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I ±Ïã´�OÌ�Ý�Ä:"

I é"þ�²S��*ÿx1, x2, . . . , xN§P

x̄ =
1

N

∑
xk ,

γ̂k =
1

N

N−k∑
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(xt − x̄)(xt+k − x̄),
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2π
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γ̂ke
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JN(λ) =
1

2πN

∣∣∣∣∣
N∑

k=1

(xk − x̄)e−ikλ

∣∣∣∣∣
2

, λ ∈ [−π, π]

I ÚÚÚnnn2.1

f̃ (λ) = JN(λ).

I y² Pyt = (xt − x̄)e−itλ, t = 1, 2, . . . ,N, ^1L«�
�Ñ´1�N��þ"
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I K

JN(λ) =
1

2πN

N∑
j=1

N∑
k=1

(xk − x̄)(xj − x̄)e−i(k−j)λ

=
1

2πN

N∑
j=1

N∑
k=1

yk ȳj

=
1

2πN
1T


y1ȳ1 y1ȳ2 · · · y1ȳN
y2ȳ1 y2ȳ2 · · · y2ȳN

...
...

...
yN ȳ1 yN ȳ2 · · · yN ȳN

1

=
1

2π
(γ̂0 + γ̂1e

iλ + · · ·+ γ̂N−1e
i(N−1)λ

+ γ̂1e
−iλ + · · ·+ γ̂N−1e

−i(N−1)λ)

=f̃ (λ)
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I FourierªÇ:

λj =
2πj

N
, j = 1, 2, . . . ,N − 1.

I P

IN(λ) =
1

2πN

∣∣∣∣∣
N∑

k=1

xke
−ikλ

∣∣∣∣∣
2

,

I du

N∑
k=1

e−ikλ =
1− e−iNλ

1− e−iλ
e−iλ

Úe−iNλj = e−i2πj = 1�
∑N

k=1 e
−ikλj = 0"

I ¤±3FourierªÇ:þ

IN(λj) = JN(λj), j = 1, 2, . . . ,N − 1.
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I ½½½ÂÂÂ2.1 IN(λ)¡�*ÿêâ�±Ïã"

I ½½½nnn2.1 éu"þ��mS��*ÿ�x1, x2, . . . , xN§
e½Â

γ̂±k =
1

N

N−k∑
t=1

xtxt+k , k = 0, 1, . . . ,N − 1 (2.7)

K

IN(λ) =
1

2π

N−1∑
k=−N+1

γ̂ke
−ikλ, λ ∈ [−π, π]. (2.8)
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±Ïã�5�

I ½½½nnn2.3(±±±ÏÏÏããã���ìììCCCÃÃÃ   555) XJ"þ�²S
�{Xt}�g���¼êýé�Ú:

∑∞
k=1 |γk | <∞,

KIN(λ) ´Ì�Ýf (λ)�ìCÃ �O:

EIN(λ)→ f (λ), N →∞.
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I y²

EIN(λ) =
1

2π

N−1∑
k=−N+1

E γ̂ke
−ikλ (ùpγ̂kU(2.7)½Â)

=
1

2π

N−1∑
k=−N+1

N − |k|
N

γke
−ikλ

=
1

2π

N−1∑
k=−N+1

γke
−ikλ − 1

2πN

N−1∑
k=−N+1

|k |γke−ikλ

→ 1

2π

∞∑
k=−∞

γke
−ikλ

(dKroneckerÚn9{γk}ýé�Ú����ªu")

=f (λ) (d½n2.3.1)
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I IN(λ)Ø´f (λ)��Ü�O:

I ½½½nnn2.4 �{εt}´ÕáÓ©Ù�WN(0, σ2), ¢ê
�{cj}÷v

∑∞
j=0 j |cj | <∞, �5²�

Xt =
∞∑
j=0

cjεt−j (2.9)

IN(λ)�X1,X2, . . . ,XN�±Ïã§f (λ)�{Xt}�Ì�
Ý§K

lim sup
N→∞

1

ln lnN
IN(λ) =

{
f (λ), λ 6= 0, π

2f (λ), λ = 0, π,
a.s., (2.10)

I ½n`²|IN(λ)− f (λ)|Øªu""
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I ~~~2.1 {Xt}�IO��xD("
I f (λ) = 1

2π"

I 1√
N

∑N
j=1 Xj ∼ N(0, 1).

