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I Ï�AR(p)�²­)�

Xt = A−1(B)εt =
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j=0

ψjεt−j

d�5²­�5��{Xt}�"þ�§g���¼ê�

γk = E(Xt+kXt) = σ2
∞∑
j=0

ψjψj+k , k = 0, 1, . . .

(3.1)
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I �1 < ρ < min{|zj |}§Kψj = o(ρ−j), k

|γk | ≤σ2
∞∑
j=0

|ψj | · |ψj+k | ≤ σ2(
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j=0

|ψj |2)1/2(
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j=0

|ψj+k |2)1/2

≤c0(
∞∑
j=k

ρ−2j)1/2 ≤ c1ρ
−k (3.2)

={γk}K�êP~"
I {Xt}S�c���'~�é¯§¡��mS��áP
Á5"

I A��lü ���{γk}P~�¯"
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I d�5²­��Ì�Ýúª�²­)�Ì�Ý

f (λ) =
σ2

2π

∣∣∣∣∣∣
∞∑
j=0

ψje
ijλ

∣∣∣∣∣∣
2

I 

∑
ψjz

j = 1/A(z)¤±

f (λ) =
σ2

2π

1

|A(e iλ)|2
(3.3)

I f (λ)´��ð��ó¼ê"

I XJA(z)k�Cü ���ρje
iλjK|A(e iλj )|¬�C

"§E¤Ì�Ý3λ = λj?k��¸�"
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Ì�Ý�g���¼ê�üúª
I Ì�Ý�½Â´÷v

γk =

∫ π

−π
e ikλf (λ)dλ

��K�È¼ê"þª´��Fourier?êXê�ú
ª(���~ê)"

I 3{γk}÷v�½^�ef (λ)7�3��L
¤{γk}�Fourier?ê"

I ½½½nnn3.1 XJ²­S�{Xt}�g���¼ê{γk} ý
é�Ú:

∑
|γk | <∞, K{Xt}kÌ�Ý

f (λ) =
1

2π

∞∑
k=−∞

γke
−ikλ. (3.4)

duÌ�Ý´¢�¼ê, ¤±(3.4)��±�¤

f (λ) =
1

2π

∞∑
k=−∞

γk cos(kλ) =
1

2π

[
γ0 + 2

∞∑
k=1

γk cos(kλ)

]
.
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½n3.1y²

yyy²²²: Ï�{γk}ýé�Ú¤±(3.4)m>ýé��Âñ,
f (λ)ëY"u´È©�?ê���µ∫ π

−π
f (λ)e ijλ dλ =

1

2π

∞∑
k=−∞

γk

∫ π

−π
e−i(k−j)λ dλ = γj .
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½n3.1y²II

���yf (λ)�K"eX1, . . . ,XN�{Xt}�*ÿ�§

IN(λ) =
1

2πN

∣∣∣∣∣∣
N∑
j=1

Xje
ijλ

∣∣∣∣∣∣
2

, λ ∈ [−π, π]

¡�X1, . . . ,XN�±Ïã"
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½n3.1y²III

-fN(λ) = EIN(λ), KfN(λ) ≥ 0§u´

0 ≤fN(λ) =
1

2πN

N∑
k=1

N∑
j=1

γk−je
−i(k−j)λ

=
1

2πN

N−1∑
m=1−N

(N − |m|)γme−imλ (*)

=
1

2π

N−1∑
m=1−N

γme
−imλ − 1

2πN

N−1∑
m=1−N

|m|γme−imλ.

dKroneckerÚn����ªu0, u´

f (λ) = lim
N→∞

fN(λ) ≥ 0.
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2πN

N∑
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N∑
j=1

γk−je
−i(k−j)λ

=
1

2πN

N∑
k=1

k−1∑
m=k−N

γme
−imλ (-m = k − j)

I ��m�k�¦ÚgS"Ï�'um�^��

k − N ≤ m ≤ k − 1

¤±k ≤ m + N, k ≥ m + 1§¦ÚC�

I

1

2πN

N−1∑
m=1−N

k=min(m+N,N)∑
k=max(m+1,1)

γme
−imλ
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íííØØØ3.2 AR(p)�²­)S�{Xt}kÌ�Ý

f (λ) =
1

2π

∞∑
k=−∞

γke
−ikλ =

σ2

2π

1

|A(e iλ)|2
.
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I ék ≥ 1d��Âñ½n�

E(Xtεt+k) =
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I XJ{εt}´ÕáxD(KXt��5�Ñ\Õá"
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I én ≥ p, rXt ,Xt+1, . . . ,Xt+n−1�4íª�¤Ý
/
ª�

I 
Xt

Xt+1
...
Xt+n−1



=


Xt−1 Xt−2 . . . Xt−n
Xt Xt−1 . . . Xt+1−n
...

