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4
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E(Y − Ŷ )2
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PX = (X1, . . . ,Xn)T , -ξ = X− EX, η = Y − EY"

�ΣX
4
= Var(X) = Var(ξ)�½"PΣX,Y = Cov(X,Y ).
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E (Y − (a0 + a1X1 + · · ·+ anXn))2

=E(η − (a1ξ1 + . . . anξn))2 + (EY − a0 − aTEX)2

®�a1, . . . , an��a0 = EY − aTEX Ò�±¦þª���
�"§¤±Ø��EX = 0, EY = 0"



A^�mS�©Û
�§0�

ÌùP�µRaR

���ÄuoÀº
P���?U

²­S�� �'
XêÚLevinson4
íúª

�`�5ýÿ

��� 5

Levinson4íúª

 �'Xê

AR(p)S�Þ~

�`�5�OúªII

ù�

E(Y − (a1X1 + . . . anXn))2

=Var(Y ) + aTΣXa− 2aTΣX,Y

-'ua��ê�u"¦����:�

a = Σ−1X ΣX,Y

�OØ������

E(Y − aX)2 = Var(Y )− ΣT
X,Y Σ−1X ΣX,Y

�|Γn| = 0�§�`�5�O��3(��15Ù)"
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I �{Xt}�"þ�²­�"�Ä^X1, . . . ,Xn��5|
ÜýÿXn+1"�Γn > 0§K

L(Xn+1|Xn,Xn−1, . . . ,X1)

=

Var(
 Xn

...
X1

)−1Cov(

 Xn
...
X1

 ,Xn+1)


T  Xn

...
X1



=(Γ−1n


γ1
γ2
. . .
γn

)T

 Xn

. . .
X1


4
=an1Xn + an2Xn−1 + · · ·+ annX1

4
=aTn (Xn,Xn−1, . . . ,X1)T
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ann
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{P�

Γnan = γn

�§�)an ¡�{Xt}½{γk}�n�Yuler-WalkerXê"

I

L(Xn+1|Xn, . . . ,X1) = aTn (Xn, . . . ,X1)T

I d²­5

L(Xt |Xt−1, . . . ,Xt−n) = aTn (Xt−1, . . . ,Xt−n)T
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σ2n
4
=E(Xn+1 − (an1Xn−1 + . . . annX1))2

=Var(Xn+1)− γT
n Γnγn

=γ0 − γT
n an

=γ0 − an1γ1 − · · · − annγn

I d²­5

E(Xt − (an1Xt−1 + . . . annXt−n))2 = σ2n
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Yule-WalkerXê���� 5

I XJ{γk}´,AR(p)S��g���¼ê§Kp�
�Yuler-Walker�§)Ñ�Yule-WalkerXêÒ´AR�
.�g£8Xê§¤±÷v��� 5µ

A(z) = 1−
p∑

j=1

ajz
j 6= 0, é|z | ≤ 1
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I éu���²­�kµ

I ½½½nnn4.1 XJ¢ê�γk , k = 0, 1, . . . , n¦�

Γn+1
4
=


γ0 γ1 · · · γn
γ1 γ0 · · · γn−1
...

...
...

γn γn−1 · · · γ0

 > 0

K)Ñ�n�Yuler-WalkerXêan÷v��� ^�µ

1−
n∑

j=1

anjz
j 6= 0, |z | ≤ 1.