I IN(0) = 1
2π

(
1√
N

∑N
j=1 Xj

)2
�χ2

1©Ù�
1
2π�, �NÃ

'"

I ±Ïã��Ø´Ì�Ý��Ü�O, Ï�¦^
¤k
�γ̂k , Ù¥k�CuN − 1�γ̂k �O �é�:

E γ̂k − γk =
N − k

N
γk − γk = − k

N
γk .
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I ~�¦^�γ̂k�±Uõ�O§¡��ä±Ïã:

f̂ (λ) =
1

2π

N1∑
k=−N1

γ̂ke
−ikλ (2.11)

(N1 < N − 1)

I �ü«µ±Ïã~2.2(AR(2)S��±ÏãÚ�ä±Ï
ã)"
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I �Ñ±ÏãØ�Ü5�²;�{´\IÌ�O"

I -

f̂ (λ) =
1

2π

N−1∑
k=−N+1

λN(k)γ̂ke
−ikλ (3.1)

I Ù¥λN(k)´|k |�~¼ê§¡��I, ¡f̂ (λ)�\�I
IÌ�O§{¡\IÌ�O"
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~3.1

I ��I�

λN(k) =

{
1, |k | ≤

√
N

0, |k | >
√
N

I =��ä±Ïã�O"
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~3.2

I MA(q)S�"KÌ�Ý�

f (λ) =
1

2π

q∑
k=−q

γke
−ikλ.

I �M ≥ q§�I

λN(k) =

{
1, |k| ≤ M

0, |k| > M
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f̂ (λ) =
1

2π

M∑
k=−M

γ̂ke
−ikλ.

I XJ{εt}´ÕáxD(§KN →∞�γ̂k → γk , a.s., k

lim
N→∞

f̂ (λ) =
1

2π

M∑
k=−M

γke
−ikλ

=
1

2π

q∑
k=−q

γke
−ikλ = f (λ), a.s.

I \I�f̂ (λ)�f (λ)�r�Ü�O"

I �ü«µ~3.2£MA(2)�äIÌ�O¤"
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I �ü«µ~3.2£MA(2)�äIÌ�O¤"
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ÌI

I d

IN(λ) =
1

2πN

∣∣∣∣∣
N∑

k=1

xke
−ikλ

∣∣∣∣∣
2

=
1

2π

N−1∑
k=−N+1

γ̂ke
−ikλ

I ¤±

γ̂k =

∫ π

−π
IN(s)e iksds, |k | ≤ N − 1. (3.3)

(γ̂k�Ø~�þ��O�úª)
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=
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Ù¥

WN(λ)
4
=

1

2π

N−1∑
k=−N+1

λN(k)e ikλ
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I ½½½ÂÂÂ3.1 �WN(λ)�÷v�½�¦��¼ê§

f̂ (λ) =

∫ π

−π
IN(s)WN(λ− s)ds (3.4)

¡�f (λ)�\ÌIÌ�O§{¡�\IÌ�O"�¼
êWN(λ)¡�ÌI"

I \ÌI�Ì�O´é±Ïã^���¼ê�òÈ§
�WN(·)�ó¼ê§30:�p�¨/�§K\ÌI
Ì�O´é±Ïã�ÛÜ1w§�±�Ñ±Ïã�Ø
�Ü5"

I �*�{´���δ > 0-WN(λ) = 1
2δ I[λ−δ,λ+δ],

f̂ (λ) = 1
2δ

∫ λ+δ
λ−δ IN(s)ds"

I ����WN(λ)´Ù§�ÛÜ\�²þ�{"
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I �IλN(k)ÚÌIWN(λ)�'X�

WN(λ) =
1

2π

N−1∑
k=−N+1

λN(k)e ikλ

λN(k) =

∫ π

−π
WN(s)e iksds.
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I
∫ π
−πWN(λ)dλ = 1 (�duλN(0) = 1)"

I
∫ π
−πW

2
N(λ)dλ <∞;

I ∀ε > 0, N →∞�sup|λ|>εWN(λ)→ 0; (=N →∞�
ÌI�Xλ = 0?8¥)

I é¡5: WN(−λ) = WN(λ);

I é?Û�êA§�N →∞�§

max
|µ|≤A/N

∣∣∣∣∣
∫ π
−πWN(λ)WN(µ+ λ)dλ∫ π

−πW
2
N(λ)dλ

− 1

∣∣∣∣∣→ 0.

