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I Ý
�ÅCþM = (Mi ,j)m×n.

I Ï"�z����Ï"µ

E(M) = (EMi ,j)m×n = (µij)m×n.

I eA,B´~�Ý
§AMBk¿Â§K

E(AMB) = A · E(M) · B

I �Å�þX = (X1,X2, . . . ,Xn)T . K���
�

ΣX = Var(X) = E[(X− µ)(X− µ)T ]

I ΣXé¡�K½(��½)"

I ΣX = E(XXT )− E(X)E(X)T .
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I e

Y = a + BX (4.4)

I Kk

EY = a + BEX, Var(Y) = BΣXB
T . (4.5)

I d(4.5), éY = αTX, k

0 ≤ Var(Y ) = Var(αTX) = αTVar(X)α
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I ¡�Å�þY = (Y1,Y2, · · · ,Ym)T Ñlm�(½õ
�)��©Ù, XJ�3m �~ê��þµ, m × n ~ê
Ý
B Úiid�IO���ÅCþX1,X2, . . . ,Xn ¦
�Y = µ + BX.

I �¡�õ���©Ù"

I ù�EY = µ, Σ = Var(Y) = BBT .
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(
e itXi

)
= e−t

2/2
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φX(t) =Ee it
TX = E
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2
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T t/2

(Ù¥t = (t1, t2, . . . , tn)T")
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I u´Y�A�¼ê�

φY(t) =Ee it
TY

=Ee i(t
Tµ+tTBX)

=e it
TµEe i(t

TB)X

=e it
Tµe−i(t

TB)(tTB)T /2

(5¿Ee is
TX = e−s

T s/2,-sT = (tTB))

= exp

[
itTµ− 1

2
tTBBT t

]
= exp

[
itTµ− 1

2
tTΣt

]
. (4.6)
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p(y) = (2π)−
n
2 |Σ|−

1
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−1

2
(y − µ)TΣ−1(y − µ)
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I e|Σ| = 0§KY�©þdüÜ©Y1ÚY2|
¤§Var(Y1) > 0§Y2�Y1��5|Ü"(4íy²)
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I ½½½nnn4.1 ξ = (ξ1, ξ2, ..ξn)T ∼ N(µ,Σ) �¿©7�^
�´:
é?Ûa = (a1, a2, · · · , an)T ∈ Rn

Y = aTξ ∼ N(aTµ, aTΣa). (4.7)
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)
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=ξ�A�¼ê�(4.6), u´ξÑlõ���©Ù"
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Út1, t2, · · · , tn ∈ Z, k
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|aj |σ → 0(n→∞)
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½½½nnn5.1 XJ{Xt}´î²H{S�, KkXe�(J:

1. r�êÆ: XJE |X1| <∞ K

lim
n→∞

1

n

n∑
t=1

Xt = EX1, a.s..

2. é?Ûõ�¼êφ(x1, x2, · · · , xm),

Yt = φ(Xt+1,Xt+2, · · · ,Xt+m)

´î²H{S�.
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I ½n5.2 XJ{εt}´ÕáÓ©Ù�WN(0, σ2), ¢ê
�{aj}²��Ú, K�5²S�

Xt =
∞∑

j=−∞
ajεt−j , t ∈ Z,

´î²H{�"

I ù`²3ÕáxD(^�e�5²�÷vî²H
{^�"
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I ~5.1 éî²S�{Xt} , ½Âî²S�

Yt =I [X (t + t1) ≤ y1,X (t + t2) ≤ y2, · · · ,X (t + tm) ≤ ym],

t ∈ Z.

I ùpI [A]´¯�A�«5¼ê.

I XJ{Xt}´H{�, d½n5.1 �(2)��{Yt}�´H
{�, ¿�k..

I |^½n5.1 �(1)(r�êÆ)��

lim
n→∞

1

n

n∑
t=1

Yt = EY0

=P(X (t1) ≤ y1,X (t2) ≤ y2, · · · ,X (tm) ≤ ym), a.s..

I ù�~f`², 3A�7,�¿Âe, {Xt}�z�g*
ÿÑ�±û½{Xt}�k��©Ù.
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²��Ñ��5�m

I �{Xt}´²S�"-

L2(X ) =


k∑

j=1

ajX (tj)|aj ∈ R, tj ∈ Z, 1 ≤ j ≤ k , k ∈ N+


I ∀X ,Y ,Z ∈ L2(X ), a, b ∈ Rk

1. X +Y = Y +X ∈ L2(X ), (X +Y ) +Z = X + (Y +Z );
2. 0 ∈ L2(X ), X + 0 = X , X + (−X ) = 0 ∈ L2(X );
3. a(X + Y ) = aX + aY ∈ L2(X ), (a + b)X = aX + bX ,

a(bX ) = (ab)X .