I y²gÆ"

I �5²­��g�����½§¤±Ù?
¿n�Yuler-WalkerXêÑ÷v��� ^�"
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Levinson4íúª

½½½nnn4.2 XJΓn+1�½§
Kγk , k = 0, 1, . . . , n�1, 2, . . . , n, n + 1�Yuler-WalkerX
ê{aij , i = 1, . . . , n + 1, j = 1, . . . , i} Úþ�Ø�σ2k�±X
e4íO�µ

σ20 =γ0

a1,1 =γ1/γ0

σ2k =σ2k−1(1− a2k,k)

ak+1,k+1 =
γk+1 − ak,1γk − ak,2γk−1 − · · · − ak,kγ1
γ0 − ak,1γ1 − ak,2γ2 − · · · − ak,kγk

ak+1,j =ak,j − ak+1,k+1ak,k+1−j , 1 ≤ j ≤ k (4.4)

Ù¥

σ2k = E(Xk+1 − (ak,1Xk−1 + · · ·+ ak,kX1))2 (4.5)

´^Xk ,Xk−1, . . . ,X1ýÿXk+1�þ�Ø�"
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I £Á§2.3¥�

γk −
p∑

j=1

ajγk−j = 0, k ≥ 1 (†)

σ2 = γ0 −
p∑

j=1

ajγ0−j (‡)

I 3ak+1,k+1�4íúª¥§�
�p = k, aj = ak,j , j = 1, . . . , p

I K4íúª©f´(†)��>(^k + 1�Ok)"
I ©1´(‡)�m>"

I ak+1,j , 1 ≤ j ≤ k�úª� ak+1,1
...

ak+1,k

 =

 ak,1
...

ak,k

− ak+1,k+1

 ak,k
...

ak,1


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σ2k =E [Xk+1 − aTk Xk ]2

=E [(Xk+1 − aTk Xk)Xk+1]− E [(Xk+1 − aTk Xk)aTk Xk ]

=γ0 − aTk (γ1 . . . γk)T − 0

=γ0 − ak,1γ1 − · · · − ak,kγk

I ù´ak+1,k+1�4íúª�©1§¤±ak+1,k+1�4í
úª��±�¤

ak+1,k+1 =
γk+1 − ak,1γk − ak,2γk−1 − · · · − ak,kγ1

σ2k

I 5¿σ2k´^k�ý�1k + 1��þ�Ø�"
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I ^Levinson4íúªO���Yuler-WalkerXêÚ

σ2k =E [Xk+1 − ak,1Xk − ak,2Xk−1 − · · · − ak,kX1]2

gSA�

I Ð�(Ø^{¤]�ý�X1)µ

σ20 =E [X1 − 0]2 = γ0

I k + 1 = 1(^X1ý�X2):

a1,1 =γ1/γ0

σ21 =E [X2 − a1,1X1]2

=σ20(1− a21,1)
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σ21
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a3,1 =a2,1 − a3,3a2,2

a3,2 =a2,2 − a3,3a2,1

σ23 =E [X4 − a3,1X3 − a3,2X2 − a3,3X3]2

=σ22(1− a23,3)

I ,,,,,,
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O�gS�

k ak,j σ2k
0 σ20
1 a1,1 σ21
2 a2,2 a2,1 σ22
3 a3,3 a3,1 a3,2 σ23
4 a4,4 a4,1 a4,2 a4,3 σ24
... · · · · · ·

...



A^�mS�©Û
�§0�

ÌùP�µRaR

���ÄuoÀº
P���?U

²­S�� �'
XêÚLevinson4
íúª

�`�5ýÿ

��� 5

Levinson4íúª

 �'Xê

AR(p)S�Þ~

 �'Xê

I ½½½ÂÂÂ4.1 XJΓn�½§¡an,n�{Xt}½{γk}�n�
 (g)�'Xê"

I

an,n = Corr[X1 − L(X1|X2, . . . ,Xn),

Xn+1 − L(Xn+1|X2, . . . ,Xn)]

I =an,n�X1ÚXn+1�ØX2, . . . ,Xn��5K����'
Xê"
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ARS�� �'Xê

I �{Xt}´AR(p)S�"Ùg���¼ê�½"

I dYule-Walker�§(3.9)�Ùn�(n ≥ p)Y-WXê�

an =(a1, . . . , ap, 0, . . . , 0)T

=(an,1, an,2, . . . , an,n)T , n ≥ p (4.6)

