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I �ÄMA(1)

Xt = εt + bεt−1, t = 1, 2, . . .

Ù¥|b| < 1"
I γ0 = EX 2

t = σ2(1 + b2), γ1 = σ2b.
I ρ1 = b

1+b2
, 'ub��§�

ρ1b
2 − b + ρ1 = 0

I �|ρ1| ≤ 0.5�bâk¢):

b =
1−

√
1− 4ρ21

2ρ1

(,��)¦|b| > 1§�ï)
I ^ρ̂1 = γ̂1/γ̂0�OnØ���b�Ý�O

b̂ =
1−

√
1− 4ρ̂21

2ρ̂1
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I XJ{εt}´ÕáÓ©Ù�xD(, d§4.2 ½n2.1 �
�ρ̂1´ρ1�r�Ü�O: limN→∞ ρ̂1 = ρ1 , a.s., u´

I

lim
N→∞

b̂ =
1−

√
1− 4ρ21

2ρ1
= b, a.s.,

I ¤±b̂´b�r�Ü�O.

I ¢Sþ|^§4.2 ½n2.2 ��±y², �N →∞�,√
N(b̂ − b) �©ÙÂñ���©Ù([27]).

N

(
0,

1 + b2 + b4 + b6 + b8

(1− b2)2

)
.
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I �Ä�_MA(q)�.:

Xt = εt +

q∑
j=1

bjεt−j , t ∈ Z, (2.2)

{εt} ∼WN(0, σ2), Xê÷v�_^�µ

B(z) = 1 +

q∑
j=1

bjz
j 6= 0, |z | ≤ 1, (2.3)

I b½q®�§�Ob = (b1, . . . , bq)TÚσ2"
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I ëê�g���¼ê'X�

γk = σ2(b0bk + b1bk+1 + · · ·+ bq−kbq), 0 ≤ k ≤ q.
(2.4)

(Ù¥b0 = 1)

I l���OÑγ̂0, γ̂1, . . . , γ̂q�§�±^)��5�§
|��{¦)bÚσ2§�ØU�y)��§�ØU�
y�_5^�"

I ¦)�{�)�5S��{ÚNewton-RaphsonS��
{"
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I ��±�â§3.1 CO�Ý�O"dMA(q)�qÚ��
5§�½Â

γ̃k =

{
γ̂k , 0 ≤ k ≤ q,

0, k > q,

^{γ̃k}��{γk}��O�\§3.1C �O�úª"

I ½½½nnn2.1 XJ�.(2.2)¥�{εt}´ÕáÓ©Ù
�WN(0, σ2), KA�7,/�N¿©��d(2.6)O�
�b̂1, b̂2, . . . , b̂q÷v�_^�(2.3).
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−ikλ

→f (λ) =
1

2π

q∑
k=−q

γke
−ikλ, a.s., � N →∞

3[−π, π]þ��¤á. u´�N¿©��f̂ (λ)ð�. |
^§3.1�Ún1.2��k���(b′1, b

′
2, . . . , b

′
q)÷v�_5

^�(2.3), ¿�¦�

f̂ (λ) =
σ20
2π
|1 +

q∑
j=1

b′je
−ijλ|2

´

Yt = et +

q∑
j=1

b′jet−j , {et} ∼WN(0, σ20)

�Ì�Ý. ù�, γ̃k = E (YtYt+k). 2|^§3.1�C��

(b̂1, b̂2, . . . , b̂q) = (b′1, b
′
2, · · · , b′q).
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1 +
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j 6= 0, |z | ≤ 1

�¿©^�´
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I ½½½ÂÂÂ: �²S�{Xt}kð��Ì�Ýf (λ).Ï~¡

fy (λ) =
1

4π2f (λ)
. (2.7)

�{Xt}�_Ì�Ý. ¡

γy (k)
4
=

∫ π

−π
e ikλfy (λ) dλ

�{Xt}�_�'¼ê½_g�'¼ê.
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|B(e iλ)|−2 (2.8)

fy�XeAR(q)S��Ì�Ý

Yt = −
q∑

j=1

bjYt−j + et , t ∈ Z (2.9)

Ù¥{et} ∼WN(0, σ−2)"
I {Yt}�g���¼ê

γy (k) =

∫ π

−π
e ikλfy (λ) dλ, k = 0, 1, 2, . . . (2.10)

´{Xt}�_�'¼ê"
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êb1, . . . , bqÚσ

−2§l��MA(q) S�{Xt}�ëê
�O§�Xê÷v�_5^�"

I ÚÚÚnnn2.2 XJ(a1, a2, . . . , ap) Úσ2©O´AR(p)�.

