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Kél = mk

(1− z−1j B)m+1tmz−tj

=(1− z−1j B)m(1− z−1j B)
(
tmz−tj
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=(1− z−1j B)m
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u´(1.5)¤á§l
(1.4)¤á"rÄ:)�5|Ü�±�
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½½½nnn1.1 �A(z)kk �pØ�Ó�":z1, z2, . . . , zk , Ù
¥zj´r(j)­":. K

t lz−tj , l = 0, 1, · · · , r(j)− 1, j = 1, 2, · · · , k (1.6)

´(1.2)�p�); 
�, (1.2)�?Û){Xt}Ñ�±�¤ùp�
)��5|Ü:

Xt =
k∑

j=1

r(j)−1∑
l=0

Ul ,j t
lz−tj , t ∈ Z, (1.7)

Ù¥��ÅCþUl ,j�±d{Xt}�Ð�X0,X1, · · · ,Xp−1�
�û½. (1.7)¡�àg�5�©�§(1.2)�Ï)"d½n
'u�mS�Qã§¢Sþé�©�§�Eê½¢ê�)
�´¤á�"
y²�Brockwell and Davis(1987)"
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I (1.7)¥zj�±´Jê"P

Ul ,j = Vl ,je
iθl,j , zj = ρje

iλj

K

Re
(
Ul ,j t

lz−tj

)
=Re

(
Vl ,j t

lρ−tj e−i(λj t−θl,j )
)

=Vl ,j t
lρ−tj cos(λj t − θl ,j)

I �©�§(1.2)�¢�)�±L«�

k∑
j=1

r(j)−1∑
l=0

Vl ,j t
lρ−tj cos(λj t − θj), t ∈ Z

I {Vl ,j , θl ,j}�±dÐ�X0,X1, . . . ,Xp−1 ��û½"
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²­)ÚÏ)

Ï)�Âñ5

I XJ�©�§�A�õ�ªA(z)��Ñ3ü �	:
|zj | > 1, j = 1, 2, . . . , k , ½A(z) 6= 0, ∀|z | ≤ 1,

I �1 < α < min{|zj | : j = 1, . . . , k}§K

t l |zj |−t = t l(α/|zj |)tα−t = o(α−t)

I u´�§�?¿)Xt÷v

|Xt | = o(α−t) a.s., t →∞ (1.9)

I ¡Xt±K�ê�Âñ�""
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I XJA�õ�ªkü �zj = exp(iλj)§K�§k�
�±Ï)

Xt = a cos(λj t), t ∈ Z

I XJü �Sk�zj = ρj exp(iλj), ρj < 1§K�§k
���¿)£uÑ)¤

Xt = a

(
1

ρj

)t

cos(λj t), t ∈ Z
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I �{Yt}�¢��mS�"

A(B)Xt = Yt , t ∈ Z (1.10)

I ÷v(1.10)��mS�{Xt}¡�(1.10)�)"

I XJk(1.10)�,�)(¡�A)){X (0)
t }§KÏ)�±

�¤

Xt = X
(0)
t +

k∑
j=1

r(j)−1∑
l=0

Ul ,j t
lz−tj , t ∈ Z (1.11)
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AR(1)~f

I

Xt = aXt−1 + εt , t ∈ Z, {εt} ∼WN(0, σ2) (2.1)

I lÐ�X0Ñu"a��§Ð�K�~��¯"

I |a|�Cu1�§Ð�Úc¡�εt−jK�~��ú§S�
��"

I ��|a| < 1§S��ª�±­½e5"¡X
Ú(2.1)´­½�"

I XJa = ±1KS����5��§¥�¿."