(�¦ÌI�N →∞Ø�CÄ�¯)
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~^ÌIÚ�I—�äI
I �MN = o(N), MN →∞, 'XMN = A[

√
N], A�

�1�3�m"
I �äI:

λN(k) =

{
1, |k| ≤ MN

0, |k| > MN .

I

f̂ (λ) =
1

2π

∑
|k|≤MN

γ̂ke
−ikλ

I

WN(λ) =
1

2π

∑
|k|≤MN

e−ikλ

=
1

2π

sin[(2Mn + 1)λ/2]

sin(λ/2)

4
=

1

2π
D2MN+1(λ)

DK (λ)¡�DirichletØ"§k�kK"
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BartlettI

I

λN(k) =

{
1− |k|

MN
, |k | ≤ MN

0, |k | > MN

I

WN(λ) =
1

2π

∑
|k|≤MN

(
1− |k |

MN

)
e−ikλ

=
1

2πMN

(
sin(MNλ/2)

sin(λ/2)

)2
4
= FMN

(λ)

I FMN
(λ)¡�FejerØ"´��K�"
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DaniellI

I

WN(λ) =

{
MN
2π , |λ| ≤

π
MN
,

0, |λ| > π
MN
.

I

f̂ (λ) =
MN

2π

∫ λ+ π
MN

λ− π
MN

IN(s)ds

´IN(s)3[λ− π
MN
, λ+ π

MN
] �²þ"

I

λN(k) = sin
kπ

MN
/
kπ

MN
.
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I a ∈ (0, 0.25]. a = 0.25¡
�Tukey-HanningI§a = 0.23¡
�Tukey-HammingI"

λN(k) =

{
1− 2a + 2a cos kπ

MN
, |k | ≤ MN ,

0, |k | > MN .

I

WN(λ) =aD(λ− π

MN
) + (1− 2a)D(λ) + aD(λ+

π

MN
),

D(λ)
4
=

sin[(2MN + 1)λ/2]

2π sin(λ/2)

I ÌIkK�"
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ParzenI

I

λN(k) =


1− 6(k/MN)2 + 6(|k |/MN)3, |k | ≤ MN/2,

2(1− |k |/MN)3, MN/2 < k ≤ MN ,

0, |k | > MN .

I

WN(λ) =
3

8πM3
N

(
sin(MNλ/4)

sin(λ/2)/2

)4(
1− 2

3
sin2 λ

2

)
.

I ÌI�K"

I ParzenI3ùA�\IÌ�O¥�O����"



A^�mS�©Û
�§0�

ÌùP�µRaR

���ÄuoÀº
P���?U

²S��±Ïã

\IÌ�O

\IÌ�O�'�

ParzenI

I

λN(k) =


1− 6(k/MN)2 + 6(|k |/MN)3, |k | ≤ MN/2,

2(1− |k |/MN)3, MN/2 < k ≤ MN ,

0, |k | > MN .

I

WN(λ) =
3

8πM3
N

(
sin(MNλ/4)

sin(λ/2)/2

)4(
1− 2

3
sin2 λ

2

)
.

I ÌI�K"

I ParzenI3ùA�\IÌ�O¥�O����"



A^�mS�©Û
�§0�

ÌùP�µRaR

���ÄuoÀº
P���?U

²S��±Ïã

\IÌ�O

\IÌ�O�'�

ParzenI

I

λN(k) =


1− 6(k/MN)2 + 6(|k |/MN)3, |k | ≤ MN/2,

2(1− |k |/MN)3, MN/2 < k ≤ MN ,

0, |k | > MN .

I

WN(λ) =
3

8πM3
N

(
sin(MNλ/4)

sin(λ/2)/2

)4(
1− 2

3
sin2 λ

2

)
.

I ÌI�K"

I ParzenI3ùA�\IÌ�O¥�O����"



A^�mS�©Û
�§0�

ÌùP�µRaR

���ÄuoÀº
P���?U

²S��±Ïã

\IÌ�O

\IÌ�O�'�

ParzenI

I

λN(k) =


1− 6(k/MN)2 + 6(|k |/MN)3, |k | ≤ MN/2,

2(1− |k |/MN)3, MN/2 < k ≤ MN ,

0, |k | > MN .

I

WN(λ) =
3

8πM3
N

(
sin(MNλ/4)

sin(λ/2)/2

)4(
1− 2

3
sin2 λ

2

)
.

