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I �²­S�{Xt} kg���¼ê{γk}.
I XJk[−π, π]þ�üNØ~mëY�¼êF (λ)¦�

γk =

∫ π

−π
e ikλ dF (λ), F (−π) = 0, k ∈ Z, (7.1)

K¡F (λ)´{Xt} ½{γk}�Ì©Ù¼ê, {¡�Ì¼ê;

I XJk[−π, π]þ��K¼êf (λ)¦�

γk =

∫ π

−π
f (λ)e ikλ dλ, k ∈ Z, (7.2)

K¡f (λ)´{Xt} ½{γk}�Ì�Ý¼ê½õÇÌ�Ý,
{¡�Ì�Ý½õÇÌ.
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I ½n7.2 XJ{εt} ´WN(0, σ2), ¢ê�{aj}²��Ú,
K�5²­S�

Xt =
∞∑

j=−∞
ajεt−j , t ∈ Z,

kÌ�Ý

f (λ) =
σ2

2π

∣∣∣∣∣∣
∞∑

j=−∞
aje

ijλ

∣∣∣∣∣∣
2

. (7.4)
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I d§1.6~6.4�(6.7)ªk
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Ù¥
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ijλ
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I ½½½nnn7.3 �{Xt} Ú{Yt}´�p���"þ�²­S
�, c´~ê, ½Â

Zt = Xt + Yt + c , t ∈ Z.

1. XJ{Xt} Ú{Yt}©OkÌ¼êFX (λ) ÚFY (λ), K²­
S�{Zt} kÌ¼êFZ (λ) = FX (λ) + FY (λ).

2. XJ{Xt} Ú{Yt}©OkÌ�ÝfX (λ) ÚfY (λ), K{Zt}
kÌ�ÝfZ (λ) = fX (λ) + fY (λ).

I yyy²²²: Ì�d

γZ (k) = γX (k) + γY (k)
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H = {hj}´��ýé�Ú����5ÈÅì(ë
�§1.3).

I �Ñ\L§´{Xt}�, ÑÑL§´

Yt =
∞∑

j=−∞
hjXt−j , t ∈ Z.a.s. (7.5)

I

γY (k) =
∞∑

l ,j=−∞
hlhjγ(k + l − j). (7.6)
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γY (k) =
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hlhj

∫ π

−π
exp(i(k + l − j)λ) dFX (λ)

=

∫ π

−π

∞∑
l ,j=−∞

hlhj exp(i(l − j)λ)e ikλ dFX (λ)

=

∫ π

−π

∣∣∣∣∣∣
∞∑

j=−∞
hj exp(−ijλ)

∣∣∣∣∣∣
2

e ikλ dFX (λ)

=

∫ π

−π
|H(e−iλ)|2e ikλ dFX (λ), (7.7)

I Ù¥

H(z) =
∞∑

j=−∞
hjz

j , |z | ≤ 1. (7.8)
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I �5ÈÅÑÑ{Yt}�Ì¼ê�

FY (λ) =

∫ λ

−π
|H(e−is)|2 dFX (s). (7.9)

I �{Xt}kÌ�ÝfX (λ)�

FY (λ) =

∫ λ

−π
|H(e−is)|2fX (s) ds. (7.10)

={Yt}Ì�Ý�

fY (λ) = |H(e−iλ)|2fX (λ) (7.11)

I (Ø8B¤½n7.4.
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I �ÅCþξ, η"Eξ = 0,Eη = 0; E (ξη) = 0,
Eξ2 = Eη2 = σ2"~êλ0 ∈ (0, π]"

I

Zt = ξ cos(λ0t) + η sin(λ0t), t ∈ N+ (8.1)

I �¤4�IL«:

A =
√
ξ2 + η2, cos θ =

ξ

A
, sin θ =

η

A
(8.2)

Zt =A cos(tλ0 − θ) (8.3)

I Ù¢y´��� �−θ��ªÇ�λ0�{u¼ê�l
Ñæ�§Ly¿Ø�Å§�Å5Ly3õ�¢y�
�"
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γt−s =E(ZtZs)

=
[
E(ξ2) cos(tλ0) cos(sλ0) + E(η2) sin(tλ0) sin(sλ0)

+ E(ξη) cos(tλ0) sin(sλ0) + E(ξη) cos(sλ0) sin(tλ0)
]

=σ2 [cos(tλ0) cos(sλ0) + sin(tλ0) sin(sλ0)] + 0 + 0

(5¿ξ, η��)

=σ2 cos((t − s)λ0)

I ¤±(8.3)½Â�{Zt}²­§kg���¼ê{γk}"