...
...

Xt+n−2 Xt+n−3 . . . Xt−1

 an +


εt
εt+1
...
εt+n−1

 ,

(3.6)

I Ù¥

an = (an,1, an,2, . . . , an,n)T
4
= (a1, a2, . . . , ap, 0, . . . , 0)T
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I én ≥ p, rXt ,Xt+1, . . . ,Xt+n−1�4íª�¤Ý
/
ª�

I 
Xt

Xt+1
...
Xt+n−1



=


Xt−1 Xt−2 . . . Xt−n
Xt Xt−1 . . . Xt+1−n
...

...
...

Xt+n−2 Xt+n−3 . . . Xt−1

 an +


εt
εt+1
...
εt+n−1

 ,

(3.6)

I Ù¥

an = (an,1, an,2, . . . , an,n)T
4
= (a1, a2, . . . , ap, 0, . . . , 0)T
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I ½Â{Xt}�g���Ý


Γn =


γ0 γ1 · · · γn−1
γ1 γ0 · · · γn−2
...

...
...

γn−1 γn−2 · · · γ0

 Úγn =


γ1
γ2
. . .
γn

 ,

(3.8)

I 3(3.6)ü>Ó�¦þXt−1��êÆÏ", |^Xt��
5Ñ\�Ø�'5k

γn = Γnan, n ≥ p. (*)
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I én ≥ pd(*)���1��

γn = a1γn−1 + a2γn−2 + · · ·+ apγn−p, n ≥ p

I é(*)�Än = p§k
γ1 =a1γ1−1 + a2γ1−2 + · · ·+ apγ1−p
γ2 =a1γ2−1 + a2γ2−2 + · · ·+ apγ2−p
· · · · · · · · ·
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I o�k
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g����{γk}3k ≥ 1�÷vAR(p)�.�àg�©
�§

A(B)γk = 0, k ≥ 1
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Yule-Walker�§IV

I éγ0§

γ0 =EX 2
t = E

 p∑
j=1

ajXt−j + εt

2

=E

 p∑
j=1

ajXt−j

2

+ Eε2t

=aTn Γnan + σ2

=aTn γn + σ2, n ≥ p

=a1γ1 + a2γ2 + · · ·+ apγp + σ2
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Yule-Walker�§V

I ½½½nnn3.3(Yule-Walker���§§§) AR(p)S��g���
¼ê÷v

γn = Γnan, γ0 = γT
n an + σ2, n ≥ p, (3.9)

I =

γk =a1γk−1 + a2γk−2 + · · ·+ apγk−p, k ≥ 1
(†)

A(B)γk =0, k ≥ 1

A(B)γ0 =γ0 − a1γ1 − a2γ2 − · · · − apγp = σ2 (‡)

I AO/§�n = p�

Γp


a1
a2
. . .
ap

 =


γ1
γ2
. . .
γp

 (3.9’)



A^�mS�©Û
�§0�

ÌùP�µRaR

���ÄuoÀº
P���?U

AR(p)S��Ì�
ÝÚYule-Walker�
§

AR(p)S��Ì�Ý

Yule-Walker�§

g���¼ê�±Ï5

g���¼ê��½5

�mS�����ýÿ5

Yule-Walker�§V

I ½½½nnn3.3(Yule-Walker���§§§) AR(p)S��g���
¼ê÷v

γn = Γnan, γ0 = γT
n an + σ2, n ≥ p, (3.9)

I =

γk =a1γk−1 + a2γk−2 + · · ·+ apγk−p, k ≥ 1
(†)

A(B)γk =0, k ≥ 1

A(B)γ0 =γ0 − a1γ1 − a2γ2 − · · · − apγp = σ2 (‡)

I AO/§�n = p�

Γp


a1
a2
. . .
ap

 =


γ1
γ2
. . .
γp

 (3.9’)



A^�mS�©Û
�§0�

ÌùP�µRaR

���ÄuoÀº
P���?U

AR(p)S��Ì�
ÝÚYule-Walker�
§

AR(p)S��Ì�Ý

Yule-Walker�§

g���¼ê�±Ï5

g���¼ê��½5

�mS�����ýÿ5

Yule-Walker�§V

I ½½½nnn3.3(Yule-Walker���§§§) AR(p)S��g���
¼ê÷v

γn = Γnan, γ0 = γT
n an + σ2, n ≥ p, (3.9)

I =

γk =a1γk−1 + a2γk−2 + · · ·+ apγk−p, k ≥ 1
(†)

A(B)γk =0, k ≥ 1

A(B)γ0 =γ0 − a1γ1 − a2γ2 − · · · − apγp = σ2 (‡)