I ÌI�K"

I ParzenI3ùA�\IÌ�O¥�O����"



A^�mS�©Û
�§0�

ÌùP�µRaR

���ÄuoÀº
P���?U

²S��±Ïã

\IÌ�O

\IÌ�O�'�

Bartlett-PriestleyI

I

WN(λ) =

{
3MN
4π [1− (MNλ/π)2], |λ| ≤ π/MN

0, |λ| > π/MN

´�g¼ê"

I

λN(k) =


3M2

N

(πk)2

[
sin(πk/MN )
πk/MN

− cos(πk/MN)
]
, 0 < |k| ≤ MN ,

1, k = 0,

0, |k | > MN



A^�mS�©Û
�§0�

ÌùP�µRaR

���ÄuoÀº
P���?U

²S��±Ïã

\IÌ�O

\IÌ�O�'�

Bartlett-PriestleyI

I

WN(λ) =

{
3MN
4π [1− (MNλ/π)2], |λ| ≤ π/MN

0, |λ| > π/MN

´�g¼ê"

I

λN(k) =


3M2

N

(πk)2

[
sin(πk/MN )
πk/MN

− cos(πk/MN)
]
, 0 < |k| ≤ MN ,

1, k = 0,

0, |k | > MN



A^�mS�©Û
�§0�

ÌùP�µRaR

���ÄuoÀº
P���?U

²S��±Ïã

\IÌ�O

\IÌ�O�'�

���'�

I ½½½nnn4.1 �{Xt}´²��S�§këY���Ì�
Ýf (λ)§ÌI¼êWN(λ)÷v§8.3 ¥�^�(1)—(5)"

\IÌ�Of̂ (λ)d(3.4)½Â"KkXe(J:

(1) f̂ (λ)´f (λ)�ìCÃ �O"
(2) f̂ (λ)´f (λ)�þ��Ü�O"
(3) �N¿©��§k

Var(f̂ (λ)) ≈

{
MN

N f (λ)2K 2, λ 6= 0,±π,
2MN

N f (λ)2K 2, λ = 0,±π,

K 2 =
2π

MN

∫ π

−π
W 2

N(λ)dλ.

I �,~�MN¬~���§�´�UO\ �§ü$
©EÇ"



A^�mS�©Û
�§0�

ÌùP�µRaR

���ÄuoÀº
P���?U

²S��±Ïã

\IÌ�O

\IÌ�O�'�

���'�

I ½½½nnn4.1 �{Xt}´²��S�§këY���Ì�
Ýf (λ)§ÌI¼êWN(λ)÷v§8.3 ¥�^�(1)—(5)"

\IÌ�Of̂ (λ)d(3.4)½Â"KkXe(J:

(1) f̂ (λ)´f (λ)�ìCÃ �O"
(2) f̂ (λ)´f (λ)�þ��Ü�O"
(3) �N¿©��§k

Var(f̂ (λ)) ≈

{
MN

N f (λ)2K 2, λ 6= 0,±π,
2MN

N f (λ)2K 2, λ = 0,±π,

K 2 =
2π

MN

∫ π

−π
W 2

N(λ)dλ.

I �,~�MN¬~���§�´�UO\ �§ü$
©EÇ"



A^�mS�©Û
�§0�

ÌùP�µRaR

���ÄuoÀº
P���?U

²S��±Ïã

\IÌ�O

\IÌ�O�'�

���'�

I ½½½nnn4.1 �{Xt}´²��S�§këY���Ì�
Ýf (λ)§ÌI¼êWN(λ)÷v§8.3 ¥�^�(1)—(5)"

\IÌ�Of̂ (λ)d(3.4)½Â"KkXe(J:

(1) f̂ (λ)´f (λ)�ìCÃ �O"
(2) f̂ (λ)´f (λ)�þ��Ü�O"
(3) �N¿©��§k

Var(f̂ (λ)) ≈

{
MN

N f (λ)2K 2, λ 6= 0,±π,
2MN

N f (λ)2K 2, λ = 0,±π,

K 2 =
2π

MN

∫ π

−π
W 2

N(λ)dλ.