I |a| > 1�S��ØU­½"|a| ≥ 1�¡(2.1)´�­½
�. £ü«¤
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a´A��"
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Ñ3ü �	"
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I �|a| < 1�e¡��5S�k½Â:

Xt =
∞∑
j=0

ajεt−j , t ∈ Z (2.2)

I

aXt−1 + εt =a
∞∑
j=0

ajεt−1−j + εt

=
∞∑
i=1

aiεt−i + εt (i = j + 1)

=Xt

I u´²­S�(2.2)´�àg�©�§(2.1)�)§¡
�²­)"



A^�mS�©Û
�§0�

ÌùP�µRaR

���ÄuoÀº
P���?U

í£�fÚ~Xê
�©�§

í£�f

~Xêàg�5�©�§

�àg�5�©�§

g£8�.9Ù²
­5

A~: AR(1)

��AR(p)

²­)ÚÏ)

AR(1)��©�§9²­)II

I �|a| < 1�e¡��5S�k½Â:

Xt =
∞∑
j=0

ajεt−j , t ∈ Z (2.2)

I

aXt−1 + εt =a
∞∑
j=0

ajεt−1−j + εt

=
∞∑
i=1

aiεt−i + εt (i = j + 1)

=Xt

I u´²­S�(2.2)´�àg�©�§(2.1)�)§¡
�²­)"



A^�mS�©Û
�§0�

ÌùP�µRaR

���ÄuoÀº
P���?U

í£�fÚ~Xê
�©�§

í£�f

~Xêàg�5�©�§

�àg�5�©�§

g£8�.9Ù²
­5

A~: AR(1)

��AR(p)

²­)ÚÏ)

AR(1)��©�§9²­)II

I �|a| < 1�e¡��5S�k½Â:

Xt =
∞∑
j=0

ajεt−j , t ∈ Z (2.2)

I

aXt−1 + εt =a
∞∑
j=0

ajεt−1−j + εt

=
∞∑
i=1

aiεt−i + εt (i = j + 1)

=Xt

I u´²­S�(2.2)´�àg�©�§(2.1)�)§¡
�²­)"



A^�mS�©Û
�§0�

ÌùP�µRaR

���ÄuoÀº
P���?U

í£�fÚ~Xê
�©�§

í£�f

~Xêàg�5�©�§

�àg�5�©�§

g£8�.9Ù²
­5

A~: AR(1)

��AR(p)

²­)ÚÏ)

AR(1)��©�§9²­)III

I

Xt = aXt−1 + εt , t ∈ Z, {εt} ∼WN(0, σ2) (2.1)

I (2.1)�Ï)�

Xt =
∞∑
j=0

ajεt−j ,+ξa
t , t ∈ Z

I �t →∞�(2.1)�¤k)a.s.Âñ�²­)(2.2)"Â
ñ�Ý´K�ê�Ý|a|t"

I ²­)�±w¤XÚ(2.1)?u­½G���¹"

I A��1
alü ���§­½5�Ð"



A^�mS�©Û
�§0�

ÌùP�µRaR

���ÄuoÀº
P���?U

í£�fÚ~Xê
�©�§

í£�f

~Xêàg�5�©�§

�àg�5�©�§

g£8�.9Ù²
­5

A~: AR(1)

��AR(p)

²­)ÚÏ)

AR(1)��©�§9²­)III

I

Xt = aXt−1 + εt , t ∈ Z, {εt} ∼WN(0, σ2) (2.1)

I (2.1)�Ï)�

Xt =
∞∑
j=0

ajεt−j ,+ξa
t , t ∈ Z

I �t →∞�(2.1)�¤k)a.s.Âñ�²­)(2.2)"Â
ñ�Ý´K�ê�Ý|a|t"

I ²­)�±w¤XÚ(2.1)?u­½G���¹"

I A��1
alü ���§­½5�Ð"



A^�mS�©Û
�§0�

ÌùP�µRaR

���ÄuoÀº
P���?U

í£�fÚ~Xê
�©�§

í£�f

~Xêàg�5�©�§

�àg�5�©�§

g£8�.9Ù²
­5

A~: AR(1)

��AR(p)

²­)ÚÏ)

AR(1)��©�§9²­)III

I

Xt = aXt−1 + εt , t ∈ Z, {εt} ∼WN(0, σ2) (2.1)

I (2.1)�Ï)�

Xt =
∞∑
j=0

ajεt−j ,+ξa
t , t ∈ Z

I �t →∞�(2.1)�¤k)a.s.Âñ�²­)(2.2)"Â
ñ�Ý´K�ê�Ý|a|t"