I AO/§�n = p�

Γp


a1
a2
. . .
ap

 =


γ1
γ2
. . .
γp

 (3.9’)



A^�mS�©Û
�§0�

ÌùP�µRaR

���ÄuoÀº
P���?U

AR(p)S��Ì�
ÝÚYule-Walker�
§

AR(p)S��Ì�Ý

Yule-Walker�§

g���¼ê�±Ï5

g���¼ê��½5

�mS�����ýÿ5

Yule-Walker�§VI

Pφ0 = 1, φ1 = −a1, . . . , φp = −ap,
KA(z) =

∑p
j=0 φjz

j§AR�.��¤
∑p

j=0 φjXt−j = εt"

Yule-Walker�§��¤
γ0 γ1 · · · γp
γ1 γ0 · · · γp−1
...

...
...

γp γp−1 · · · γ0




φ0
φ1
...
φp

 =


σ2

0
...
0


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g���¼ê�±Ï5

I ék < 0½Âψk = 0"

I íííØØØ3.4 AR(p)S��g���¼ê{γk}÷v
ÚAR(p)�.A(B)Xt = εt�A��©�§

γk − (a1γk−1 + a2γk−2 + · · ·+ apγk−p) = σ2ψ−k , k ∈ Z

I yyy²²²: k ≥ 0�=½n(Ø"ék < 0§

γk − (a1γk−1 + a2γk−2 + · · ·+ apγk−p)

=E

Xt−k(Xt −
p∑

j=1

ajXt−j)


=E(Xt−kεt) = E

 ∞∑
j=0

ψjεt−k−jεt

 = σ2ψ−k
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I �A(z)kp�pÉ�zj = ρje
iλj , j = 1, . . . , p§�±y²

£Ñ¤

γt =A−1(B)σ2ψ−t

=σ2
p∑

j=1

cjA
−1(z−1j )z−tj

=σ2
p∑

j=1

Ajρ
−t
j cos(λj t + θj), t ≥ 0 (3.12)

I ��XJ{zj}¥k�Cü ��E�K{γk}�P~�
�A5¬wyÑ5"
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I AR(4)�.1:

z1, z2 = 1.09e±iπ/3, z3, z4 = 1.098e±i2π/3

±Ï�2π/(π/3) = 6Ú2π/(2π/3) = 3"

I AR(4)�.2:

z1, z2 = 1.264e±iπ/3, z3, z4 = 1.273e±i2π/3

I AR(4)�.3:

z1, z2 = 1.635e±iπ/3, z3, z4 = 1.647e±i2π/3

I �ü«: AR roots demo"
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I AR(p)²­)���g���¼ê��g£8XêÚ
xD(����û½"

I ��§eΓp�½K�âYule-Walker�§�±
lγ0, γ1, . . . , γp)Ña1, . . . , ap, σ

2:

ap = Γ−1p γp, σ2 = γ0 − γT
p Γ−1p γp. (3.13)

I ½½½nnn3.5 �Γn´²­S�{Xt}�n�g���Ý
,
γ0 > 0"

1. XJ{Xt}�Ì�Ýf (λ)�3, Kén ≥ 1§Γn�½¶
2. XJlimk→∞ γk = 0§Kén ≥ 1§Γn�½"
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ÚÚÚnnn: é¢²­�{Xt}§�Ùg���
�Γn, n ∈ N¶
�ÙÌ¼ê�F (λ)"é∀b = (b1, . . . , bn) ∈ Rn k

bTΓnb =

∫ π

−π

∣∣∣∣∣∣
n∑

j=1

bje
ijλ

∣∣∣∣∣∣
2

dF (λ)

e{Xt}kÌ�Ýf (λ)K

bTΓnb =

∫ π

−π

∣∣∣∣∣∣
n∑

j=1

bje
ijλ

∣∣∣∣∣∣
2

f (λ)dλ
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j=1

n∑
k=1

bjbkγj−k

=
n∑

j=1

n∑
k=1

bjbk

∫ π

−π
e i(j−k)λdF (λ)

=

∫ π

−π

n∑
j=1

n∑
k=1

bjbke
ijλe−ikλdF (λ)

=

∫ π

−π

∣∣∣∣∣∣
n∑

j=1

bje
ijλ

∣∣∣∣∣∣
2

dF (λ)
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(1) éb = (b1, . . . , bn)T§
∑n

j=1 bjz
j−1 �õkn − 1�"

