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An example

e Zuur et al. (2007) measured marine benthic data
— 9 inter-tidal area were measured
— 5 samples were taken in each area

* Question: whether species richness is related to

— NAP: the height of the sampling station compared to
the mean tidal level

— Exposure: an index composed of wave action, length
of the surf zone, slope, grain size, and the depth of the
anaerobic layer.
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Exposure can take 3 possible values, 8, 10, and 11.
There are 5, 20 and 20 samples taking values 8, 10, and 11, respectively
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A first model

 We may first try the linear model

Rj = o + P x NAP; + Bo x Exposure; + & eij ~ N(0, o)
R;; 1s the species richness at site j on beach

NAP;; the corresponding NAP value

Exp;imrc*,- the exposure on beach 1.

gij the unexplained information.



2-stage Analysis method

e 15t stage: model species richness and NAP for
each beach

E_.'Ji =a+ f x h‘HP_.;; + Ejj _,f =1...., 5

.R_.'| | aa'\'HP”. E”.
R_.': | Nr’.xp,ij ¢ Ej2
R_.'_'{ = | aa'\'rxd.xn” i ( “ ) + Ej3 — Rr‘ = ;{._.' b E!r' -+ Ej
R_.'4 | aa'\'rxd.P” ﬁf Eia
_R_.';: | Nr’.xp,ij _ E,iﬁ_

 We can get beta as

-0.37 -4.17 -1.75 -1.24 -8.90 -1.38 -1.51 -1.89 -2.96



2-stage analysis method

« 2"d stage: the estimated regression coefficient
are modeled as a function of exposure

B = n+ 1 x Exposure; + b; i=1,..., 9
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2-stage analysis method

Call:
Im({formala = Beta ~ factor (ExposurebBeach), data = RIEZ)
FEesiduals:

HMin 1 HMedian 30 Max

-5.2386 -0.2778 0.082%90 0.&8940 3.28387

Coefficients:

Eztimate 5td. Error t walue Pr(>|t])
[(Intercept) -3.662 1.0899%9 -3.332 0.0126 *
factor (ExposureBeach) b 2.184 1.643 1.325 0.2268

Signif. codes: (O Y**%f 0 _ 001 ***f (0,01 **f Q0,05 *.* 0.1 " 1
Ee=zidual =tandard error: 2.458 on 7 degrees of freedom

Multiple B-sqguared: 0.2005, Bdjusted BE-=squared: 0.08825
F-=ztatistic: 1.755 on 1 and 7 DF, p-value: 0.2268

Exposure is not significant



2-stage analysis method

* Disadvantage:

— Summarize all data from a beach with one
parameter

— In the 2"d step, we are analyzing the regression
parameters, not the observed data (not modeling
the variable of interest)

— The number of observations used to calculate the
summary statistic is not used in the 2"9 step.



Linear Mixed effect model

* The model

Ri=Xi xB+ZL;i < b +5

=X B+ x b + g

b; ~ N(0, D)

g ~ N0, Z))

by, ---by, g, --- , ey independent

Fixed effect t
xed etrect term Random effect term



Linear Mixed effect model

238 MULTILEVEL STRUCTURES

Varying intercepts Varying slopes Varying intercepts and slopes

W

Figure 11.1 Linear regression models with (a) varying intercepts (y = o;+px), (b) varying
slopes (y = a + Bx), and (c) both (y = «; + Bjx). The varying intercepts correspond to

group indicators as regression predictors, and the wvarying slopes represent interactions
between x and the group indicators.



The random intercept model

e Model the richness as a linear function of NAP

— Intercept is allowed to change per beach

E_.;,i =ao + B x Beach; + B2 x ,""-HP_.] + &

. R_.'| - 1 M-JIPH - ] Eil
R_-'l 1 J"I'FH.P_.'J . 1 Eja
R_.'_:_ = 1 JFHFHP!:{ 1(;)4‘ 1 }(hr‘—F Ejz = R|i =X,-><|9-|—E,-><:hr-
R_.q 1 ﬁrf-“lp_.q 1 Ej4
R:s 1 NAP;s 1 Eis

b; are normally distributed: N(0, d?)
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The random intercept model

* y; = a+ Bx; + a; + £, where a;~ N(0, 0,%)
and g;~ N(O, 0?)