I Ù �'Xê÷v

an,n =

{
ap 6= 0, n = p

0, n > p
(4.7)

¡� �'Xêp���"

I ��§XJ��"þ�²­� �'Xêp���§
K§7´AR(p)S�"

I  �'��Û¹�¦g�����½"
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I ½½½nnn4.3 "þ�²­�{Xt}´AR(p)S��¿©7�
^�´§§� �'Xê{an,n} p���"

I y²��y²¿©5"

I P(ap,1, . . . , ap,p) = (a1, . . . , ap)§
-εt = Xt −

∑p
j=1 ajXt−j§��y²{εt}´xD("

I ��� 5d½n4.1�Ñ"
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 �'Xê

AR(p)S�Þ~

½n4.3y²I

yyy²²²µ Pap = (ap,1, . . . , ap,p) = (a1, . . . , ap)§
dLevinsonúªÚap+k,p+k = 0(k > 0)�

ap+1,j =ap,j − ap+1,p+1ap,p+1−j = aj , 1 ≤ j ≤ p

ap+k,j =ap+k−1,j = · · · = ap,j = aj , k ≥ 2, 1 ≤ j ≤ p

ap+k,j =ap+k−1,j = 0 p < j ≤ p + k

=n ≥ p�

an = (an,1, an,2, . . . , an,n) = (a1, a2, . . . , ap, 0, . . . , 0)
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AR(p)S�Þ~

½n4.3y²II

5¿an´Y-W�§�)§=


γ0 γ1 · · · γn−1
γ1 γ0 · · · γn−2
...

...
...

γn−1 γn−2 · · · γ0





a1
a2
...
ap
0
...
0


=


γ1
γ2
...
γn



��¤

γk =a1γk−1 + a2γk−2 + · · ·+ apγk−p

=

p∑
j=1

ajγk−j , k ≥ 1 (*)
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AR(p)S�Þ~

½n4.3y²III

γk =a1γk−1 + a2γk−2 + · · ·+ apγk−p

=

p∑
j=1

ajγk−j , k ≥ 1 (*)

d½n4.1�A(z) = 1−
∑p

j=1 ajz
j÷v��� ^�"

-

εt = Xt −
p∑

j=1

ajXt−j , t ∈ Z

K{εt}´²­S�§÷vEεt = 0, Var(εt) = σ2p > 0"
e¡��y²{εt}´xD("
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½n4.3y²IV

∀t > sk

E(εtXs) =E

Xt −
p∑

j=1

ajXt−j

Xs


=γt−s −

p∑
j=1

ajγt−s−j

=0 (d(*))

¤±t > s�

E(εtεs) = E

εt
Xs −

p∑
j=1

ajXs−j

 = 0

={εt}´WN(0, σ2p)§�a1, a2, . . . , ap÷v��� ^�"
y."
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�!SN�A^¿Â

I k
*ÿ��x1, x2, . . . , xN�±�O��g���¼
ê:

γ̂k =
1

N

N−k∑
t=1

(xt − x̄)(xt+k − x̄)

I k
{γ̂k}�±O��� �'Xê��O{ak,k}"
I XJuy�� �'Xê¥y��5K�±[ÜAR�
."

I ½n4.1�y�Γ̂p+1�½�����.Xê÷v���
 ^�"

I ��� ^��yXÚ´­½�§ýÿk¿Â"

I ý¢�.�AR(p)�Γ̂p+1 a.s.�½"
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~5.1

|a| < 1, AR(1)�.

