,..., N(i, 6;) and
Y;;, j=12,... areindependent. Hetg is the Poisson parameter. Then
N(i,6;)

CSi.0)= Y Yij.

j=1

The ith group’s optimal Poisson r.v. determined (&6) is denoted asvO(;, 6;), the optimal Poisson parameter
satisfying(6.1)is denoted ag%(i). The independence between the Poisson M{ist;),i = 1, 2, ..., m is assumed.
Denote
N°Gi.6;)
CS*(i.0)= Y Yij

j=1

m
CS(61.62, ....0m) = Y _ CS(i. 0;)
j=1
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and

m
CS*(01. 62, ..., 0m) = Y CS*(i. ).

CS(61, 62, ...,6,)andCS*(61, 62, ... ., 6,) are compound Poisson r.v.’s, each with Poisson paraéter 6; and
claim distribution

Zz Ak

Among allCS (61, 62, ..., 6,;)'s, we will prove thatCS*(01, 62, .. ., 6,,) is optimal in the following sense.

Theorem 7. It holds that

E(IS — CS* (01,62, ...,6m))° = inf  E(IS—CS(61,62, ...,6m))° (7.1)
N(i,6;),i<m
and
m m
E|IS — CS*(61.02. ... 0m)| < > E|IS(i) — CS*(i.6)| < > E|IS(i) — CS(i. ). (7.2)
i=1 i=1

Proof. According to the above notations, we have
E(IS — CS(61, 62, ..., 6))> = Var(IS — CS(61, 62, ..., 6m)) + {E(IS — CS(61, 62, . ..., 6m))}?

m m 2
=) Var(IS(i) — CS(i. 6)) + { > EYiq x E(NY - ei)}

i=1 i=1

= > EIN®D — N(i, ;)| Var(¥;1) + > _ Var(ND — N(i, 6,)) E(Y7)
i=1 i=1

m 2
> E(Yi) E(N® - 9,-)} :
i=1
Thus byTheorems 1 and, 2t holds that

E(IS — CS*(61, 02, ..., 6m))°

m 2
= Z EIND — NG, 6;) Var(Y; 1) + Z Var(N® — NG, ;) E(Y2) + {Z E(Y;1)E(N® — 91’)}
i=1

i=1 i=1
m m ?
< > EINO — NG 6)| Var(¥;2) + Y Var(V® — NG 0.)E(Y?) + {Z E(W)EWN® — 6 )}
i—1 i=1 i=1
= E(IS — CS(601, 62, . ... Om))2.

thus(7.1) holds. It is obvious thaf7.2) holds. Now we complete the proof]
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When every homogenous portfolio’s size is large enough, it is advised to chjoeseEN® i = 1,2, ..., m.For
this choice of the Poisson parameter, the approximafii(6s, 62, . . . , 6,,) produces good approximation effects.
It can be seen from the following two aspects:

(1) First, fromTable 6we can find that
6°(i) ~ EN®.

ThusEN® is a good approximation for the optimal Poisson param#tgy.

(2) Second(7.2)shows that the approximation error is bounded by the sum of the approximation errors for each
homogenous portfolio. Thus the corresponding error is small when every homogenous portfolio’s size is large
enough.

8. Conclusions

Inthis paper, we presented a new method to approximate the individual risk model by a compound Poissonr.v. We
investigated the determination of the r.v.'s in the compound Poisson model and the calculation of the approximation
error. During our discussion, we first focused on the homogenous individual risk models, then applied the results to
the heterogenous individual risk models. Numerical results showed that our approximation model provides a good
approximation.
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Appendix A

In what follows, we will proveTheorems 5 and.@-irst we introduce several lemmas.

Lemma A.1l. There exists a non-negative integér< n — 1 such that

P(N®) =k + 1)
P(N(O) = k)
P(N, =k + 1) P(N(®) = k + 1)
PN, =k |~ P(N©) =K
P(NO)=k+1)
T PINO =R T

) ’

,n>k>C,

Proof. Itis easy to verify that fok + 1 < n,

P(N,=k+1) Citlga—g "1 n—k ¢ A1)
P(N,=k) Ckgb(l—g*  k+1ll—gq '
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and
PINO)=k+1) 0
P(N(®O)=k) ~ k+1
Comparing(A.1) with (A.2), we observe that

(A.2)

P(Ny =k+1) _ P(N() =k+1)
P(Nn=k) — P(N(O)=k)

if and only if (n — k){g/(1 — q)} > 6, i.e.,

)
—

k<n

Denote

C=min{n—1,[n—@:|}.