Xt =

p∑
j=1

ajXt−j + εt , t ∈ Z,

�g£8XêÚxD({εt}���, K{Xt}�_�'
¼ê�

γy (k) =

{
1
σ2

∑p−k
j=0 ajaj+k , 0 ≤ k ≤ p, a0

4
= −1,

0, k > p.
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f (λ) =
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2π
|A(e iλ)|−2, Ù¥ A(z) = 1−

p∑
j=1

ajz
j ,

Ú_Ì�Ý

fy (λ) =
1

4π2f (λ)
=

1

2πσ2
|A(e iλ)|2,

u´k_�'¼ê

γy (k) =

∫ π

−π
e ikλfy (λ)dλ =

{
1
σ2

∑p−k
j=0 ajaj+k , 0 ≤ k ≤ p,

0, k > p.
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Xt −
∞∑
j=1

ajXt−j = εt , t = 1, 2, .., (2.13)

ùp�£8Xê{aj} d1/B(z) 3ü �S�Taylor?ê
û½:

1

B(z)
= 1−

∞∑
j=1

ajz
j , |z | ≤ 1.

I du�j →∞, aj´±K�ê�Âñ�0�, ¤±é���
��êp �±òÃ¡�g£8�.(2.13)�¤Cq��
�(p�)g£8�/ª

Xt ≈
p∑

j=1

ajXt−j + εt , t = 1, 2, .., (2.14)

I |^Ún2.2 ��{Xt}�_�'¼êγy (k)÷v

γy (k) ≈ 1

σ2

p−k∑
j=0

ajaj+k , 0 ≤ k ≤ q, a0
4
= −1. (2.15)
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I ^��x1, x2, . . . , xNO�_�'¼
êγ̂y (k)Úb̂1, . . . , b̂q, σ̂

2��{Xe"
1. Äk|^{xt}���g���¼êγ̂kïá�
�AR(pN)�., ùppN�±´AR�.�AIC½�, ��
±��K ln(N)��êÜ©, K´���ê.

2. ép ≡ pN)��Yule-Walker�§(1.3),(1.4), ���
�Yule-Walker Xê

(âp,1, âp,2, . . . , âp,p) Ú σ̂2
p.

3. O���_�'¼ê

γ̂y (k) =
1

σ̂2
p

p−k∑
j=0

âp,j âp,j+k , k = 0, 1, 2, . . . , q, âp,0
4
= −1.

4. |^��Yule-Walker �§(2.11) Ú(2.12) O�
ÑMA(q)Xê��Ob̂q = (b̂1, b̂2, .., b̂q)T Úσ̂2.

I ù«�{´^����g£85Cq{Xt}§g£8S
��_g�'¼êéN´O�§ù���_�'¼
ê"
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I éMA(q)S�{Xt}þã#Eý�úª¥θt,j = 0,
ét ≥ q, j > q§#Eý�úªC¤

X̂t+1 =
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j=1

θt,j ε̂t+1−j , t ≥ q (2.16)
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I u´t���

Xt =εt + b1εt−1 + · · ·+ bqεt−q

≈ε̂t + b1ε̂t−1 + · · ·+ bq ε̂t−q

=Xt − X̂t + b1ε̂t−1 + · · ·+ bq ε̂t−q

`²

X̂t ≈ b1ε̂t−1 + · · ·+ bq ε̂t−q

I þª�(2.16)�#Eý�úª'����t����±
^b̂j = θt,j�Obj§^νt�Oσ

2"ù«�O¡�#E�O"
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(b̂1, b̂2, . . . , b̂q) = (θ̂m,1, θ̂m,2, . . . , θ̂m,q), σ̂2 = ν̂m.
(2.17)

de¡�#Eý�4íúª��.
ν̂0 = γ̂0,

θ̂n,n−k = ν̂−1k [γ̂n−k −
∑k−1

j=0 θ̂k,k−j θ̂n,n−j ν̂j ], 0 ≤ k ≤ n − 1,

ν̂n = γ̂0 −
∑n−1

j=0 θ̂
2
n,n−j ν̂j , 1 ≤ n ≤ m,

(2.18)

Ù¥
∑−1

j=0(·) 4= 0.
I 4ígS´

ν̂0; θ̂1,1, ν̂1; θ̂2,2, θ̂2,1, ν̂2; θ̂3,3, θ̂3,2, θ̂3,1, ν̂3; · · · .
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A(B)Xt = B(B)εt , t ∈ Z.