Xt =aXt−1 + εt , t ∈ Z
{εt} ∼WN(0, σ2)

k²­)

Xt =
∞∑
j=0

ajεt−j

g���¼ê

γ0 =σ2
∞∑
j=0

a2j =
σ2

1− a2

γk =aγk−1 = · · · = akγ0, k ≥ 1 (5.2)
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~5.1 II

g�'Xê

ρk =
γk
γ0

= ak (1)

Ì�Ý

f (λ) =
σ2

2π

1

|1− ae iλ|2
(2)

=
σ2

2π
[1 + a2 − 2a cosλ]−2, λ ∈ [−π, π] (3)
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~5.1 ü«
ü«: a = ±0.85�S��ü«"
'�:
a = 0.85 a = −0.85

(1) êâLyÑª³5, �
��êâ�OØ�;

(1) êâþe{Ä§ª³
5Ø²w;

(2) (1)¥�y�3{ρk}�
�Ny: ���ÅCþ�
�'

(2) (1)¥�y�3{ρk}�
�Ny: ���ÅCþK
�'

(3) ρk üN~�ªu0 (3)ρk �K�Oªu0
(4) Ì�Ý�Uþ8¥3
$ª, f (λ) < f (0), λ ∈
(0, π],êâÃ±Ïy�,±
ÏT = 2π

0 =∞

(4) Ì�ÝUþ8¥3
pª, f (λ) < f (π), λ ∈
[0, π),êâk±Ïy�,±
ÏT = 2π

π = 2
(5)  �'Xêa1,1 =
0.85, ak,k = 0, �k > 1

(5)  �'Xêa1,1 =
−0.85, ak,k = 0, �k > 1

(6) �a�Cu0, ±�¯�
�ÝÂñ�0

(6) þ ã 5 � �a �
C−1C��²w, �a �
C0C�Ø²w
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AR(2): ­½5^�

Xt =a1Xt−1 + a2Xt−2 + εt , εt ∼WN(0, σ2)

A(z) =1− a1z − a2z
2 6= 0, |z | ≤ 1

­½5^��µ

a2 ± a1 < 1, |a2| < 1

1

−1

2−2

(7Úµ¢�¶ùÚµE�)



A^�mS�©Û
�§0�

ÌùP�µRaR

���ÄuoÀº
P���?U

²­S�� �'
XêÚLevinson4
íúª

�`�5ýÿ

��� 5

Levinson4íúª

 �'Xê

AR(p)S�Þ~

AR(2): g�'Xê

I �A(z)���z1 = b1e
iλ1 , z2 = b2e

iλ2"

I dY-W�§

ρ0 =1,

ρ1 =
a1

1− a2
ρk =a1ρk−1 + a2ρk−2, k ≥ 1

I a11 = ρ1, a2,2 = a2, ak,k = 0(k ≥ 3)"
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AR(2)~f: ­½�Ú#N�

I

A = {(a1, a2) : a2 ± a1 < 1, |a2| < 1}

¡�AR(2)�­½�"

I lY-W�§�±^ρ1, ρ2L«a1, a2:

a1 =
ρ1(1− ρ2)

1− ρ21
, a2 =

ρ2 − ρ21
1− ρ21

I ��k

ρ1 =
a1

1− a2
, ρ2 = a2 +

a21
1− a2

I (a1, a2) ∈ A ⇐⇒ (ρ1, ρ2) ∈

C = {(ρ1, ρ2) : ρ21 < (1 + ρ2)/2, |ρ1| < 1, |ρ2| < 1}

I C¡�AR(2)�#N�"



A^�mS�©Û
�§0�

ÌùP�µRaR

���ÄuoÀº
P���?U

²­S�� �'
XêÚLevinson4
íúª

�`�5ýÿ

��� 5

Levinson4íúª

 �'Xê

AR(p)S�Þ~

AR(2)~f: ­½�Ú#N�

I

A = {(a1, a2) : a2 ± a1 < 1, |a2| < 1}

¡�AR(2)�­½�"

I lY-W�§�±^ρ1, ρ2L«a1, a2:

a1 =
ρ1(1− ρ2)

1− ρ21
, a2 =

ρ2 − ρ21
1− ρ21

I ��k

ρ1 =
a1

1− a2
, ρ2 = a2 +

a21
1− a2

I (a1, a2) ∈ A ⇐⇒ (ρ1, ρ2) ∈

C = {(ρ1, ρ2) : ρ21 < (1 + ρ2)/2, |ρ1| < 1, |ρ2| < 1}

I C¡�AR(2)�#N�"