:"γ0 =
∫ π
−π f (λ)dλ > 0, u´

bTΓnb =

∫ π

−π

∣∣∣∣∣∣
n∑

j=1

bje
ijλ

∣∣∣∣∣∣
2

f (λ)dλ > 0
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(2) ^�y{"�Γn�½, det(Γn+1) = 0ÚEXt = 0 (�"þ
��¹��~�þ�). ½Â

Xn = (X1,X2, . . . ,Xn)T

é?Û¢�þb = (b1, b2, . . . , bn)T 6= 0 k

E (bTXn)2 = bTΓnb > 0,

�d|Γn+1| = 0��3a = (a1, a2, . . . , an+1)T 6= 0,
an+1 6= 0¦�

E (aTXn+1)2 = aTΓn+1a = 0.

u´

aTXn+1 = a1X1 + a2X2 + · · ·+ an+1Xn+1 = 0

a.s.¤á, Xn+1�±dXn�5L«:

Xn+1 = − an
an+1

Xn −
an−1
an+1

Xn−1 − · · · −
a1

an+1
X1, a.s.,
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|^{Xt}�²­5��

Xt = − an
an+1

Xt−1 −
an−1
an+1

Xt−2 − · · · −
a1

an+1
Xt−n, a.s., t ∈ Z

4í�é?Ûk ≥ 1, Xn+k �±dX1,X2, . . . ,Xn�5L«,

=k¢�þα
4
= α(k) 4= (α1, . . . , αn)T ¦�

Xn+k = (α(k))TX.

Xn+k�X�5L«§`²Xn+k�X1, . . . ,Xnkr��'§

½nb�´γk → 0§q`²Xn+k�X1, . . . ,Xn��'5
�ªu"§ùÒ¬kgñ§e¡rgñî�Lã"
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^0 < λ1 ≤ λ2 · · · ≤ λn L«Γn�A��, Kk��Ý

T¦�

TΓnT
T = diag(λ1, λ2, . . . , λn).

^|α(k)| L«α(k)�î¼�, Kk

γ0 =EX 2
n+k = E((α(k))TX)2 = (α(k))TΓnα

(k)

=((α(k))TTT )(TΓnT
T )(Tα(k))

≥λ1(Tα(k))T (Tα(k)) = λ1|α(k)|2.

=k|α(k)| ≤
√
γ0/λ1 <∞.
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,��¡

γ0 =E((α(k))TX · Xn+k) = (α(k))TE (XXn+k)

=(α(k))T (γn+k−1, γn+k−2, . . . , γk)T

≤|α(k)|

n−1∑
j=0

γ2j+k

1/2

≤(γ0/λ1)1/2

n−1∑
j=0

γ2k+j

1/2

→0. �k →∞

ù�γ0 > 0gñ, �det(Γn+1) = 0Ø¤á.
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I íííØØØ3.6 (Xê²��Ú�)�5²­S��g���

o´�½�"¡Ùg���¼ê{γj , j ∈ Z}´�½
S�"

I k��ªÇ�lÑÌS��;�äk±Ï5§�±^
k��{¤���5|ÜÃØ�/ý���S�"



A^�mS�©Û
�§0�

ÌùP�µRaR

���ÄuoÀº
P���?U

AR(p)S��Ì�
ÝÚYule-Walker�
§

AR(p)S��Ì�Ý

Yule-Walker�§

g���¼ê�±Ï5

g���¼ê��½5

�mS�����ýÿ5

�5²­S��g�����½5

I íííØØØ3.6 (Xê²��Ú�)�5²­S��g���

o´�½�"¡Ùg���¼ê{γj , j ∈ Z}´�½
S�"

I k��ªÇ�lÑÌS��;�äk±Ï5§�±^
k��{¤���5|ÜÃØ�/ý���S�"



A^�mS�©Û
�§0�

ÌùP�µRaR

���ÄuoÀº
P���?U

AR(p)S��Ì�
ÝÚYule-Walker�
§

AR(p)S��Ì�Ý

Yule-Walker�§

g���¼ê�±Ï5

g���¼ê��½5

�mS�����ýÿ5

�ÅCþ��5�'5Ú�5ýÿ

I éu��k���ÅCþY1,Y2, · · · ,Yn, XJkØ�
�"�~êb1, . . . , bn¦�

Var(
n∑

j=1

bjYj) = 0,

K¡�ÅCþY1,Y2, · · · ,Yn ´�5�'�, ÄK¡
��5Ã'�.

I �5�'�, �3~êb0¦�
∑n

j=1 bjYj = b0 a.s.¤á.

I ¿��bn 6= 0�, Yn�±dY1,Y2, · · · ,Yn−1�5L«:

Yn = a0 + a1Yn−1 + · · ·+ an−1Y1

ù�·�¡Yn�±dY1,Y2, · · · ,Yn−1 ���5ýÿ.
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