* model2 <- Ime (richness ~¥ NAP, random =
~1|beach, method = “REML”, data)
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i.e. a model that fits
the same slope for
each level of the
random factor (fitted
by REML by default)
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The random intercept model

Richness




The random intercept and slope model

* The model

R_.‘J ] JI‘III'FAP_{J ,'l"-':f!.P”. Ei1
R_.'g ] JWAP_{E .Cz’ ,""-H.Pf: h Ej2
Ris | = |1 NAP: | x ( ) + |1 NAP;s | x ( b ) + | &3
R;. 1 NAP, p NAP,, iz £ia
R_.'_w'. _] NA P_.'_w'. ,'I"-':fl.Pfi Eis
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The random intercept and slope model

Richness
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Induced correlation

* The model
Yi=XixpB+Z x b +g
 Marginal distribution of Y is
Y, ~ N(X; xB,V;)
Vi=Z, xDxZ + I,

* |n case of the random intercept model, we
have



Induced correlation

* The model
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Induced correlation

* For the random intercept and slope model, we
have

_ 1 0 ... ... 0\
1 NAP; 1 NAP; (
1 NAP;, 2 d 1 NAP;, 01
Vi=| 1 NAP: x( S )x I NAPs |+o°x| : |
I NAP di2 dy | NAP; |
] ,""-'H.Pl:j ] f"fz’-'l.P;:; : I
' \ O ... ... 0 1)

var(Yy) = dj; + 2 x NAP;j x dia + NAP;; x dy; + o

covi( Ff_l.'.. }’.'.t} = dlzl + L."&..’APU + AHH'HP;,Q} X (fu + JHFHP{I X ,""-'r.‘e!.Pr'k = 1’3;313



The marginal model

* |f we integrate out b, we get

Y; ~ N(X; x . Vi)

V,=Z; xDxZ + %

* |n general, if we don’t have the random
effects,
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The marginal model

* |f we integrate out b, we get

Yi ~ N(Xi x B, Vi)

Vi=Z xDxZ +E;

* |n general, if we don’t have the random
effects,
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REML

REML: restricted maximum likelihood estimate
In the simple linear regression

Yi=a+ 5 x Xi+ &

An unbiased estimate of the variance is

" | n i . . .3
(7 Zr_zlf},—a’—ﬁx}'{!j

n—2

But the MLE is

n 1 A . - 7
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REML

REML works as follows

Yi=a+ p x Xi + &

Written in matrix form
Yi=X; x B+ &

The normality assumption implies
Y, ~ N(X; x B,o?)
Take A of dimension nx(n-2), such that A" and X are
orthogonal,
A'xY=Ax X x B+A xe
A'xY ~N®O, o x A" x A)

\

Maximize this we get REML



REML

For the linear mixed model
Y, ~NX; xB.V;) T,—?h[j Z + %
In L(Y;, X;, H}——gln;r— Zln|1r|— En-—. % B) x Vi x(Y; —X; xB)
Putting all observations together

Y MN hﬁ\}

Similarly, we can take A with A" x X =0
Thus A’ x Y ~ N0, A" x V x A)



REML

Mixed model with NAP as fixed covariate and random intercept

Parameter Estimate using ML Estimate using REML
Fixed intercept 6.58 (1.05) 6.58 (1.09)
Fixed slope NAP -2.57(0.49) —-2.56 {0.49)
Variance random intercept 7.50 8.66
Residual variance 9.11 9.36

AlIC 249.82 24748

BIC 257.05 254.52

Mixed model with NAP and exposure as fixed covariate and random intercept
Fixed intercept B.60 (0.96) B.60(1.05)
Fixed slope NAP -2.60 (0.49) —-2.58 (0.48)
Fixed Exposure level —4.53(1.43) —4.53(1.5T)
Variance random intercept 241 363
Residual variance 0.11 9.35

AlC 24475 240.55

BIC 253.79 249.24