A^�mS�©Û
�§0�

ÌùP�µRaR

���ÄuoÀº
P���?U

²­S��Ì¼ê

²­S��Ì¼ê

�5ÈÅ�Ì

lÑÌS�9Ù±
Ï5

I {Zt}½Â

Zt =A cos(tλ0 − θ) (8.3)

I ´�EZt = 0"

I g���¼ê�

γt−s =E(ZtZs)

=
[
E(ξ2) cos(tλ0) cos(sλ0) + E(η2) sin(tλ0) sin(sλ0)

+ E(ξη) cos(tλ0) sin(sλ0) + E(ξη) cos(sλ0) sin(tλ0)
]

=σ2 [cos(tλ0) cos(sλ0) + sin(tλ0) sin(sλ0)] + 0 + 0

(5¿ξ, η��)

=σ2 cos((t − s)λ0)

I ¤±(8.3)½Â�{Zt}²­§kg���¼ê{γk}"



A^�mS�©Û
�§0�

ÌùP�µRaR

���ÄuoÀº
P���?U

²­S��Ì¼ê

²­S��Ì¼ê

�5ÈÅ�Ì

lÑÌS�9Ù±
Ï5

I {Zt}½Â

Zt =A cos(tλ0 − θ) (8.3)

I ´�EZt = 0"

I g���¼ê�

γt−s =E(ZtZs)

=
[
E(ξ2) cos(tλ0) cos(sλ0) + E(η2) sin(tλ0) sin(sλ0)

+ E(ξη) cos(tλ0) sin(sλ0) + E(ξη) cos(sλ0) sin(tλ0)
]

=σ2 [cos(tλ0) cos(sλ0) + sin(tλ0) sin(sλ0)] + 0 + 0

(5¿ξ, η��)

=σ2 cos((t − s)λ0)

I ¤±(8.3)½Â�{Zt}²­§kg���¼ê{γk}"



A^�mS�©Û
�§0�

ÌùP�µRaR

���ÄuoÀº
P���?U

²­S��Ì¼ê

²­S��Ì¼ê

�5ÈÅ�Ì

lÑÌS�9Ù±
Ï5

I {Zt}½Â

Zt =A cos(tλ0 − θ) (8.3)

I ´�EZt = 0"

I g���¼ê�

γt−s =E(ZtZs)

=
[
E(ξ2) cos(tλ0) cos(sλ0) + E(η2) sin(tλ0) sin(sλ0)

+ E(ξη) cos(tλ0) sin(sλ0) + E(ξη) cos(sλ0) sin(tλ0)
]

=σ2 [cos(tλ0) cos(sλ0) + sin(tλ0) sin(sλ0)] + 0 + 0

(5¿ξ, η��)

=σ2 cos((t − s)λ0)

I ¤±(8.3)½Â�{Zt}²­§kg���¼ê{γk}"



A^�mS�©Û
�§0�

ÌùP�µRaR

���ÄuoÀº
P���?U

²­S��Ì¼ê

²­S��Ì¼ê

�5ÈÅ�Ì

lÑÌS�9Ù±
Ï5

{ülÑÌS��Ì¼ê
I y

γk =σ2 cos(kλ0), k ∈ Z
I eλ0 6= π, Ì¼ê�

F (λ) = σ2[0.5I[−λ0,π](λ) + 0.5I[λ0,π](λ)]

I ã

�

O− π π− λ0
λ0

σ2

●

● ●

●

F(λ)
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I ù���F¼ê/ª�Ì¼êL«3[−π, π]þ���
ÿÝ§dÿÝ=3−λ0Úλ0ü�:þk�þσ2/2"

I dÈ©�ÿÝ�'X��∫ π

−π
e ikλdF (λ) =

σ2

2
[e−ikλ0 + e ikλ0 ] = γk

I eλ0 = π, Kγk = σ2 cos(kπ),

F (λ) = σ2I{π}(λ), λ ∈ [−π, π]
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fn(λ) =nσ2I[−λ0,−λ0+1/(2n)]∪[λ0−1/(2n),λ0](λ)

Fn(λ) =

∫ λ

−π
fn(u)du

I Kfn´��=3ü��Ý�
1
2n��«mþ�"�©ã

¼ê"

I Fn(λ)�ëY�ò�¼ê§=3þãü��«mþ��
5O¼ê§3Ù§ ��Y²�"

I k4�

Fn(λ)→ F (λ), λ 6= ±λ0, n→∞.
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I �n→∞�

gk(n)
4
=

∫ π

−π
e ikλfn(λ)dλ

=nσ2

(∫ −λ0+ 1
2n

−λ0
e ikλdλ+

∫ λ0

λ0− 1
2n

e ikλdλ

)

