
A^�mS�©Û
�§0�

ÌùP�µRaR

���ÄuoÀº
P���?U

wÄ²þ�.

�.Ú\

MA(q)�.ÚMA(q)S
�

��S�

MA(q)Xê�4íO�

MA(q)�.Þ~

g£8wÄ²þ�
.

ARMA(p, q)�.9Ù²
)

ARMA(p, q)S��g�
��¼ê

ARMA(p, q)�.��£
O5

ARMAS��Ì�ÝÚ�
_5

~f

2ÂARMA�.
ÚARIMA(p, d, q)�
.0�

2ÂARMA�.

ARIMA(p, d, q)�.

ü �L§

©ê�

©ARFIMA(p, d, q)�
.

A^�mS�©Û

�§0�

ÌùP�µRaR

���ÄuoÀºP���?U

2017c¢GÆÏ



A^�mS�©Û
�§0�

ÌùP�µRaR

���ÄuoÀº
P���?U

wÄ²þ�.

�.Ú\

MA(q)�.ÚMA(q)S
�

��S�

MA(q)Xê�4íO�

MA(q)�.Þ~

g£8wÄ²þ�
.

ARMA(p, q)�.9Ù²
)

ARMA(p, q)S��g�
��¼ê

ARMA(p, q)�.��£
O5

ARMAS��Ì�ÝÚ�
_5

~f

2ÂARMA�.
ÚARIMA(p, d, q)�
.0�

2ÂARMA�.

ARIMA(p, d, q)�.

ü �L§

©ê�

©ARFIMA(p, d, q)�
.

qÚ�'

I ²S�{Xt}�g���¼êe÷vγq 6= 0,
γk = 0, k > q§K¡{Xt}´qÚ�'�"

I k����5²�äkqÚ�'5§¡�wÄ²þ
�."



A^�mS�©Û
�§0�

ÌùP�µRaR

���ÄuoÀº
P���?U

wÄ²þ�.

�.Ú\

MA(q)�.ÚMA(q)S
�

��S�

MA(q)Xê�4íO�

MA(q)�.Þ~

g£8wÄ²þ�
.

ARMA(p, q)�.9Ù²
)

ARMA(p, q)S��g�
��¼ê

ARMA(p, q)�.��£
O5

ARMAS��Ì�ÝÚ�
_5

~f

2ÂARMA�.
ÚARIMA(p, d, q)�
.0�

2ÂARMA�.

ARIMA(p, d, q)�.

ü �L§

©ê�

©ARFIMA(p, d, q)�
.

qÚ�'

I ²S�{Xt}�g���¼êe÷vγq 6= 0,
γk = 0, k > q§K¡{Xt}´qÚ�'�"

I k����5²�äkqÚ�'5§¡�wÄ²þ
�."



A^�mS�©Û
�§0�

ÌùP�µRaR

���ÄuoÀº
P���?U

wÄ²þ�.

�.Ú\

MA(q)�.ÚMA(q)S
�

��S�

MA(q)Xê�4íO�

MA(q)�.Þ~

g£8wÄ²þ�
.

ARMA(p, q)�.9Ù²
)

ARMA(p, q)S��g�
��¼ê

ARMA(p, q)�.��£
O5

ARMAS��Ì�ÝÚ�
_5

~f

2ÂARMA�.
ÚARIMA(p, d, q)�
.0�

2ÂARMA�.

ARIMA(p, d, q)�.

ü �L§

©ê�

©ARFIMA(p, d, q)�
.

wÄ²þ�.�~f

I z�2��P¹�zÆ�Aêâ�mS
�{xt , t = 1, . . . , 197}"

I ���©�

yt = xt − xt−1, t = 2, . . . , 197

I {yt}���g�'Xê�¥y��5"(�ü«)

I �±[Ü

Yt = εt + b̂εt−1, t ∈ Z (1.1)

I �.A:´{γk} 1Ú��"



A^�mS�©Û
�§0�

ÌùP�µRaR

���ÄuoÀº
P���?U

wÄ²þ�.

�.Ú\

MA(q)�.ÚMA(q)S
�

��S�

MA(q)Xê�4íO�

MA(q)�.Þ~

g£8wÄ²þ�
.

ARMA(p, q)�.9Ù²
)

ARMA(p, q)S��g�
��¼ê

ARMA(p, q)�.��£
O5

ARMAS��Ì�ÝÚ�
_5

~f

2ÂARMA�.
ÚARIMA(p, d, q)�
.0�

2ÂARMA�.

ARIMA(p, d, q)�.

ü �L§

©ê�

©ARFIMA(p, d, q)�
.

wÄ²þ�.�~f

I z�2��P¹�zÆ�Aêâ�mS
�{xt , t = 1, . . . , 197}"

I ���©�

yt = xt − xt−1, t = 2, . . . , 197

I {yt}���g�'Xê�¥y��5"(�ü«)

I �±[Ü

Yt = εt + b̂εt−1, t ∈ Z (1.1)

I �.A:´{γk} 1Ú��"



A^�mS�©Û
�§0�

ÌùP�µRaR

���ÄuoÀº
P���?U

wÄ²þ�.

�.Ú\

MA(q)�.ÚMA(q)S
�

��S�

MA(q)Xê�4íO�

MA(q)�.Þ~

g£8wÄ²þ�
.

ARMA(p, q)�.9Ù²
)

ARMA(p, q)S��g�
��¼ê

ARMA(p, q)�.��£
O5

ARMAS��Ì�ÝÚ�
_5

~f

2ÂARMA�.
ÚARIMA(p, d, q)�
.0�

2ÂARMA�.

ARIMA(p, d, q)�.

ü �L§

©ê�

©ARFIMA(p, d, q)�
.

wÄ²þ�.�~f

I z�2��P¹�zÆ�Aêâ�mS
�{xt , t = 1, . . . , 197}"

I ���©�

yt = xt − xt−1, t = 2, . . . , 197

I {yt}���g�'Xê�¥y��5"(�ü«)

I �±[Ü

Yt = εt + b̂εt−1, t ∈ Z (1.1)

I �.A:´{γk} 1Ú��"



A^�mS�©Û
�§0�

ÌùP�µRaR

���ÄuoÀº
P���?U

wÄ²þ�.

�.Ú\

MA(q)�.ÚMA(q)S
�

��S�

MA(q)Xê�4íO�

MA(q)�.Þ~

g£8wÄ²þ�
.

ARMA(p, q)�.9Ù²
)

ARMA(p, q)S��g�
��¼ê

ARMA(p, q)�.��£
O5

ARMAS��Ì�ÝÚ�
_5

~f

2ÂARMA�.
ÚARIMA(p, d, q)�
.0�

2ÂARMA�.

ARIMA(p, d, q)�.

ü �L§

©ê�

©ARFIMA(p, d, q)�
.

wÄ²þ�.�~f

I z�2��P¹�zÆ�Aêâ�mS
�{xt , t = 1, . . . , 197}"

I ���©�

yt = xt − xt−1, t = 2, . . . , 197

I {yt}���g�'Xê�¥y��5"(�ü«)

I �±[Ü

Yt = εt + b̂εt−1, t ∈ Z (1.1)

I �.A:´{γk} 1Ú��"



A^�mS�©Û
�§0�

ÌùP�µRaR

���ÄuoÀº
P���?U

wÄ²þ�.

�.Ú\

MA(q)�.ÚMA(q)S
�

��S�

MA(q)Xê�4íO�

MA(q)�.Þ~

g£8wÄ²þ�
.

ARMA(p, q)�.9Ù²
)

ARMA(p, q)S��g�
��¼ê

ARMA(p, q)�.��£
O5

ARMAS��Ì�ÝÚ�
_5

~f

2ÂARMA�.
ÚARIMA(p, d, q)�
.0�

2ÂARMA�.

ARIMA(p, d, q)�.

ü �L§

©ê�

©ARFIMA(p, d, q)�
.

wÄ²þ�.�~f

I z�2��P¹�zÆ�Aêâ�mS
�{xt , t = 1, . . . , 197}"

I ���©�

yt = xt − xt−1, t = 2, . . . , 197

I {yt}���g�'Xê�¥y��5"(�ü«)

I �±[Ü

Yt = εt + b̂εt−1, t ∈ Z (1.1)

I �.A:´{γk} 1Ú��"



A^�mS�©Û
�§0�

ÌùP�µRaR

���ÄuoÀº
P���?U

wÄ²þ�.

�.Ú\

MA(q)�.ÚMA(q)S
�

��S�

MA(q)Xê�4íO�

MA(q)�.Þ~

g£8wÄ²þ�
.

ARMA(p, q)�.9Ù²
)

ARMA(p, q)S��g�
��¼ê

ARMA(p, q)�.��£
O5

ARMAS��Ì�ÝÚ�
_5

~f

2ÂARMA�.
ÚARIMA(p, d, q)�
.0�

2ÂARMA�.

ARIMA(p, d, q)�.

ü �L§

©ê�

©ARFIMA(p, d, q)�
.