Here [x] denotes the integral part of Thus if C < n — 1, for the integer > k > C it holds that

P(N, =k+1) P(N@®) =k+1)
PN, =k)  P(N@) =)

Andif k < C,

P(N, =k+1) P(N@®) =k+1)
P(N, =k  P(N©)=k)

holds. In the caské = C, it holds that

P(N, =k+1) - P(N@©®) =k+1)
P(N,=k) — P(N@®)=k)
Hence the lemma is proved
It is easy to verify the following lemma. We omit its proof here.

Lemma A.2. Suppose, > 0, b, > 0anda,t1/a, > by+1/b,,n > 0.Then forn > 1,

anp +ap—1+---+ap > by +by_1+---+bg
an-1+---+a ~  by-1+---+bo
Lemma A.3. Suppose that for non-negative integer Min(:,q)(M) > Fpoi)(M). Then
Foingr.q)(M + 1) > Fpoi)(M + 1). (A.-3)

Proof. Itis trivial for the caseM > n. Now we consider the cag¥¢ < n. Assume&) < —nlog(1l — ¢). Otherwise,
by Lemma 4.1 we see th#thin(,,4)(k) > Fpoi)(k), k = 0,1, 2, .. ., thus(A.3) holds. We will divide our proof into
two cases < C andM > C, whereC is the integer defined ihemma A.1
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Case A.1 (M < Q).
Sinced < —nlog(l— g), it leads toP(N, = 0) < P(N(9) = 0). Then according to the definition & and
Fhin(.q) (M) = Fpoip)(M), by Lemmas A.1 and A.®ve conclude that
P(N, = M) > P(N(0) = M).

Also by Lemma A.1we have

P(N, =M +1) _ P(N() = M +1)
P(N, =M) — PN@®) = M)

Then it follows that:

P(Ny =M +1)> P(N(@) =M +1).
Thus

Fhingr.q)(M + 1) = Foingr,q)(M) + P(N, = M + 1) > Fpoie)(M) + P(N(0) = M + 1) = Fpoip)(M + 1),
which implies(A.3).
Case A.2(M > C).

If P(N, =M+ 1)> P(N@®) =M + 1), then it is obvious thafA.3) holds. Next we consider the case

P(N, =M+1)< P(N@®) = M +1).

SinceP(N, = M + 1) < P(N(®) = M + 1) andM > C, by Lemma A.1we have

P(N, =k) < P(N(®) = k), k>M+1.

Then
P(N, <M+1)=1-— Z P(N, =k)>1— Z P(N(6) = k)
k=M+2 k=M+2
>1— > P(N@®) =k = P(N@®) < M +1).
k=M+2

Thus the lemma is proved.O

Proof of Theorem 5. Fix k < n. From the definitionFyin, o) (k) = Fpoi(g(k))(k) andLemma A.3 we have
Fbingn,q)(k + 1) > Fpoiguoy(k + 1).
Since for fixedk the functionFpoig) (k + 1) is strictly decreasing abodf we have

g+ < o),

Now we complete the proof of the theorem.
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LemmaA.4. Foro #6060 i=0,1,...,n— 1,the derivativeH/ (6) of H,(#) exists and
n—1

HJ(0) = 3 (8100 Foingr.q) (k) — Fooigy(K)) — 1) + 1. (A4)
k=0

Proof. Fix6p > 0anddp #6®,i=0,1, ..

—Gk

.,n — 1. Denote
8(0, x) = Fhinr,q)(x) — Fpoi(e)(x)-

First consider the cage> 6p. From(2.2) we have

Hy (6) — Ha(60) -
D e | 560,01 = o, ) s

o0
L / (50, X) (5(6.0)~0) — (0. ) {5(e0.-01)

R— / (—8(0, x)11g(0,x)<0) + &(P0, X)I14(60,x)<0}) dx =: A + B.