I ²­)�±w¤XÚ(2.1)?u­½G���¹"

I A��1
alü ���§­½5�Ð"



A^�mS�©Û
�§0�

ÌùP�µRaR

���ÄuoÀº
P���?U

í£�fÚ~Xê
�©�§

í£�f

~Xêàg�5�©�§

�àg�5�©�§

g£8�.9Ù²
­5

A~: AR(1)

��AR(p)

²­)ÚÏ)

AR(1)��©�§9²­)III

I

Xt = aXt−1 + εt , t ∈ Z, {εt} ∼WN(0, σ2) (2.1)

I (2.1)�Ï)�

Xt =
∞∑
j=0

ajεt−j ,+ξa
t , t ∈ Z

I �t →∞�(2.1)�¤k)a.s.Âñ�²­)(2.2)"Â
ñ�Ý´K�ê�Ý|a|t"

I ²­)�±w¤XÚ(2.1)?u­½G���¹"

I A��1
alü ���§­½5�Ð"



A^�mS�©Û
�§0�

ÌùP�µRaR

���ÄuoÀº
P���?U

í£�fÚ~Xê
�©�§

í£�f

~Xêàg�5�©�§

�àg�5�©�§

g£8�.9Ù²
­5

A~: AR(1)

��AR(p)

²­)ÚÏ)

AR(1)��©�§9²­)III

I

Xt = aXt−1 + εt , t ∈ Z, {εt} ∼WN(0, σ2) (2.1)

I (2.1)�Ï)�

Xt =
∞∑
j=0

ajεt−j ,+ξa
t , t ∈ Z

I �t →∞�(2.1)�¤k)a.s.Âñ�²­)(2.2)"Â
ñ�Ý´K�ê�Ý|a|t"

I ²­)�±w¤XÚ(2.1)?u­½G���¹"

I A��1
alü ���§­½5�Ð"



A^�mS�©Û
�§0�

ÌùP�µRaR

���ÄuoÀº
P���?U

í£�fÚ~Xê
�©�§

í£�f

~Xêàg�5�©�§

�àg�5�©�§

g£8�.9Ù²
­5

A~: AR(1)

��AR(p)

²­)ÚÏ)

AR(p)�.

I ½½½ÂÂÂ2.1(AR(p)�.) XJ{εt}´xD(WN(0, σ2),
¢êa1, a2, . . . , ap (ap 6= 0) ¦�õ�ªA(z)�":Ñ
3ü �	:

A(z) = 1−
p∑

j=1

ajz
j 6= 0, |z | ≤ 1, (2.4)

K¡p��©�§
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´��p�g£8�., {¡�AR(p)�..



A^�mS�©Û
�§0�

ÌùP�µRaR

���ÄuoÀº
P���?U

í£�fÚ~Xê
�©�§

í£�f

~Xêàg�5�©�§

�àg�5�©�§

g£8�.9Ù²
­5

A~: AR(1)

��AR(p)

²­)ÚÏ)

AR(p)�.II

I ÷vAR(p)�.(2.5)�²­�mS�{Xt}¡
�(2.5)�²­)½AR(p)S�.

I ¡a = (a1, a2, · · · , ap)T ´AR(p)�.�g£8Xê.

I ¡^�(2.4) ´­½5^�½��� ^�.
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AR(p)�²­)

I �õ�ªA(z)�pÉ�´z1, z2, .., zk .

I �1 < ρ < min{|zj |}.
I A−1(z) = 1/A(z) ´{z : |z | ≤ ρ}S�)Û¼ê.

I l
kTaylor?ê

A−1(z) =
∞∑
j=0

ψjz
j , |z | ≤ ρ. (2.7)

I d?ê(2.7)3z = ρ�Âñ5��|ψjρ
j | → 0,

�j →∞.