MA(q)�.ÚMA(q)S�

I ½½½ÂÂÂ1.1 �{εt} ´WN(0, σ2), XJ¢êb1, b2, . . . , bq
(bq 6= 0)¦�

B(z) = 1 +

q∑
j=1

bjz
j 6= 0, |z | < 1,

K¡

Xt = εt +

q∑
j=1

bjεt−j , t ∈ Z, (1.2)

´q �wÄ²þ�., {¡�MA(q)�.;
I ¡d(1.2)û½�²S�{Xt}´wÄ²þS�, {¡
�MA(q)S�.

I XJ?�Ú�¦õ�ªB(z)3ü �þ�vk"::
B(z) 6= 0 �|z | ≤ 1, K¡(1.2)´�_�MA(q)�., ¡�
A�²S�´�_�MA(q)S�.



A^�mS�©Û
�§0�

ÌùP�µRaR

���ÄuoÀº
P���?U

wÄ²þ�.

�.Ú\

MA(q)�.ÚMA(q)S
�

��S�

MA(q)Xê�4íO�

MA(q)�.Þ~

g£8wÄ²þ�
.

ARMA(p, q)�.9Ù²
)

ARMA(p, q)S��g�
��¼ê

ARMA(p, q)�.��£
O5

ARMAS��Ì�ÝÚ�
_5

~f

2ÂARMA�.
ÚARIMA(p, d, q)�
.0�

2ÂARMA�.

ARIMA(p, d, q)�.

ü �L§

©ê�

©ARFIMA(p, d, q)�
.

MA(q)�.ÚMA(q)S�

I ½½½ÂÂÂ1.1 �{εt} ´WN(0, σ2), XJ¢êb1, b2, . . . , bq
(bq 6= 0)¦�

B(z) = 1 +

q∑
j=1

bjz
j 6= 0, |z | < 1,

K¡

Xt = εt +

q∑
j=1

bjεt−j , t ∈ Z, (1.2)

´q �wÄ²þ�., {¡�MA(q)�.;
I ¡d(1.2)û½�²S�{Xt}´wÄ²þS�, {¡
�MA(q)S�.

I XJ?�Ú�¦õ�ªB(z)3ü �þ�vk"::
B(z) 6= 0 �|z | ≤ 1, K¡(1.2)´�_�MA(q)�., ¡�
A�²S�´�_�MA(q)S�.



A^�mS�©Û
�§0�

ÌùP�µRaR

���ÄuoÀº
P���?U

wÄ²þ�.

�.Ú\

MA(q)�.ÚMA(q)S
�

��S�

MA(q)Xê�4íO�

MA(q)�.Þ~

g£8wÄ²þ�
.

ARMA(p, q)�.9Ù²
)

ARMA(p, q)S��g�
��¼ê

ARMA(p, q)�.��£
O5

ARMAS��Ì�ÝÚ�
_5

~f

2ÂARMA�.
ÚARIMA(p, d, q)�
.0�

2ÂARMA�.

ARIMA(p, d, q)�.

ü �L§

©ê�

©ARFIMA(p, d, q)�
.

MA(q)�.ÚMA(q)S�

I ½½½ÂÂÂ1.1 �{εt} ´WN(0, σ2), XJ¢êb1, b2, . . . , bq
(bq 6= 0)¦�

B(z) = 1 +

q∑
j=1

bjz
j 6= 0, |z | < 1,

K¡

Xt = εt +

q∑
j=1

bjεt−j , t ∈ Z, (1.2)

´q �wÄ²þ�., {¡�MA(q)�.;
I ¡d(1.2)û½�²S�{Xt}´wÄ²þS�, {¡
�MA(q)S�.

I XJ?�Ú�¦õ�ªB(z)3ü �þ�vk"::
B(z) 6= 0 �|z | ≤ 1, K¡(1.2)´�_�MA(q)�., ¡�
A�²S�´�_�MA(q)S�.



A^�mS�©Û
�§0�

ÌùP�µRaR

���ÄuoÀº
P���?U

wÄ²þ�.

�.Ú\

MA(q)�.ÚMA(q)S
�

��S�

MA(q)Xê�4íO�

MA(q)�.Þ~

g£8wÄ²þ�
.

ARMA(p, q)�.9Ù²
)

ARMA(p, q)S��g�
��¼ê

ARMA(p, q)�.��£
O5

ARMAS��Ì�ÝÚ�
_5

~f

2ÂARMA�.
ÚARIMA(p, d, q)�
.0�

2ÂARMA�.

ARIMA(p, d, q)�.

ü �L§

©ê�

©ARFIMA(p, d, q)�
.

MA�A�

I $��MA�AR�'�1w(wÄ²þ)§����"

I ½5�Ð"

I p��MA�±�[AR�A�"

I ^í£�fr�.��

Xt = B(B)εt , t ∈ Z (1.3)

I éu�_MA§B−1(z)kTaylorÐª

B−1(z) =
∞∑
j=0

φjz
j , |z | ≤ 1 + δ (δ > 0)

¤±

εt = B−1(B)Xt =
∞∑
j=0

φjXt−j (1.4)



A^�mS�©Û
�§0�

ÌùP�µRaR

���ÄuoÀº
P���?U

wÄ²þ�.

�.Ú\

MA(q)�.ÚMA(q)S
�

��S�

MA(q)Xê�4íO�

MA(q)�.Þ~

g£8wÄ²þ�
.

ARMA(p, q)�.9Ù²
)

ARMA(p, q)S��g�
��¼ê

ARMA(p, q)�.��£
O5

ARMAS��Ì�ÝÚ�
_5

~f

2ÂARMA�.
ÚARIMA(p, d, q)�
.0�

2ÂARMA�.

ARIMA(p, d, q)�.

ü �L§

©ê�

©ARFIMA(p, d, q)�
.

MA�A�

I $��MA�AR�'�1w(wÄ²þ)§����"

I ½5�Ð"

I p��MA�±�[AR�A�"

I ^í£�fr�.��

Xt = B(B)εt , t ∈ Z (1.3)

I éu�_MA§B−1(z)kTaylorÐª

B−1(z) =
∞∑
j=0

φjz
j , |z | ≤ 1 + δ (δ > 0)

¤±

εt = B−1(B)Xt =
∞∑
j=0

φjXt−j (1.4)



A^�mS�©Û
�§0�

ÌùP�µRaR

���ÄuoÀº
P���?U

wÄ²þ�.

�.Ú\

MA(q)�.ÚMA(q)S
�

��S�

MA(q)Xê�4íO�

MA(q)�.Þ~

g£8wÄ²þ�
.

ARMA(p, q)�.9Ù²
)

ARMA(p, q)S��g�
��¼ê

ARMA(p, q)�.��£
O5

ARMAS��Ì�ÝÚ�
_5

~f

2ÂARMA�.
ÚARIMA(p, d, q)�
.0�

2ÂARMA�.

ARIMA(p, d, q)�.

ü �L§

©ê�

©ARFIMA(p, d, q)�
.

MA�A�

I $��MA�AR�'�1w(wÄ²þ)§����"

I ½5�Ð"

I p��MA�±�[AR�A�"

I ^í£�fr�.��

Xt = B(B)εt , t ∈ Z (1.3)

I éu�_MA§B−1(z)kTaylorÐª

B−1(z) =
∞∑
j=0

φjz
j , |z | ≤ 1 + δ (δ > 0)

¤±

εt = B−1(B)Xt =
∞∑
j=0

φjXt−j (1.4)



A^�mS�©Û
�§0�

ÌùP�µRaR

���ÄuoÀº
P���?U

wÄ²þ�.

�.Ú\

MA(q)�.ÚMA(q)S
�

��S�

MA(q)Xê�4íO�

MA(q)�.Þ~

g£8wÄ²þ�
.

ARMA(p, q)�.9Ù²
)

ARMA(p, q)S��g�
��¼ê

ARMA(p, q)�.��£
O5

ARMAS��Ì�ÝÚ�
_5

~f

2ÂARMA�.
ÚARIMA(p, d, q)�
.0�

2ÂARMA�.

ARIMA(p, d, q)�.

ü �L§

©ê�

©ARFIMA(p, d, q)�
.

MA�A�

I $��MA�AR�'�1w(wÄ²þ)§����"

I ½5�Ð"

I p��MA�±�[AR�A�"

I ^í£�fr�.��

Xt = B(B)εt , t ∈ Z (1.3)

I éu�_MA§B−1(z)kTaylorÐª

B−1(z) =
∞∑
j=0

φjz
j , |z | ≤ 1 + δ (δ > 0)

¤±

εt = B−1(B)Xt =
∞∑
j=0

φjXt−j (1.4)



A^�mS�©Û
�§0�

ÌùP�µRaR

���ÄuoÀº
P���?U

wÄ²þ�.

�.Ú\

MA(q)�.ÚMA(q)S
�

��S�

MA(q)Xê�4íO�

MA(q)�.Þ~

g£8wÄ²þ�
.

ARMA(p, q)�.9Ù²
)

ARMA(p, q)S��g�
��¼ê

ARMA(p, q)�.��£
O5

ARMAS��Ì�ÝÚ�
_5

~f

2ÂARMA�.
ÚARIMA(p, d, q)�
.0�

2ÂARMA�.