(A.5)
By using the fact thag(6, x) > g(6o, x) for 8 > 6p andg(6p, x) # 0, we have

— f Oo(g(a ) g(6.x)>0) — 8(00. X)I1g(6.x)>0}) dx
+ —/ (g(60. X)(I15(6.x)>0y — Tig(60.x)>0y) dx
— / (Fpoi(ao) () — Fpoi@) (X)) (g(6.x)~0) dx
R / (Fbin(r.q)(x) — Fpoi(eo) (X)) {g(6.x)>0.g(60.x) <0} dx.

(A.6)
For the casg(6, x) > 0 andg(o, x) < 0, it holds thatFyin,q)(x) > Fpoie)(x) @and Fing,q)(x) < Fpoi(e)(x). Thus
in this case it follows that:

| Foin(r.q)(x) — Fpoigo) (x)
0 f/ ‘ inr.q) 9—0 poiféo) I{g(@,x)>0,g(90,x)<0}|dx
0 — 0o

x© Fo — Fhni

=< / poio) ) pai®) () I{4(6.x)>0,g(60.x) <0} dx. A1
A 79—t , ,8(00,

Forx € [0, 00),

et gl [x]
o _ (20)

0
—F, , 6 < 26,
g [P0 = —— = Ty =<0

where [] is the integral part ok. Then by the dominated convergence theoremgfidx) — g(6p, x) we have

o) —909[)6]
/ (Fpoi(gg) (x) — Fpo.(e)(X))I{g(ox)>0}dx—>/ —I{g(90 x>0 dx, (A.8)
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and by(A.7) we obtain
/ * Fhin(r.q)(x) — Fpoi(e) (x)
0

I{g(6.x)>0,9(60,x)<0} dx

60— 6o
> Fpoi(o) (*) — Fpoi(e) (x)
= fo poltio) — P 1 4(6.00.5(60.5)<0) dx — 0.

Combining(A.8) and (A.9) we conclude that

00 e—Go 9[/‘7]
lim A = / —Ol{g(go x>0 dx.
AN 0 [x]! '

Similarly, we have

00 e—90 G[X]
lim B = —/ —ol{g(go x)<0j dx.
AN 0 [x]! '

Summarizing the above two equations §Adb), we deduce that

Ha(0) - Hi60) _ (e o) |
0“\?(30 T o—6 /0 WSIQn(Fbln(n,q)(x) — Fpoi(go) (x)) d.

Similarly,

i Ha6) = Ha(bo) _ /°° e g
0700  0—60  Jo o [x]!

holds. Thus combinin¢A.10) and (A.11)we obtain

SigN(Fbin(r.q) () — Fpoio) (X)) dx

00 a0 9[/‘7]
Hi(60) = [ Sosian(hing. () — Fpao ()

-1 e gt e ook

=Y sign(Fvingr.q) (k) — Fpoi(ao) (k) o T > k!
k=0 k=n
1 et g}

=Y (Sign(Fbin(r.q)(k) — Fpoigro) (k) — 1) - L0
k=0 .

Proof of Theorem 6. Fix 6 € (941D, 9()). Since

Fhin(n,q) (1) = Fpoiy (@), Fhoin(n,q) (i + 1) = Fpoigga+)(i + 1),
we have

Fhing.q) () < Fpoi) (i), Fhin(u,g) (i + 1) > Fpoip)(i + 1).
Thus byLemma A.3we assert that

Fhoin(n.q)(k) < Fpoi)(k), k <i

75

(A.9)

(A.10)

(A.11)
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and
Fhingr.q)(k) > Fpoigy(k), k>i+1
Then byLemma A.4we have

, Loe 0k
H'(@)=-2) oL
k=0 ’

which is strictly increasing with respect fioc (901, 9),
From the above equation it is easy to verify

HEV-) < HEV+), i=0,1,2,....,n—1.

Thus we conclude thai’(6) is strictly increasing with respect to=# 60,

SinceH, (d) is continuous, fronTheorem 3ve assert that the minimum po#ft exists and?® < n log(1 — ¢). By
the monotonicity offf/, (6) with respect t@, we assert thall/, (99+) > 0 andH/,(6°—) < 0. SinceH,(9) is strictly
increasing, thus? is unique. Hence the uniqueness is proved.

As (6.2) has been proved ibemma A.4 we now complete the proof dtheorem 6 O
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