I =L2(X )´���5�m"
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L2(X )�SÈ

I ½Â〈X ,Y 〉 = E (XY )§

I K

〈X ,Y 〉 = 〈Y ,X 〉
〈aX + bY ,Z 〉 = a〈X ,Z 〉+ b〈Y ,Z 〉

I 〈X ,X 〉 ≥ 0, ¿�〈X ,X 〉 = 0��=�X = 0 , a.s., ¤
±L2(X ) q´SÈ�m.

I SÈkSchwarzØ�ª(SK6.2)

| < X ,Y > | ≤ [< X ,X >< Y ,Y >]1/2

I �·��I�éÃ¡�5|Ü�µ45"I�4��
Vg"
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L2

→ ξ0.
I (2) XJ�n, m→∞�, ‖ξn − ξm‖ → 0, K
¡{ξn}´L2¥�Ä��½Cauchy�.
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I ���SÈ�m: z�Ä��Ñk4�3�mS�S
È�m"q¡Hilbert�m"

I L2´Hilbert�m"

I ^L̄2(X )L«L2¥�¹L2(X )���4f�m§K
L̄2(X ) ´Hilbert�m§¡�d²S�{Xt})¤
�Hilbert�m"
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J‖ξn − ξ‖ → 0, ‖ηn − η‖ → 0 Kk

(1) ‖ξn‖ → ‖ξ‖,
(2) 〈ξn, ηn〉 → 〈ξ, η〉.

I 5¿µd(2)�,k

〈ξn, η〉 → 〈ξ, η〉
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½n6.2y²

(1) | ‖ξn‖ − ‖ξ‖ |
≤‖ξn − ξ‖ → 0 (n→∞)

(2) |〈ξn, ηn〉 − 〈ξ, η〉|
=|〈ξn, ηn − η〉+ 〈ξn − ξ, η〉|
≤|〈ξn, ηn − η〉|+ |〈ξn − ξ, η〉|
≤‖ξn‖ · ‖ηn − η‖+ ‖ξn − ξ‖ · ‖η‖
→0 (n→∞)
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I Rn´�5�m§½ÂSÈ〈a,b〉 = aTb K�SÈ�
m"

I Rn´���SÈ�m"

I |a| =
√
aTa �î¼�"

I k��µdn���£n��þ¤|¤Ä"
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I d~6.1��ka ∈ Rn ¦�
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I ��{Xt}´IOxD(WN(0, 1)�Ln ´���.
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Ln���5y²(Y)
I é���"þ�²S�, �±����

Γ = E(XXT )��´m, m ≤ n.

I éΓ�A��©)�

Γ =PTΛP

Λ =diag{λ1, . . . , λm, 0, . . . , 0}
I -

A =diag{λ−1/21 , . . . , λ
−1/2
m , 1, . . . , 1} 4= Λ−1/2

Y =APX, X = PTA−1Y

I K

Var(Y) =APVar(X)PTA = APPTΛPPTA

=diag{1, . . . , 1, 0, . . . , 0}
I ÏdY1, . . . ,Ym´,"þ�xD(��,ã"X��5
|Ü=Y1, . . . ,Ym��5|Ü"

I ÏdLn´���"
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L2¿Âe��5S�

I �ÄL2¥�"þ�xD(�{εt}, �Var(εt) = σ2.

I �{aj} ∈ l2.

I -

ξn(t) =
n∑

j=−n
ajεt−j , t ∈ Z

I Kξn(t) ∈ L2"ém < n§�m→∞�

‖ξn − ξm‖2 =‖
∑

m<|j |≤n

ajεt−j‖2

=σ2
∑

m<|j |≤n

a2j ≤ σ2
∑
|j |>m

a2j → 0

I dL2��5��3Xt ∈ L2¦�ξn(t)
m.s.→ Xt"
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Xt =
∞∑

j=−∞
ajεt−j , t ∈ Z

I 5y²{Xt}²"dL2¥SÈëY5�

EXt = lim
n→∞
〈ξn(t), 1〉 = lim

n
Eξn(t) = 0

I ±9

EXtXt+k = lim
n
〈ξn(t), ξn(t + k)〉

= lim
n
〈

n∑
j=−n

ajεt−j ,
n∑

l=−n
alεt+k−l〉

= lim
n

n∑
j=−n

n∑
l=−n

ajalδk−l+jσ
2

=σ2
∞∑

j=−∞
ajaj+k (6.6)
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I �Y ∼ U[−π, π]"

I ½Â

εn = e inY , n ∈ Z.

I K

Eεn =δn

E(εnε̄m) =
1

2π

∫ π

−π
e i(n−m)y dy

=δn−m
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=

1

2π

∫ π

−π

 ∞∑
j=−∞

aje
i(n−j)y
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