ARIMA(p, d, q)�.

ü �L§

©ê�

©ARFIMA(p, d, q)�
.

MA�A�

I $��MA�AR�'�1w(wÄ²þ)§����"

I ½5�Ð"

I p��MA�±�[AR�A�"

I ^í£�fr�.��

Xt = B(B)εt , t ∈ Z (1.3)

I éu�_MA§B−1(z)kTaylorÐª

B−1(z) =
∞∑
j=0

φjz
j , |z | ≤ 1 + δ (δ > 0)

¤±

εt = B−1(B)Xt =
∞∑
j=0

φjXt−j (1.4)



A^�mS�©Û
�§0�

ÌùP�µRaR

���ÄuoÀº
P���?U

wÄ²þ�.

�.Ú\

MA(q)�.ÚMA(q)S
�

��S�

MA(q)Xê�4íO�

MA(q)�.Þ~

g£8wÄ²þ�
.

ARMA(p, q)�.9Ù²
)

ARMA(p, q)S��g�
��¼ê

ARMA(p, q)�.��£
O5

ARMAS��Ì�ÝÚ�
_5

~f

2ÂARMA�.
ÚARIMA(p, d, q)�
.0�

2ÂARMA�.

ARIMA(p, d, q)�.

ü �L§

©ê�

©ARFIMA(p, d, q)�
.

MAS��g���¼ê

I Pb0 = 1§KéMA(q)S�kEXt = 0§

γk =E(XtXt+k)

=

{
σ2
∑q−k

j=0 bjbj+k , 0 ≤ k ≤ q

0, k > q
(1.5)



A^�mS�©Û
�§0�

ÌùP�µRaR

���ÄuoÀº
P���?U

wÄ²þ�.

�.Ú\

MA(q)�.ÚMA(q)S
�

��S�

MA(q)Xê�4íO�

MA(q)�.Þ~

g£8wÄ²þ�
.

ARMA(p, q)�.9Ù²
)

ARMA(p, q)S��g�
��¼ê

ARMA(p, q)�.��£
O5

ARMAS��Ì�ÝÚ�
_5

~f

2ÂARMA�.
ÚARIMA(p, d, q)�
.0�

2ÂARMA�.

ARIMA(p, d, q)�.

ü �L§

©ê�

©ARFIMA(p, d, q)�
.

MAS��Ì�Ý

I ½½½nnn1.1 MA(q)S�{Xt}�g���¼ê´qÚ��
�µ

γq = σ2bq 6= 0, γk = 0, |k| > q. (1.6)

¿�kÌ�Ý

f (λ) =
σ2

2π
|B(e iλ)|2

=
1

2π

q∑
k=−q

γke
−ikλ, λ ∈ [−π, π]. (1.7)

I (1.7)�1�^�±^�5²��½n1.7.2½^Ì�
Ý½Â��y²"1�^^g���ýé�Ú�Ì�
Ýúª(½n2.3.1) ����±^Ì�Ý½Â��"



A^�mS�©Û
�§0�

ÌùP�µRaR

���ÄuoÀº
P���?U

wÄ²þ�.

�.Ú\

MA(q)�.ÚMA(q)S
�

��S�

MA(q)Xê�4íO�

MA(q)�.Þ~

g£8wÄ²þ�
.

ARMA(p, q)�.9Ù²
)

ARMA(p, q)S��g�
��¼ê

ARMA(p, q)�.��£
O5

ARMAS��Ì�ÝÚ�
_5

~f

2ÂARMA�.
ÚARIMA(p, d, q)�
.0�

2ÂARMA�.

ARIMA(p, d, q)�.

ü �L§

©ê�

©ARFIMA(p, d, q)�
.

MAS��Ì�Ý

I ½½½nnn1.1 MA(q)S�{Xt}�g���¼ê´qÚ��
�µ

γq = σ2bq 6= 0, γk = 0, |k| > q. (1.6)

¿�kÌ�Ý

f (λ) =
σ2

2π
|B(e iλ)|2

=
1

2π

q∑
k=−q

γke
−ikλ, λ ∈ [−π, π]. (1.7)

I (1.7)�1�^�±^�5²��½n1.7.2½^Ì�
Ý½Â��y²"1�^^g���ýé�Ú�Ì�
Ýúª(½n2.3.1) ����±^Ì�Ý½Â��"



A^�mS�©Û
�§0�

ÌùP�µRaR

���ÄuoÀº
P���?U

wÄ²þ�.

�.Ú\

MA(q)�.ÚMA(q)S
�

��S�

MA(q)Xê�4íO�

MA(q)�.Þ~

g£8wÄ²þ�
.

ARMA(p, q)�.9Ù²
)

ARMA(p, q)S��g�
��¼ê

ARMA(p, q)�.��£
O5

ARMAS��Ì�ÝÚ�
_5

~f

2ÂARMA�.
ÚARIMA(p, d, q)�
.0�

2ÂARMA�.

ARIMA(p, d, q)�.

ü �L§

©ê�

©ARFIMA(p, d, q)�
.

MA(q)S��¿�^�

I MA(q)S�´g���¼êqÚ���§��e²
�{Xt}g���¼êqÚ��KÙ7�MA(q)S�"

I ½½½nnn1.3 �"þ�²S�{Xt}kg���¼ê{γk},
K{Xt}´MA(q)S��¿©7�^�´

γq 6= 0, γk = 0, |k | > q.

I �I�y²¿©5"

I y²I���EC¼êÚn"



A^�mS�©Û
�§0�

ÌùP�µRaR

���ÄuoÀº
P���?U

wÄ²þ�.

�.Ú\

MA(q)�.ÚMA(q)S
�

��S�

MA(q)Xê�4íO�

MA(q)�.Þ~

g£8wÄ²þ�
.

ARMA(p, q)�.9Ù²
)

ARMA(p, q)S��g�
��¼ê

ARMA(p, q)�.��£
O5

ARMAS��Ì�ÝÚ�
_5

~f

2ÂARMA�.
ÚARIMA(p, d, q)�
.0�

2ÂARMA�.

ARIMA(p, d, q)�.

ü �L§

©ê�

©ARFIMA(p, d, q)�
.

MA(q)S��¿�^�

I MA(q)S�´g���¼êqÚ���§��e²
�{Xt}g���¼êqÚ��KÙ7�MA(q)S�"

I ½½½nnn1.3 �"þ�²S�{Xt}kg���¼ê{γk},
K{Xt}´MA(q)S��¿©7�^�´

γq 6= 0, γk = 0, |k | > q.

I �I�y²¿©5"

I y²I���EC¼êÚn"



A^�mS�©Û
�§0�

ÌùP�µRaR

���ÄuoÀº
P���?U

wÄ²þ�.

�.Ú\

MA(q)�.ÚMA(q)S
�

��S�

MA(q)Xê�4íO�

MA(q)�.Þ~

g£8wÄ²þ�
.

ARMA(p, q)�.9Ù²
)

ARMA(p, q)S��g�
��¼ê

ARMA(p, q)�.��£
O5

ARMAS��Ì�ÝÚ�
_5

~f

2ÂARMA�.
ÚARIMA(p, d, q)�
.0�

2ÂARMA�.

ARIMA(p, d, q)�.

ü �L§

©ê�

©ARFIMA(p, d, q)�
.

MA(q)S��¿�^�

I MA(q)S�´g���¼êqÚ���§��e²
�{Xt}g���¼êqÚ��KÙ7�MA(q)S�"

I ½½½nnn1.3 �"þ�²S�{Xt}kg���¼ê{γk},
K{Xt}´MA(q)S��¿©7�^�´

γq 6= 0, γk = 0, |k | > q.

I �I�y²¿©5"

I y²I���EC¼êÚn"



A^�mS�©Û
�§0�

ÌùP�µRaR

���ÄuoÀº
P���?U

wÄ²þ�.

�.Ú\

MA(q)�.ÚMA(q)S
�

��S�

MA(q)Xê�4íO�

MA(q)�.Þ~

g£8wÄ²þ�
.

ARMA(p, q)�.9Ù²
)

ARMA(p, q)S��g�
��¼ê

ARMA(p, q)�.��£
O5

ARMAS��Ì�ÝÚ�
_5

~f

2ÂARMA�.
ÚARIMA(p, d, q)�
.0�

2ÂARMA�.

ARIMA(p, d, q)�.

ü �L§

©ê�

©ARFIMA(p, d, q)�
.

MA(q)S��¿�^�

I MA(q)S�´g���¼êqÚ���§��e²
�{Xt}g���¼êqÚ��KÙ7�MA(q)S�"

I ½½½nnn1.3 �"þ�²S�{Xt}kg���¼ê{γk},
K{Xt}´MA(q)S��¿©7�^�´

γq 6= 0, γk = 0, |k | > q.

I �I�y²¿©5"

I y²I���EC¼êÚn"



A^�mS�©Û
�§0�

ÌùP�µRaR

���ÄuoÀº
P���?U

wÄ²þ�.

�.Ú\

MA(q)�.ÚMA(q)S
�

��S�

MA(q)Xê�4íO�

MA(q)�.Þ~

g£8wÄ²þ�
.