I �,~�MN¬~���§�´�UO\ �§ü$
©EÇ"



A^�mS�©Û
�§0�

ÌùP�µRaR

���ÄuoÀº
P���?U

²S��±Ïã

\IÌ�O

\IÌ�O�'�

���'�

I ½½½nnn4.1 �{Xt}´²��S�§këY���Ì�
Ýf (λ)§ÌI¼êWN(λ)÷v§8.3 ¥�^�(1)—(5)"

\IÌ�Of̂ (λ)d(3.4)½Â"KkXe(J:

(1) f̂ (λ)´f (λ)�ìCÃ �O"
(2) f̂ (λ)´f (λ)�þ��Ü�O"
(3) �N¿©��§k

Var(f̂ (λ)) ≈

{
MN

N f (λ)2K 2, λ 6= 0,±π,
2MN

N f (λ)2K 2, λ = 0,±π,

K 2 =
2π

MN

∫ π

−π
W 2

N(λ)dλ.

I �,~�MN¬~���§�´�UO\ �§ü$
©EÇ"



A^�mS�©Û
�§0�

ÌùP�µRaR

���ÄuoÀº
P���?U

²S��±Ïã

\IÌ�O

\IÌ�O�'�

���'�

I ½½½nnn4.1 �{Xt}´²��S�§këY���Ì�
Ýf (λ)§ÌI¼êWN(λ)÷v§8.3 ¥�^�(1)—(5)"

\IÌ�Of̂ (λ)d(3.4)½Â"KkXe(J:

(1) f̂ (λ)´f (λ)�ìCÃ �O"
(2) f̂ (λ)´f (λ)�þ��Ü�O"
(3) �N¿©��§k

Var(f̂ (λ)) ≈

{
MN

N f (λ)2K 2, λ 6= 0,±π,
2MN

N f (λ)2K 2, λ = 0,±π,

K 2 =
2π

MN

∫ π

−π
W 2

N(λ)dλ.

I �,~�MN¬~���§�´�UO\ �§ü$
©EÇ"



A^�mS�©Û
�§0�

ÌùP�µRaR

���ÄuoÀº
P���?U

²S��±Ïã

\IÌ�O

\IÌ�O�'�

�ÌI��'�
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�äI 2.0000
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~4.1(©EÇ)

I ~4.1 �ÄAR(4)�.

Xt =a1Xt−1 + a2Xt−2 + a3Xt−3 + a4Xt−4 + ε, t ∈ Z

Ù¥

{εt} ∼WN(0, 4),

a =(−0.9337,−1.4599,−0.7528,−0.6355)T

I A�õ�ªküé�ÝE�

1.115e±1.5i , 1.125e±2.2i

I Ì�Ýf (λ)3λ = 1.5, 2.2?k²w¸�§ål
�2.2− 1.5 = 0.7"(�ü«ã/)
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I �Ä^DaniellÌI�Ì�Oµ

WN(λ) =

{
MN/(2π) |λ| ≤ π/MN

0 |λ| > π/MN

MN��§ÌI�Ä"

I \IÌ�O�

f̂ (λ) =
MN

2π

∫ λ+π/MN

λ−π/MN

IN(s)ds

I d±Ïã�ìCÃ 5

E f̂ (λ) ≈MN

2π

∫ λ+π/MN

λ−π/MN

f (s)ds

I ¤±E f̂ (λ)´f (s)3λ����
[λ− π/MN , λ+ π/MN ] þ�Cq²þ"XJù���
��°(MN��)§Ò¬rü�¸·3�å"
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I ���°°° : �Ì�Ýf (λ)ëY§3λ0?k��²w�¸
�§XJkω1 < λ0 < ω2 ¦�

f (ω1) =f (ω2) =
1

2
f (λ0), (4.3)

f (λ) >
1

2
f (λ0), �λ ∈ (ω1, ω2),

K¡ω2 − ω1�f (λ)3λ0?��°"

I ef (λ)3λ0?k��²w�$�§XJ
kω1 < λ0 < ω2 ¦�

f (ω1) =f (ω2) = 2f (λ0),

f (λ) <2f (λ0), �λ ∈ (ω1, ω2),

K¡ω2 − ω1�f (λ)3λ0?��°"
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âU©EÑÌ�Ý�¸��¹"

I ���õõõÇÇÇ���°°° BHP = 2θ1§θ1d

WN(θ1) =
1

2
WN(0).

ù«ÌI�°½Â�(4.3)�Ì�Ý�°½Â´��
�"

I Parzen���°°° BP = 1/WN(0).

I Jenkin���°°°

BJ =
2π∑

|k|≤N−1 λ
2
N(k)

.

I O\MN�±~�ÌI�I°lJp©EÇ§�´
¬O���"

I ~4.3 DaniellIØÓI°��©EÇü«"
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