I u´d

ψj = o(ρ−j), � j →∞ (2.8)

��{ψj}ýé�Ú. 
�, min{|zj |}��, ψjªu"�
¯.
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²­)ÚÏ)

�5ÈÅ���Ç
ÚÚÚnnn1µ �{ak}, {bj}�ü�ýé�Ú�¢ê�§K¢ê
�

dm =
∞∑

j=−∞
ajbm−j

ýé�Ú§P

A(z) =
∑
k

akz
k , B(z) =

∑
j

bjz
j , D(z) =

∑
m

dmz
m

(1) e{yt}�k.�ê�µ|yt | ≤ M, t ∈ Z§K

A(B)[B(B)yt ] = B(B)[A(B)yt ] = D(B)yt

(2) e{Xt}�²­�§K

A(B)[B(B)Xt ] = B(B)[A(B)Xt ] = D(B)Xt , a.s.
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²­)ÚÏ)

y²

I y² Äk§þã�{ak}, {bj}ýé�Ú�y
{dm}�
ýé�Úµ

∞∑
m=−∞

|dm| ≤
∞∑

m=−∞

∞∑
j=−∞

|aj ||bm−j |

=
∞∑

j=−∞

∞∑
m=−∞

|aj ||bm−j |

=
∞∑

j=−∞
|aj | ·

∞∑
m=−∞

|bm−j |

=
∞∑

j=−∞
|aj | ·

∞∑
k=−∞

|bk | <∞
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≤M(
∑
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|ak |)(
∑
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|bj |) <∞ (*1)

¤±

A(B)B(B)yt =
∑
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∑
j
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=
∑
k

∑
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akbjyt−k−j

=
∑
k

∑
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=
∑
m

∑
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akbm−kyt−m (Ã¡?êgS��^�(*1)ª)
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∑
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Ó��yB(B)A(B)yt = D(B)yt"
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(2) ½Â#N�+∞���ÅCþ

V =
∑
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∑
j

|ak ||bj ||Xt−k−j |

K

EV ≤
√

E(X 2
1 )(
∑
k

|ak |)(
∑
j

|bj |) < +∞

¤±

0 ≤V < +∞, a.s.

Ïd±VÇ1¤áµ∑
k

ak
∑
j

bjXt−k−j ýéÂñ

?ê���gS§Óþ�y²

A(B)B(B)Xt = B(B)A(B)Xt = D(B)Xt
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�5ÈÅ�_
ÚÚÚnnn2 �¢Xêõ�ªA(z) =

∑p
j=0 φjz

j÷v��� ^

�:

A(z) 6= 0, ∀|z | ≤ 1

K�3δ > 0¦

A−1(z)
4
=

1

A(z)
=
∞∑
j=0

ψjz
j , |z | ≤ 1 + δ

�k
(1) e{yt}�k.ê�§K

yt = A−1(B)A(B)yt = A(B)A−1(B)yt

(2) e{Xt}�²­�§K

Xt = A−1(B)A(B)Xt = A(B)A−1(B)Xt , a.s.
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±Ðm�Taylor?ê
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du
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A^�mS�©Û
�§0�

ÌùP�µRaR

���ÄuoÀº
P���?U

í£�fÚ~Xê
�©�§

í£�f

~Xêàg�5�©�§

�àg�5�©�§

g£8�.9Ù²
­5

A~: AR(1)

��AR(p)

²­)ÚÏ)

AR(p)�²­)9Ï)½n

½½½nnn2.1
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2. AR(p)��.�Ï)kXe/ª
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∞∑
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k∑
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r(j)−1∑
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Ul ,j t
lz−tj , t ∈ Z. (2.10)
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1 = A(z)A−1(z) = −
∞∑

m=0

 p∑
j=0

ajψm−j

 zm
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∑p
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ψm = 0, m < 0
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∣∣∣∣∣∣
k∑
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r(j)−1∑
l=0

Ul ,j t
lz−tj

∣∣∣∣∣∣ = o(ρ−t), a.s. t →∞

Ù¥1 < ρ < min{|zj |}"
I �lü ���§­½e5��Ý�¯"

I �±^d¯¢���[�)AR(p)S��nØÄ:"
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I �x1−p = · · · = x0 = 0§)¤{εt} ∼WN(0, σ2).

I S���xt = εt +
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j=0 ajxt−j , j = 1, 2, . . . , n0 + n"

I �yt = xt+n0 , t = 1, 2, . . . , n.

I n0�50=�§�A���Cü ������n0"
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