ARMA(p, q)�.9Ù²
)

ARMA(p, q)S��g�
��¼ê

ARMA(p, q)�.��£
O5

ARMAS��Ì�ÝÚ�
_5

~f

2ÂARMA�.
ÚARIMA(p, d, q)�
.0�

2ÂARMA�.

ARIMA(p, d, q)�.

ü �L§

©ê�

©ARFIMA(p, d, q)�
.

Ún1.2
I ÚÚÚnnn1.2 �¢~ê{cj}¦�cq 6= 0 Ú

g(λ) =
1

2π

q∑
j=−q

cje
−ijλ ≥ 0, λ ∈ [−π, π],

Kk���¢Xêõ�ªµ

B(z) = 1 +

q∑
j=1

bjz
j 6= 0, |z | < 1, bq 6= 0. (1.8)

¦�

g(λ) =
σ2

2π
|B(e iλ)|2.

ùpσ2�,��~ê.
I y²�§-G (z) =

∑q
j=−q cjz

j+qKG (z)�2q ��

¥z1´�7kz−11 �´�"z1 6= ±1�z−11 6= z1"rù
�¤é����Ù¥����¦Ø3ü �S=�|
¤B(.)"���©'5�mS�©Û6P89–P92"



A^�mS�©Û
�§0�

ÌùP�µRaR

���ÄuoÀº
P���?U

wÄ²þ�.

�.Ú\

MA(q)�.ÚMA(q)S
�

��S�

MA(q)Xê�4íO�

MA(q)�.Þ~

g£8wÄ²þ�
.

ARMA(p, q)�.9Ù²
)

ARMA(p, q)S��g�
��¼ê

ARMA(p, q)�.��£
O5

ARMAS��Ì�ÝÚ�
_5

~f

2ÂARMA�.
ÚARIMA(p, d, q)�
.0�

2ÂARMA�.

ARIMA(p, d, q)�.

ü �L§

©ê�

©ARFIMA(p, d, q)�
.

Ún1.2
I ÚÚÚnnn1.2 �¢~ê{cj}¦�cq 6= 0 Ú

g(λ) =
1

2π

q∑
j=−q

cje
−ijλ ≥ 0, λ ∈ [−π, π],

Kk���¢Xêõ�ªµ

B(z) = 1 +

q∑
j=1

bjz
j 6= 0, |z | < 1, bq 6= 0. (1.8)

¦�

g(λ) =
σ2

2π
|B(e iλ)|2.

ùpσ2�,��~ê.
I y²�§-G (z) =

∑q
j=−q cjz

j+qKG (z)�2q ��

¥z1´�7kz−11 �´�"z1 6= ±1�z−11 6= z1"rù
�¤é����Ù¥����¦Ø3ü �S=�|
¤B(.)"���©'5�mS�©Û6P89–P92"



A^�mS�©Û
�§0�

ÌùP�µRaR

���ÄuoÀº
P���?U

wÄ²þ�.

�.Ú\

MA(q)�.ÚMA(q)S
�

��S�

MA(q)Xê�4íO�

MA(q)�.Þ~

g£8wÄ²þ�
.

ARMA(p, q)�.9Ù²
)

ARMA(p, q)S��g�
��¼ê

ARMA(p, q)�.��£
O5

ARMAS��Ì�ÝÚ�
_5

~f

2ÂARMA�.
ÚARIMA(p, d, q)�
.0�

2ÂARMA�.

ARIMA(p, d, q)�.

ü �L§

©ê�

©ARFIMA(p, d, q)�
.

½n1.3y²

I dg���ýé�Ú�Ì�Ýúª�

f (λ) =
1

2π

q∑
k=−q

γke
−ikλ

I dÚn§

f (λ) =
σ2

2π
|B(e−iλ)|2, B(z)ü �Svk�.

I XJB(z)3ü �SÚü �þÑvk�§K�½
Âεt = B−1(B)Xt§^�5ÈÅ�Ì�Ýúª�
�{εt}�Ì�Ý´xD(Ì�Ý"

I ü �þ�Uk�����¹�±^Hilbert�mýÿ
��{y²£31ÊÙ�y²¤"



A^�mS�©Û
�§0�

ÌùP�µRaR

���ÄuoÀº
P���?U

wÄ²þ�.

�.Ú\

MA(q)�.ÚMA(q)S
�

��S�

MA(q)Xê�4íO�

MA(q)�.Þ~

g£8wÄ²þ�
.

ARMA(p, q)�.9Ù²
)

ARMA(p, q)S��g�
��¼ê

ARMA(p, q)�.��£
O5

ARMAS��Ì�ÝÚ�
_5

~f

2ÂARMA�.
ÚARIMA(p, d, q)�
.0�

2ÂARMA�.

ARIMA(p, d, q)�.

ü �L§

©ê�

©ARFIMA(p, d, q)�
.

½n1.3y²

I dg���ýé�Ú�Ì�Ýúª�

f (λ) =
1

2π

q∑
k=−q

γke
−ikλ

I dÚn§

f (λ) =
σ2

2π
|B(e−iλ)|2, B(z)ü �Svk�.

I XJB(z)3ü �SÚü �þÑvk�§K�½
Âεt = B−1(B)Xt§^�5ÈÅ�Ì�Ýúª�
�{εt}�Ì�Ý´xD(Ì�Ý"

I ü �þ�Uk�����¹�±^Hilbert�mýÿ
��{y²£31ÊÙ�y²¤"



A^�mS�©Û
�§0�

ÌùP�µRaR

���ÄuoÀº
P���?U

wÄ²þ�.

�.Ú\

MA(q)�.ÚMA(q)S
�

��S�

MA(q)Xê�4íO�

MA(q)�.Þ~

g£8wÄ²þ�
.

ARMA(p, q)�.9Ù²
)

ARMA(p, q)S��g�
��¼ê

ARMA(p, q)�.��£
O5

ARMAS��Ì�ÝÚ�
_5

~f

2ÂARMA�.
ÚARIMA(p, d, q)�
.0�

2ÂARMA�.

ARIMA(p, d, q)�.

ü �L§

©ê�

©ARFIMA(p, d, q)�
.

½n1.3y²

I dg���ýé�Ú�Ì�Ýúª�

f (λ) =
1

2π

q∑
k=−q

γke
−ikλ

I dÚn§

f (λ) =
σ2

2π
|B(e−iλ)|2, B(z)ü �Svk�.

I XJB(z)3ü �SÚü �þÑvk�§K�½
Âεt = B−1(B)Xt§^�5ÈÅ�Ì�Ýúª�
�{εt}�Ì�Ý´xD(Ì�Ý"

I ü �þ�Uk�����¹�±^Hilbert�mýÿ
��{y²£31ÊÙ�y²¤"



A^�mS�©Û
�§0�

ÌùP�µRaR

���ÄuoÀº
P���?U

wÄ²þ�.

�.Ú\

MA(q)�.ÚMA(q)S
�

��S�

MA(q)Xê�4íO�

MA(q)�.Þ~

g£8wÄ²þ�
.

ARMA(p, q)�.9Ù²
)

ARMA(p, q)S��g�
��¼ê

ARMA(p, q)�.��£
O5

ARMAS��Ì�ÝÚ�
_5

~f

2ÂARMA�.
ÚARIMA(p, d, q)�
.0�

2ÂARMA�.

ARIMA(p, d, q)�.

ü �L§

©ê�

©ARFIMA(p, d, q)�
.

½n1.3y²

I dg���ýé�Ú�Ì�Ýúª�

f (λ) =
1

2π

q∑
k=−q

γke
−ikλ

I dÚn§

f (λ) =
σ2

2π
|B(e−iλ)|2, B(z)ü �Svk�.

I XJB(z)3ü �SÚü �þÑvk�§K�½
Âεt = B−1(B)Xt§^�5ÈÅ�Ì�Ýúª�
�{εt}�Ì�Ý´xD(Ì�Ý"

I ü �þ�Uk�����¹�±^Hilbert�mýÿ
��{y²£31ÊÙ�y²¤"



A^�mS�©Û
�§0�

ÌùP�µRaR

���ÄuoÀº
P���?U

wÄ²þ�.

�.Ú\

MA(q)�.ÚMA(q)S
�

��S�

MA(q)Xê�4íO�

MA(q)�.Þ~

g£8wÄ²þ�
.

ARMA(p, q)�.9Ù²
)

ARMA(p, q)S��g�
��¼ê

ARMA(p, q)�.��£
O5

ARMAS��Ì�ÝÚ�
_5

~f

2ÂARMA�.
ÚARIMA(p, d, q)�
.0�

2ÂARMA�.

ARIMA(p, d, q)�.

ü �L§

©ê�

©ARFIMA(p, d, q)�
.

��S�

I ½½½ÂÂÂ1.2 �{Xt : t ∈ Z}´²S�. ^HxL
«{Xt}�)�Hilbert�m, ^Hx(s)L«
d{Xt : t 6= s}�)�Hilbert�m. XJ

Hx 6= Hx(s)

é,�s ∈ Z¤á, K¡{Xt}´��S�.