A^�mS�©Û
�§0�

ÌùP�µRaR

���ÄuoÀº
P���?U

²­S�� �'
XêÚLevinson4
íúª

�`�5ýÿ

��� 5

Levinson4íúª

 �'Xê

AR(p)S�Þ~

AR(2)~f: ­½�Ú#N�

I

A = {(a1, a2) : a2 ± a1 < 1, |a2| < 1}

¡�AR(2)�­½�"

I lY-W�§�±^ρ1, ρ2L«a1, a2:

a1 =
ρ1(1− ρ2)

1− ρ21
, a2 =

ρ2 − ρ21
1− ρ21

I ��k

ρ1 =
a1

1− a2
, ρ2 = a2 +

a21
1− a2

I (a1, a2) ∈ A ⇐⇒ (ρ1, ρ2) ∈

C = {(ρ1, ρ2) : ρ21 < (1 + ρ2)/2, |ρ1| < 1, |ρ2| < 1}

I C¡�AR(2)�#N�"



A^�mS�©Û
�§0�

ÌùP�µRaR

���ÄuoÀº
P���?U

²­S�� �'
XêÚLevinson4
íúª

�`�5ýÿ

��� 5

Levinson4íúª

 �'Xê

AR(p)S�Þ~

AR(2)~f: ­½�Ú#N�

I

A = {(a1, a2) : a2 ± a1 < 1, |a2| < 1}

¡�AR(2)�­½�"

I lY-W�§�±^ρ1, ρ2L«a1, a2:

a1 =
ρ1(1− ρ2)

1− ρ21
, a2 =

ρ2 − ρ21
1− ρ21

I ��k

ρ1 =
a1

1− a2
, ρ2 = a2 +

a21
1− a2

I (a1, a2) ∈ A ⇐⇒ (ρ1, ρ2) ∈

C = {(ρ1, ρ2) : ρ21 < (1 + ρ2)/2, |ρ1| < 1, |ρ2| < 1}

I C¡�AR(2)�#N�"



A^�mS�©Û
�§0�

ÌùP�µRaR

���ÄuoÀº
P���?U

²­S�� �'
XêÚLevinson4
íúª

�`�5ýÿ

��� 5

Levinson4íúª

 �'Xê

AR(p)S�Þ~

AR(2)~f: ­½�Ú#N�

I

A = {(a1, a2) : a2 ± a1 < 1, |a2| < 1}

¡�AR(2)�­½�"

I lY-W�§�±^ρ1, ρ2L«a1, a2:

a1 =
ρ1(1− ρ2)

1− ρ21
, a2 =

ρ2 − ρ21
1− ρ21

I ��k

ρ1 =
a1

1− a2
, ρ2 = a2 +

a21
1− a2

I (a1, a2) ∈ A ⇐⇒ (ρ1, ρ2) ∈

C = {(ρ1, ρ2) : ρ21 < (1 + ρ2)/2, |ρ1| < 1, |ρ2| < 1}

I C¡�AR(2)�#N�"



A^�mS�©Û
�§0�

ÌùP�µRaR

���ÄuoÀº
P���?U

²­S�� �'
XêÚLevinson4
íúª

�`�5ýÿ

��� 5

Levinson4íúª

 �'Xê

AR(p)S�Þ~

AR(2)�Ì�Ý�A��

I A���XêkXe'X

1− a1z − a2z
2 = (1− z

z1
)(1− z

z2
)

a1 =
1

z1
+

1

z2
, a2 = − 1

z1

1

z2

z1z2 =
1

(−a2)
, z1 + z2 =

a1
(−a2)

I

f (λ) =
σ2

2π

1

|a2||e iλ − b1e iλ1 |2 · |e iλ − b2e iλ2 |2
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