=2nσ2
∫ λ0

λ0− 1
2n

cos(kλ)dλ

(sin3'u�:é¡�«mÈ©�")

=2nσ2 cos(k(λ0 + αn)) ·
1

2n
(È©¥�½n)

=σ2 cos(kλ0 + kαn)

→σ2 cos(kλ0) = γk , n→∞

I Ù¥ê�{αn}÷vαn ∈ (− 1
2n , 0), n ∈ N+"
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λ0− 1
2n

e ikλdλ

)

=2nσ2
∫ λ0

λ0− 1
2n

cos(kλ)dλ

(sin3'u�:é¡�«mÈ©�")
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2n
(È©¥�½n)

=σ2 cos(kλ0 + kαn)
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I Ù¥ê�{αn}÷vαn ∈ (− 1
2n , 0), n ∈ N+"
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I �k2p��ÅCþξk , ηk , k = 1, . . . , p, ¤k2p�üü
��§÷v

Eξj = Eηj = 0, Eξ2j = Eη2j = σ2j (8.6)

I �λj ∈ (0, π], j = 1, . . . , p§½Â

Zt =

p∑
j=1

[ξj cos(λj t) + ηj sin(λj t)]

=

p∑
j=1

Aj cos(λj t − θj), t ∈ N+ (8.7)

I Ù;�Ly�kp�ªÇ¤©���Å¼ê"
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I {Zt}�"þ�²­�,

γk =

p∑
j=1

σ2j cos(kλj), k ∈ Z. (8.9)

I �¤kλj 6= π, ù�Ì¼ê�

F (λ) =

p∑
j=1

σ2j
2

[
I[−λj ,π](λ) + I[λj ,π](λ)

]
, λ ∈ [−π, π]

I dÌ¼êLy�3±λj?ka�
σ2
j

2 ��F¼ê§L²
Ì�Uþ8¥3ù2p�ªÇþ"
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I �ξj , ηk , (j , k = 1, 2, . . . )üü��§÷v

Eξj = Eηj = 0, Eξ2j = Eη2j = σ2j (8.6)

�

∞∑
j=1

σ2j <∞ (8.10)

I �λj ∈ (0, π], j = 1, 2, . . ."
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I ½Â

Zt =
∞∑
j=1

[ξj cos(λj t) + ηj sin(λj t)] t ∈ N+ (8.11)

I U��

Zt =
∞∑
j=1

[σj cos(tλj)(ξj/σj) + σj sin(tλj)(ηj/σj)] ,

(8.12)

I Ù¥{ξj/σj}Ú{ηj/σj}�WN(0, 1)§?ê¥|ÜXê²
��Úµ

∞∑
j=1

[
(σj cos(tλj))

2 + (σj sin(tλj))
2
]
=
∞∑
j=1

σ2j <∞

I ¤±?ê(8.12)�màþ�Âñ"
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I dL2¥SÈ�ëY5, é∀t, s ∈ Zk

E(Zt) =E(Zt · 1)

=
∞∑
j=1

E[ξj cos(λj t) + ηj sin(λj t)]

=0

E(ZtZs) = lim
n→∞

E
{ n∑

j=1

[ξj cos(λj t) + ηj sin(λj t)]

·
n∑

j=1

[ξj cos(λjs) + ηj sin(λjs)]
}

= lim
n→∞

n∑
j=1

σ2j cos[(t − s)λj ]

=
∞∑
j=1

σ2j cos[(t − s)λj ]
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I ¤±§d���{ülÑÌS�U\���S
�(8.11)´"þ�²­�"

I §d����uÅÚ{uÅU\�¤"

I kg���¼ê

γk =
∞∑
j=1

σ2j cos(kλj), k ∈ Z (8.13)

I Ì¼ê�

F (λ) =
∞∑
j=1

σ2j
2

[
I[−λj ,π](λ) + I[λj ,π](λ)

]
, λ ∈ [−π, π]

(8.14)

´��k���a�:��F¼ê§3±λjka
�σ2j /2§éAu[−π, π]���lÑÿÝ"

I XJ,�λj = π§§éF (λ)��zAT�¤
σj I{π}(λ)"
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NÚ�.

I ¦+lÑÌS�´�Å�§�§�z�g*ÿ´(½
�n�¼ê�\3�ê:þ���"

I ¢Só�¥�²~rù���.w���Å�§ù�

Zt =

p∑
j=1

Aj cos(λj t + θj), t ∈ Z

Ù¥Aj , θj��Å"

I ¡ù���.�NÚ�.(harmonic model)"
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