I é²S�§�±y²é,�s¤áHx(s) 6= HxKé¤
k�s¤áHx(s) 6= Hx"

I `²��S��z�XtÑ¹kÙ¦Xs¥vk�&E"

I ����5ýÿ�²S�(,ΓnØ÷�)���S
�"

I ½½½nnn1.4([7]) �²S�{Xt}kÌ�Ýf (λ),
K{Xt}´��S��¿©7�^�´∫ π

−π

dλ

f (λ)
<∞. (1.10)



A^�mS�©Û
�§0�

ÌùP�µRaR

���ÄuoÀº
P���?U

wÄ²þ�.

�.Ú\

MA(q)�.ÚMA(q)S
�

��S�

MA(q)Xê�4íO�

MA(q)�.Þ~

g£8wÄ²þ�
.

ARMA(p, q)�.9Ù²
)

ARMA(p, q)S��g�
��¼ê

ARMA(p, q)�.��£
O5

ARMAS��Ì�ÝÚ�
_5

~f

2ÂARMA�.
ÚARIMA(p, d, q)�
.0�

2ÂARMA�.

ARIMA(p, d, q)�.

ü �L§

©ê�

©ARFIMA(p, d, q)�
.

��S�

I ½½½ÂÂÂ1.2 �{Xt : t ∈ Z}´²S�. ^HxL
«{Xt}�)�Hilbert�m, ^Hx(s)L«
d{Xt : t 6= s}�)�Hilbert�m. XJ

Hx 6= Hx(s)

é,�s ∈ Z¤á, K¡{Xt}´��S�.

I é²S�§�±y²é,�s¤áHx(s) 6= HxKé¤
k�s¤áHx(s) 6= Hx"

I `²��S��z�XtÑ¹kÙ¦Xs¥vk�&E"

I ����5ýÿ�²S�(,ΓnØ÷�)���S
�"

I ½½½nnn1.4([7]) �²S�{Xt}kÌ�Ýf (λ),
K{Xt}´��S��¿©7�^�´∫ π

−π

dλ

f (λ)
<∞. (1.10)



A^�mS�©Û
�§0�

ÌùP�µRaR

���ÄuoÀº
P���?U

wÄ²þ�.

�.Ú\

MA(q)�.ÚMA(q)S
�

��S�

MA(q)Xê�4íO�

MA(q)�.Þ~

g£8wÄ²þ�
.

ARMA(p, q)�.9Ù²
)

ARMA(p, q)S��g�
��¼ê

ARMA(p, q)�.��£
O5

ARMAS��Ì�ÝÚ�
_5

~f

2ÂARMA�.
ÚARIMA(p, d, q)�
.0�

2ÂARMA�.

ARIMA(p, d, q)�.

ü �L§

©ê�

©ARFIMA(p, d, q)�
.

��S�

I ½½½ÂÂÂ1.2 �{Xt : t ∈ Z}´²S�. ^HxL
«{Xt}�)�Hilbert�m, ^Hx(s)L«
d{Xt : t 6= s}�)�Hilbert�m. XJ

Hx 6= Hx(s)

é,�s ∈ Z¤á, K¡{Xt}´��S�.

I é²S�§�±y²é,�s¤áHx(s) 6= HxKé¤
k�s¤áHx(s) 6= Hx"

I `²��S��z�XtÑ¹kÙ¦Xs¥vk�&E"

I ����5ýÿ�²S�(,ΓnØ÷�)���S
�"

I ½½½nnn1.4([7]) �²S�{Xt}kÌ�Ýf (λ),
K{Xt}´��S��¿©7�^�´∫ π

−π

dλ

f (λ)
<∞. (1.10)



A^�mS�©Û
�§0�

ÌùP�µRaR

���ÄuoÀº
P���?U

wÄ²þ�.

�.Ú\

MA(q)�.ÚMA(q)S
�

��S�

MA(q)Xê�4íO�

MA(q)�.Þ~

g£8wÄ²þ�
.

ARMA(p, q)�.9Ù²
)

ARMA(p, q)S��g�
��¼ê

ARMA(p, q)�.��£
O5

ARMAS��Ì�ÝÚ�
_5

~f

2ÂARMA�.
ÚARIMA(p, d, q)�
.0�

2ÂARMA�.

ARIMA(p, d, q)�.

ü �L§

©ê�

©ARFIMA(p, d, q)�
.

��S�

I ½½½ÂÂÂ1.2 �{Xt : t ∈ Z}´²S�. ^HxL
«{Xt}�)�Hilbert�m, ^Hx(s)L«
d{Xt : t 6= s}�)�Hilbert�m. XJ

Hx 6= Hx(s)

é,�s ∈ Z¤á, K¡{Xt}´��S�.

I é²S�§�±y²é,�s¤áHx(s) 6= HxKé¤
k�s¤áHx(s) 6= Hx"

I `²��S��z�XtÑ¹kÙ¦Xs¥vk�&E"

I ����5ýÿ�²S�(,ΓnØ÷�)���S
�"

I ½½½nnn1.4([7]) �²S�{Xt}kÌ�Ýf (λ),
K{Xt}´��S��¿©7�^�´∫ π

−π

dλ

f (λ)
<∞. (1.10)



A^�mS�©Û
�§0�

ÌùP�µRaR

���ÄuoÀº
P���?U

wÄ²þ�.

�.Ú\

MA(q)�.ÚMA(q)S
�

��S�

MA(q)Xê�4íO�

MA(q)�.Þ~

g£8wÄ²þ�
.

ARMA(p, q)�.9Ù²
)

ARMA(p, q)S��g�
��¼ê

ARMA(p, q)�.��£
O5

ARMAS��Ì�ÝÚ�
_5

~f

2ÂARMA�.
ÚARIMA(p, d, q)�
.0�

2ÂARMA�.

ARIMA(p, d, q)�.

ü �L§

©ê�

©ARFIMA(p, d, q)�
.

��S�

I ½½½ÂÂÂ1.2 �{Xt : t ∈ Z}´²S�. ^HxL
«{Xt}�)�Hilbert�m, ^Hx(s)L«
d{Xt : t 6= s}�)�Hilbert�m. XJ

Hx 6= Hx(s)

é,�s ∈ Z¤á, K¡{Xt}´��S�.

I é²S�§�±y²é,�s¤áHx(s) 6= HxKé¤
k�s¤áHx(s) 6= Hx"

I `²��S��z�XtÑ¹kÙ¦Xs¥vk�&E"

I ����5ýÿ�²S�(,ΓnØ÷�)���S
�"

I ½½½nnn1.4([7]) �²S�{Xt}kÌ�Ýf (λ),
K{Xt}´��S��¿©7�^�´∫ π

−π

dλ

f (λ)
<∞. (1.10)



A^�mS�©Û
�§0�

ÌùP�µRaR

���ÄuoÀº
P���?U

wÄ²þ�.

�.Ú\

MA(q)�.ÚMA(q)S
�

��S�

MA(q)Xê�4íO�

MA(q)�.Þ~

g£8wÄ²þ�
.

ARMA(p, q)�.9Ù²
)

ARMA(p, q)S��g�
��¼ê

ARMA(p, q)�.��£
O5

ARMAS��Ì�ÝÚ�
_5

~f

2ÂARMA�.
ÚARIMA(p, d, q)�
.0�

2ÂARMA�.

ARIMA(p, d, q)�.

ü �L§

©ê�

©ARFIMA(p, d, q)�
.

��S�II

I Ì�ÝëYð��²�´��S�"

I AR(p)S�´��S�"

I �_�MA(q)S��Ì�ÝëYk�e.¤±´��
S�"

I ü �þk��MA(q)S�ÙÌ�Ýf (λ)¥k

|1− e i(λ−λj )|2 = O(|λ− λj |2)

¤©¤±Ù�êØ�È§ÏdØ�_�MA(q)S�Ø
´��S�"



A^�mS�©Û
�§0�

ÌùP�µRaR

���ÄuoÀº
P���?U

wÄ²þ�.

�.Ú\

MA(q)�.ÚMA(q)S
�

��S�

MA(q)Xê�4íO�

MA(q)�.Þ~

g£8wÄ²þ�
.

ARMA(p, q)�.9Ù²
)

ARMA(p, q)S��g�
��¼ê

ARMA(p, q)�.��£
O5

ARMAS��Ì�ÝÚ�
_5

~f

2ÂARMA�.
ÚARIMA(p, d, q)�
.0�

2ÂARMA�.

ARIMA(p, d, q)�.

ü �L§

©ê�

©ARFIMA(p, d, q)�
.

��S�II

I Ì�ÝëYð��²�´��S�"

I AR(p)S�´��S�"

I �_�MA(q)S��Ì�ÝëYk�e.¤±´��
S�"

I ü �þk��MA(q)S�ÙÌ�Ýf (λ)¥k

|1− e i(λ−λj )|2 = O(|λ− λj |2)

¤©¤±Ù�êØ�È§ÏdØ�_�MA(q)S�Ø
´��S�"



A^�mS�©Û
�§0�

ÌùP�µRaR

���ÄuoÀº
P���?U

wÄ²þ�.

�.Ú\

MA(q)�.ÚMA(q)S
�

��S�

MA(q)Xê�4íO�

MA(q)�.Þ~

g£8wÄ²þ�
.

ARMA(p, q)�.9Ù²
)

ARMA(p, q)S��g�
��¼ê

ARMA(p, q)�.��£
O5

ARMAS��Ì�ÝÚ�
_5

~f

2ÂARMA�.
ÚARIMA(p, d, q)�
.0�

2ÂARMA�.

ARIMA(p, d, q)�.

ü �L§

©ê�

©ARFIMA(p, d, q)�
.

��S�II

I Ì�ÝëYð��²�´��S�"

I AR(p)S�´��S�"

I �_�MA(q)S��Ì�ÝëYk�e.¤±´��
S�"

I ü �þk��MA(q)S�ÙÌ�Ýf (λ)¥k

|1− e i(λ−λj )|2 = O(|λ− λj |2)

¤©¤±Ù�êØ�È§ÏdØ�_�MA(q)S�Ø
´��S�"



A^�mS�©Û
�§0�

ÌùP�µRaR

���ÄuoÀº
P���?U

wÄ²þ�.

�.Ú\

MA(q)�.ÚMA(q)S
�

��S�

MA(q)Xê�4íO�

MA(q)�.Þ~

g£8wÄ²þ�
.

ARMA(p, q)�.9Ù²
)

ARMA(p, q)S��g�
��¼ê

ARMA(p, q)�.��£
O5

ARMAS��Ì�ÝÚ�
_5

~f

2ÂARMA�.
ÚARIMA(p, d, q)�
.0�

2ÂARMA�.

ARIMA(p, d, q)�.

ü �L§

©ê�

©ARFIMA(p, d, q)�
.

��S�II

I Ì�ÝëYð��²�´��S�"

I AR(p)S�´��S�"

I �_�MA(q)S��Ì�ÝëYk�e.¤±´��
S�"

I ü �þk��MA(q)S�ÙÌ�Ýf (λ)¥k

|1− e i(λ−λj )|2 = O(|λ− λj |2)

¤©¤±Ù�êØ�È§ÏdØ�_�MA(q)S�Ø
´��S�"



A^�mS�©Û
�§0�

ÌùP�µRaR

���ÄuoÀº
P���?U

wÄ²þ�.

�.Ú\

MA(q)�.ÚMA(q)S
�

��S�

MA(q)Xê�4íO�

MA(q)�.Þ~

g£8wÄ²þ�
.

ARMA(p, q)�.9Ù²
)

ARMA(p, q)S��g�
��¼ê

ARMA(p, q)�.��£
O5

ARMAS��Ì�ÝÚ�
_5

~f

2ÂARMA�.
ÚARIMA(p, d, q)�
.0�

2ÂARMA�.

ARIMA(p, d, q)�.

ü �L§

©ê�

©ARFIMA(p, d, q)�
.

MA(q)Xê�O�

I MA(q)S��Xê(b1, b2, . . . , bq)9σ2 �±
�γ0, γ1, . . . , γq ��(½"



A^�mS�©Û
�§0�

ÌùP�µRaR

���ÄuoÀº
P���?U

wÄ²þ�.

�.Ú\

MA(q)�.ÚMA(q)S
�

��S�

MA(q)Xê�4íO�

MA(q)�.Þ~

g£8wÄ²þ�
.

ARMA(p, q)�.9Ù²
)

ARMA(p, q)S��g�
��¼ê

ARMA(p, q)�.��£
O5

ARMAS��Ì�ÝÚ�
_5

~f

2ÂARMA�.
ÚARIMA(p, d, q)�
.0�

2ÂARMA�.

ARIMA(p, d, q)�.

ü �L§

©ê�

©ARFIMA(p, d, q)�
.

MA(q)Xê�O�II
P

A =


0 1 0 · · · 0 0
0 0 1 · · · 0 0
· · · · · · · · · · · ·
0 0 0 · · · 0 1
0 0 0 · · · 0 0


q×q

, C =


1
0
...
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· · · · · · · · · · · ·
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σ2
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Π = lim
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k . (1.13)

úª(1.12),(1.13)�±�^*ÿ���OMA(q)�.�ëê
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Yt = Xt +
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r(j)−1∑
l=0

Vl ,j t
lρ−tj cos(λj t − θl ,j), t ∈ Z,

(2.7)

Ù¥{Xt}�²)(2.6)§z1, z2, . . . , zk�A(z)��Np
Ø�Ó�":, zj = ρje

iλj kêr(j). �ÅC
þVj ,l , θl ,j dY0 − X0,Y1 − X1, . . . ,Yp−1 − Xp−1��û
½.
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l=0

|Vl ,j |t lρ−tj , t →∞ (2.8)

I �±âd�[ARMA�.: �Ð
�Y−(p−1) = · · · = Y−1 = Y0 = 0§4í�

Yt =

p∑
j=1

ajYt−j +

q∑
j=0

bjεt−j , t = 1, 2, . . . ,m + n

�m������ãYt , t = m + 1,m + 2, . . . ,m + n�
�ARMA(p, q)�.��[êâ"

I �A(z)k�Cü ����m�����"
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I {γk}�dWoldXêL«:

γk =
∞∑
j=0

ψjψj+k , k = 0, 1, 2, . . . (2.10)

I duψj = o(ρ−j), j →∞§d(2.10)�
�γk = o(ρ−j), j →∞"
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I Pbj = 0, j < 0½j > q, b0 = 1¶ψj = 0, j < 0"

I dëêap = (a1, . . . , ap)T , bp = (b1, . . . , bq)TO
�{ψj}��±4í

ψj =

{
1, j = 0,

bj +
∑p

j=1 akψj−k , j = 1, 2, . . .
(2.11)



A^�mS�©Û
�§0�

ÌùP�µRaR

���ÄuoÀº
P���?U

wÄ²þ�.

�.Ú\

MA(q)�.ÚMA(q)S
�

��S�

MA(q)Xê�4íO�

MA(q)�.Þ~

g£8wÄ²þ�
.

ARMA(p, q)�.9Ù²
)

ARMA(p, q)S��g�
��¼ê

ARMA(p, q)�.��£
O5

ARMAS��Ì�ÝÚ�
_5

~f

2ÂARMA�.
ÚARIMA(p, d, q)�
.0�

2ÂARMA�.

ARIMA(p, d, q)�.

ü �L§

©ê�

©ARFIMA(p, d, q)�
.

ARMAS��WoldXê4íúª

I Pbj = 0, j < 0½j > q, b0 = 1¶ψj = 0, j < 0"

I dëêap = (a1, . . . , ap)T , bp = (b1, . . . , bq)TO
�{ψj}��±4í

ψj =

{
1, j = 0,

bj +
∑p

j=1 akψj−k , j = 1, 2, . . .
(2.11)



A^�mS�©Û
�§0�

ÌùP�µRaR

���ÄuoÀº
P���?U

wÄ²þ�.

�.Ú\

MA(q)�.ÚMA(q)S
�

��S�

MA(q)Xê�4íO�

MA(q)�.Þ~

g£8wÄ²þ�
.

ARMA(p, q)�.9Ù²
)

ARMA(p, q)S��g�
��¼ê

ARMA(p, q)�.��£
O5

ARMAS��Ì�ÝÚ�
_5

~f

2ÂARMA�.
ÚARIMA(p, d, q)�
.0�

2ÂARMA�.

ARIMA(p, d, q)�.

ü �L§

©ê�

©ARFIMA(p, d, q)�
.

WoldXê4íúª�y²

I PA(z) = 1−
∑p

j=1 ajz
j =

∑p
j=0 φjz

j"5¿

A(z)Ψ(z) =

p∑
k=0

φkz
k
∞∑
j=0

ψjz
j

=
∞∑
j=0

p∑
k=0

φkψj−kz
j = B(z)

I '�Xê�

p∑
k=0

φkψj−k =bj , j ≥ 1

ψj =

p∑
k=1

akψj−k + bj , j ≥ 1

I =(2.11)¤á"



A^�mS�©Û
�§0�

ÌùP�µRaR

���ÄuoÀº
P���?U

wÄ²þ�.

�.Ú\

MA(q)�.ÚMA(q)S
�

��S�

MA(q)Xê�4íO�

MA(q)�.Þ~

g£8wÄ²þ�
.

ARMA(p, q)�.9Ù²
)

ARMA(p, q)S��g�
��¼ê

ARMA(p, q)�.��£
O5

ARMAS��Ì�ÝÚ�
_5

~f

2ÂARMA�.
ÚARIMA(p, d, q)�
.0�

2ÂARMA�.

ARIMA(p, d, q)�.

ü �L§

©ê�

©ARFIMA(p, d, q)�
.

WoldXê4íúª�y²

I PA(z) = 1−
∑p

j=1 ajz
j =

∑p
j=0 φjz

j"5¿

A(z)Ψ(z) =

p∑
k=0

φkz
k
∞∑
j=0

ψjz
j

=
∞∑
j=0

p∑
k=0

φkψj−kz
j = B(z)

I '�Xê�

p∑
k=0

φkψj−k =bj , j ≥ 1

ψj =

p∑
k=1

akψj−k + bj , j ≥ 1

I =(2.11)¤á"



A^�mS�©Û
�§0�

ÌùP�µRaR

���ÄuoÀº
P���?U

wÄ²þ�.

�.Ú\

MA(q)�.ÚMA(q)S
�

��S�

MA(q)Xê�4íO�

MA(q)�.Þ~

g£8wÄ²þ�
.

ARMA(p, q)�.9Ù²
)

ARMA(p, q)S��g�
��¼ê

ARMA(p, q)�.��£
O5

ARMAS��Ì�ÝÚ�
_5

~f

2ÂARMA�.
ÚARIMA(p, d, q)�
.0�

2ÂARMA�.

ARIMA(p, d, q)�.

ü �L§

©ê�

©ARFIMA(p, d, q)�
.

WoldXê4íúª�y²

I PA(z) = 1−
∑p

j=1 ajz
j =

∑p
j=0 φjz

j"5¿

A(z)Ψ(z) =

p∑
k=0

φkz
k
∞∑
j=0

ψjz
j

=
∞∑
j=0

p∑
k=0

φkψj−kz
j = B(z)

I '�Xê�

p∑
k=0

φkψj−k =bj , j ≥ 1

ψj =

p∑
k=1

akψj−k + bj , j ≥ 1

I =(2.11)¤á"



A^�mS�©Û
�§0�

ÌùP�µRaR

���ÄuoÀº
P���?U

wÄ²þ�.

�.Ú\

MA(q)�.ÚMA(q)S
�

��S�

MA(q)Xê�4íO�

MA(q)�.Þ~

g£8wÄ²þ�
.

ARMA(p, q)�.9Ù²
)

ARMA(p, q)S��g�
��¼ê

ARMA(p, q)�.��£
O5

ARMAS��Ì�ÝÚ�
_5

~f

2ÂARMA�.
ÚARIMA(p, d, q)�
.0�

2ÂARMA�.

ARIMA(p, d, q)�.

ü �L§

©ê�

©ARFIMA(p, d, q)�
.

�£O5

I ·�òy²: dARMA(p, q)�.�g���¼
ê{γk}�±û½ARMA(p, q) �.�ëê

(aT ,bT , σ2) = (a1, . . . , ap, b1, . . . , bq, σ
2)

I ÚÚÚnnn2.2 �{Xt}´(2.2)�²). XJqkxD
({ηt}Ú¢Xêõ�ªC (B),D(B)¦�

C (B)Xt = D(B)ηt , t ∈ Z,

¤á, KC (z)��ê≥ p, D(z)��ê≥ q.

I ùÌ�Ï�·��¦õ�ªA(z)ÚB(z)p�"y²
Ñ"



A^�mS�©Û
�§0�

ÌùP�µRaR

���ÄuoÀº
P���?U

wÄ²þ�.

�.Ú\

MA(q)�.ÚMA(q)S
�

��S�

MA(q)Xê�4íO�

MA(q)�.Þ~

g£8wÄ²þ�
.

ARMA(p, q)�.9Ù²
)

ARMA(p, q)S��g�
��¼ê

ARMA(p, q)�.��£
O5

ARMAS��Ì�ÝÚ�
_5

~f

2ÂARMA�.
ÚARIMA(p, d, q)�
.0�

2ÂARMA�.

ARIMA(p, d, q)�.

ü �L§

©ê�

©ARFIMA(p, d, q)�
.

�£O5

I ·�òy²: dARMA(p, q)�.�g���¼
ê{γk}�±û½ARMA(p, q) �.�ëê

(aT ,bT , σ2) = (a1, . . . , ap, b1, . . . , bq, σ
2)

I ÚÚÚnnn2.2 �{Xt}´(2.2)�²). XJqkxD
({ηt}Ú¢Xêõ�ªC (B),D(B)¦�

C (B)Xt = D(B)ηt , t ∈ Z,

¤á, KC (z)��ê≥ p, D(z)��ê≥ q.

I ùÌ�Ï�·��¦õ�ªA(z)ÚB(z)p�"y²
Ñ"



A^�mS�©Û
�§0�

ÌùP�µRaR

���ÄuoÀº
P���?U

wÄ²þ�.

�.Ú\

MA(q)�.ÚMA(q)S
�

��S�

MA(q)Xê�4íO�

MA(q)�.Þ~

g£8wÄ²þ�
.

ARMA(p, q)�.9Ù²
)

ARMA(p, q)S��g�
��¼ê

ARMA(p, q)�.��£
O5

ARMAS��Ì�ÝÚ�
_5

~f

2ÂARMA�.
ÚARIMA(p, d, q)�
.0�

2ÂARMA�.

ARIMA(p, d, q)�.

ü �L§

©ê�

©ARFIMA(p, d, q)�
.

�£O5

I ·�òy²: dARMA(p, q)�.�g���¼
ê{γk}�±û½ARMA(p, q) �.�ëê

(aT ,bT , σ2) = (a1, . . . , ap, b1, . . . , bq, σ
2)

I ÚÚÚnnn2.2 �{Xt}´(2.2)�²). XJqkxD
({ηt}Ú¢Xêõ�ªC (B),D(B)¦�

C (B)Xt = D(B)ηt , t ∈ Z,

¤á, KC (z)��ê≥ p, D(z)��ê≥ q.

I ùÌ�Ï�·��¦õ�ªA(z)ÚB(z)p�"y²
Ñ"



A^�mS�©Û
�§0�

ÌùP�µRaR

���ÄuoÀº
P���?U

wÄ²þ�.

�.Ú\

MA(q)�.ÚMA(q)S
�

��S�

MA(q)Xê�4íO�

MA(q)�.Þ~

g£8wÄ²þ�
.

ARMA(p, q)�.9Ù²
)

ARMA(p, q)S��g�
��¼ê

ARMA(p, q)�.��£
O5

ARMAS��Ì�ÝÚ�
_5

~f

2ÂARMA�.
ÚARIMA(p, d, q)�
.0�

2ÂARMA�.

ARIMA(p, d, q)�.

ü �L§

©ê�

©ARFIMA(p, d, q)�
.

ARMAS��Y-W�§

I ARMA�.�²)�

Xt =
∞∑
j=0

ψjεt−j

¤±

E(εt+kXt) = 0, k > 0



A^�mS�©Û
�§0�

ÌùP�µRaR

���ÄuoÀº
P���?U

wÄ²þ�.

�.Ú\

MA(q)�.ÚMA(q)S
�

��S�

MA(q)Xê�4íO�

MA(q)�.Þ~

g£8wÄ²þ�
.

ARMA(p, q)�.9Ù²
)

ARMA(p, q)S��g�
��¼ê

ARMA(p, q)�.��£
O5

ARMAS��Ì�ÝÚ�
_5

~f

2ÂARMA�.
ÚARIMA(p, d, q)�
.0�

2ÂARMA�.

ARIMA(p, d, q)�.

ü �L§

©ê�

©ARFIMA(p, d, q)�
.

ARMAS��Y-W�§II
I aqAR�.�í�ARMA�.�Y-W�§: 3�.�
§ü>Ó¦±Xt−k¦Ï"�

E(XtXt−k) =

p∑
j=1

ajE(Xt−jXt−k) +

q∑
j=0

bjE(εt−jXt−k)

=

γk =

p∑
j=1

ajγk−j +

q∑
j=0

bjE(εt−j

∞∑
l=0

ψlεt−k−l)

=

p∑
j=1

ajγk−j +

q∑
j=0

bjψj−kσ
2, k ∈ Z

I �k > q�ψj−k = 0, j = 0, 1, . . . , q§þª�

γk =

p∑
j=1

ajγk−j , k ≥ q + 1



A^�mS�©Û
�§0�

ÌùP�µRaR

���ÄuoÀº
P���?U

wÄ²þ�.

�.Ú\

MA(q)�.ÚMA(q)S
�

��S�

MA(q)Xê�4íO�

MA(q)�.Þ~

g£8wÄ²þ�
.

ARMA(p, q)�.9Ù²
)

ARMA(p, q)S��g�
��¼ê

ARMA(p, q)�.��£
O5

ARMAS��Ì�ÝÚ�
_5

~f

2ÂARMA�.
ÚARIMA(p, d, q)�
.0�

2ÂARMA�.

ARIMA(p, d, q)�.

ü �L§

©ê�

©ARFIMA(p, d, q)�
.

ARMAS��Y-W�§II
I aqAR�.�í�ARMA�.�Y-W�§: 3�.�
§ü>Ó¦±Xt−k¦Ï"�

E(XtXt−k) =

p∑
j=1

ajE(Xt−jXt−k) +

q∑
j=0

bjE(εt−jXt−k)

=

γk =

p∑
j=1

ajγk−j +

q∑
j=0

bjE(εt−j

∞∑
l=0

ψlεt−k−l)

=

p∑
j=1

ajγk−j +

q∑
j=0

bjψj−kσ
2, k ∈ Z

I �k > q�ψj−k = 0, j = 0, 1, . . . , q§þª�

γk =

p∑
j=1

ajγk−j , k ≥ q + 1



A^�mS�©Û
�§0�

ÌùP�µRaR

���ÄuoÀº
P���?U

wÄ²þ�.

�.Ú\

MA(q)�.ÚMA(q)S
�

��S�

MA(q)Xê�4íO�

MA(q)�.Þ~

g£8wÄ²þ�
.

ARMA(p, q)�.9Ù²
)

ARMA(p, q)S��g�
��¼ê

ARMA(p, q)�.��£
O5

ARMAS��Ì�ÝÚ�
_5

~f

2ÂARMA�.
ÚARIMA(p, d, q)�
.0�

2ÂARMA�.

ARIMA(p, d, q)�.

ü �L§

©ê�

©ARFIMA(p, d, q)�
.

ARMAS��Y-W�§III

I o�

γk −
p∑

j=1

ajγk−j =


σ2
∑q

j=max(0,k) bjψj−k , k < q

σ2bq, k = q

0 k > q

(2.14)

I ék > q�Y-W�§�±�¤Ý
/ªµ
γq+1

γq+2
...

γq+p

 =


γq γq−1 · · · γq−p+1

γq+1 γq · · · γq−p+2
...

...
...

γq+p−1 γq+p−2 · · · γq
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...
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I )Ña1, . . . , ap�-

Yt = A(B)Xt = B(B)εt , t ∈ Z

I K{Yt}´��MA(q)S�§Ùg���¼ê�qÚ�
�§�

γy (k) =E(YtYt−k)

=

p∑
j=0

p∑
l=0

φjφlE(Xt−jXt−l)

=

p∑
j=0

p∑
l=0

φjφlγk+l−j , 0 ≤ k ≤ q

I �±^k3.1��{��)Ñb1, . . . , bq, σ
2"

I u´§��Γp,q�_, KARMA(p, q)S��g���¼
êÚARMA(p, q)�.�ëê(aTp ,b

T
q , σ

2) �p��û
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ARMA�.¥ARÜ©�ëê¦)y²(Y)

�Γm,q(m × qÝ
)Ø÷�§K�
3β = (β0, β1, . . . , βm−1)T 6= 0¦�Γm,qβ = 0§=

m−1∑
l=0

βlγq+k−l = 0, k = 0, 1, . . . ,m − 1 (2.18)

5¿�k ≥ m�q + k − l > q§¤±ù
�γq+k−l =

∑p
j=1 ajγq+k−l−j§¤±�k = mk

m−1∑
l=0

βl γq+k−l =
m−1∑
l=0

βl

p∑
j=1

ajγq+k−l−j

=

p∑
j=1

aj

m−1∑
l=0

βl γq+(k−j)−l

=0 (d(2.18)90 ≤ k − j = m − j ≤ m − 1)
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ARMA�.¥ARÜ©�ëê¦)y²(YII)
4í�þª�k > m��¤á"Ïd

m−1∑
l=0

βl γq+k−l = 0, k ≥ 0.

-Yt =
∑m−1

l=0 βlXt−lK{Yt}´"þ�²�§|^

E(YtXt−q−k) =
m−1∑
l=0

βlγq+k−l = 0, k ≥ 0

��{Yt}�g���q − 1Ú��:

E(YtYt−q−k) = 0, k ≥ 0

{Yt}´MA(q′)(q′ ≤ q − 1)S�§�3{ηt} ∼WN(0, s2)¦
�

m−1∑
l=0

βlXt−l =

q′∑
j=0

djηt−j

�Ún2.2gñ"
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ARMA�.���¿©^�

I ½½½nnn2.4 �"þ�²S�{Xt}kg���¼
ê{γk}. q�¢êa1, a2, · · · , ap (ap 6= 0) ¦
�A(z) = 1−

∑p
j=1 ajz

j ÷v��� ^�, ,	

γk −
p∑

j=1

ajγk−j =

{
c 6= 0, k = q,

0, k > q,
(2.19)

K{Xt}´��ARMA(p′, q′)S�, Ù¥p′ ≤ p, q′ ≤ q.
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½n2.4y²

yyy²²²: �Yt = A(B)Xt = Xt −
∑p

j=1 ajXt−j . K{Yt}´"
þ�²S�, ÷v

E(YtXt−k) = γk −
p∑

j=1

ajγk−j =

{
c 6= 0, k = q,

0, k > q.

¤±k

γy (k) =E(YtYt−k) = E
[
Yt(Xt−k −

p∑
j=1

ajXt−k−j)
]

=

{
c 6= 0, k = q,

0, k > q.

`²{Yt}�g���¼ê´q����.
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½n2.4y²II

d½n1.3��, {Yt}���MA(q)S�, =�3ü �Sv
k��q�¢Xêõ�ªB(z)¦�B(0) = b0 = 1 Ú

A(B)Xt = Yt = B(B)εt , t ∈ Z, (2.20)

Ù¥{εt} ´WN(0, σ2).
XJA(z)ÚB(z)vkúÏf, þã�.Ò´¤I�
�ARMA(p, q)�.. ÄK�úÏf´C (z), K
kA(z) = C (z)A′(z), B(z) = C (z)B ′(z). ù�(2.20)C¤

C (B)A′(B)Xt = C (B)B ′(B)εt .

ü>¦C−1(B)(w,C (z)�÷v��� ^�) ���¤
IARMA(p′, q′)�.: A′(B)Xt = B ′(B)εt .
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knÌ�Ý

I duARMAS��{γk}ýé�Ú§±9²)��5
S�L�ª§��ARMA(p, q)S�(2.6)kÌ�Ý

f (λ) =
1

2π

∞∑
k=−∞

γke
−ikλ

=
σ2

2π

∣∣∣∣∣∣
∞∑
j=0

ψje
ijλ

∣∣∣∣∣∣
2

=
σ2

2π

∣∣∣∣B(e iλ)

A(e iλ)

∣∣∣∣2 (2.21)

/X(2.21)�Ì�Ý�¡�knÌ�Ý.
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�_�ARMA�.

I ½½½ÂÂÂ2.2 3ARMA(p, q)�.�½Â2.1 ¥,XJ?�
Ú�¦B(z)3ü �þÃ�:

B(z) = 1 +

q∑
j=1

bjz
j 6= 0, |z | ≤ 1 (2.22)

K¡ARMA(p, q)�.(2.2)��_�ARMA�., ¡�
A�²)��_�ARMA(p, q)S�.
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�_�ARMA�.II

I éu�_�ARMA(p, q)�.(2.3) d
uB−1(z)A(z)3{z : |z | ≤ ρ} (ρ > 1) S)Û, ¤±
kTaylorÐªµ

B−1(z)A(z) =
∞∑
j=0

ϕjz
j , |z | ≤ ρ, (2.23)

Ù¥|ϕj | = o(ρ−j),�j →∞,l�±½
ÂB−1(B)A(B) =

∑∞
j=0 ϕjB

j . 3(2.3)ü>¦

±B−1(B), ��µ

εt = B−1(B)A(B)Xt =
∞∑
j=0

ϕjXt−j , t ∈ Z. (2.24)

(2.24)´(2.6) �_=/ª, L²�_ARMA(p, q)S�
Ú§�D(S��±�p�5L«.
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I ARMA(4,2):

a1 = −0.9, a2 = −1.4,

a3 = −0.7, a4 = −0.6;

b1 = 0.5, b2 = −0.4.

(2.25)

I A(z)���1.1380e±2.2062i , 1.1344e±1.4896i , B(z)�ü
�¢��2.3252,−1.0752"

I d�mS�kü�ªÇ¤©"(ü«)
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2ÂARMA�.

I �A(z) = 1−
∑p

j=1 ajz
j , B(z) = 1 +

∑q
j=1 bjz

j ´ü�

vkú���¢Xêõ�ª, apbq 6= 0, {εt}
´WN(0, σ2). XJØéA(z), B(z)���?ÛÙ¦�
�, K¡�©�§µ

A(B)Xt = B(B)εt , t ∈ Z, (3.1)

�2ÂARMA(p, q)�.,¡÷v(3.1)�{Xt}�2
ÂARMA(p, q)S�.
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2ÂARMA�.(Y)

I XJA(z)3ü �þvk�, Kk0 < ρ1 < 1 < ρ2¦�
EC¼êB(z)/A(z)3��

D = {z : ρ1 ≤ |z | ≤ ρ2} (3.2)

S)Û.

I u´B(z)/A(z)kLaurent?êÐm

A−1(z)B(z) =
∞∑

j=−∞
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I ¢S¯K¥kNõêâ²L�½üg�©�¬½e
5. �©$�´éêâ?1ý?n�~^�{��.
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I éud 6= 0 , d ∈ (−0.5, 0.5), (1− z)−dkTaylorÐmú
ª

(1− z)−d =
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j=0

πjz
j , |z | ≤ 1, (3.13)

I Ù¥

πj =
Γ(j + d)

Γ(d)Γ(j + 1)
=

d(d + 1) . . . (d + j − 1)

j!
, j = 0, 1, . . .

I ^Stirlingúª

Γ(x) ∼
√

2πe1−x(x − 1)x−0.5, x → +∞

�y²

πj ∼ jd−1, j → +∞

I ¤±{πj}²��Ú"
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