{ψj}´B(z)/A(z)�Taylor?êXê. XJ{εt}´4�Ýk�
�ÕáÓ©ÙWN(0, σ2), ��ê�m = m(N) < N ÷v
�N →∞ �, m→∞ Úm = o(N1/3). Ké?Û��êq,
�N →∞

√
N(θ̂m,1 − ψ1, θ̂m,2 − ψ2, . . . , θ̂m,q − ψq)

�©ÙÂñ�q���©ÙN(0,A), Ù¥q × qÝ


A = (ai ,j), ai ,j =

min(i ,j)∑
k=1

ψi−kψj−k .

¿�ν̂m �VÇÂñ�σ
2.
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�§ØU^θq,1, . . . , θq,q��b1, . . . , bq��O"

I ¢S¥§m�ØU����§Ï�#Eýÿ�4íú
ª¥^�γ̂m−1"
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�g�'Xêρ̂k = γ̂k/γ̂0 l,�:q̂�C�é��, �
±q̂��q��O.

I l§4.2 �½n2.29~2.1 ��, éum > q,
√
N ρ̂m�©Ù

Âñ�Ï"�0, ���

1 + 2ρ21 + 2ρ22 + ..+ 2ρ2q

���©Ù. ù�d��g�'Xêρ̂k , k = 1, 2, · · · ,m�
ã/�±����q��O, Ó���±�äæ
^MA(q)�.�Ün�Ä.

I ��±^AIC½��{: XJ�â¯K��µ½êâ�A
5U
�½MA(q)�.�êq�þ.´Q0. é
um = 0, 1, 2, . . . ,Q0Ucã��{Å�[ÜMA(m)�..
xD(��σ2��OþP�σ̂2m. ½ÂAIC¼ê

AIC(m) = ln(σ̂2m) + 2m/N, m = 0, 1, . . . ,Q0.

ùpN´���ê. AIC(m)����:q̂ (XØ��, A�
��) ¡�MA(q)�.�AIC½�.
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MA�.�O�[Üu�

I l*ÿêâx1, x2, · · · , xN ���.�ëê�Oq̂,
b̂1, b̂2, . . . , b̂q̂ Úσ̂

2 �, �

ε̂1−q̂ = ε̂2−q̂ = · · · = ε̂0 = 0,

yt =xt − x̄N ,

ε̂t =yt −
q̂∑

j=1

b̂j ε̂t−j , t = 1, 2, . . . ,N.

I éL = O(N1/3), XJ{ε̂t : t = L, L + 1, · · · ,N} U
Ï
LxD(u�, Ò@��.�ÀJÜ·. ÄKUCq̂�
��, [Ü#�MA�.½U^Ù¦��., ~XU
^ARMA�.�.
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I XJlêâ��
MA �.�ëê�O, �.�u��
®²ÏL, �±|^

f̂ (λ) =
σ̂2

2π
|1 +

q̂∑
j=1

b̂je
ijλ|2

��¤'%�²S��Ì�Ý��O.

I ù´Ï�XJ*ÿêâ(¢´MA(q)S�(2.2)�, §
�Ì�Ý´

f (λ) =
σ2

2π
|1 +

q∑
j=1

bje
ijλ|2.

I ØJwÑ, XJq̂, b̂1, b̂2, . . . , b̂qÚσ̂
2©O´q,

b1, b2, .., bq Úσ
2��Ü�O, Kf̂ (λ) ´f (λ)��Ü�

O.
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ijλ|2
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j=1

bjεt−j , t = 1, 2, . . . (3.1)
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Úb = (b1, b2, · · · , bq)T ¦�õ�ª

A(z) = 1−
p∑

j=1

ajz
j , B(z) = 1 +

q∑
j=1

bjz
j (3.2)

p�, ¿�÷v

A(z)B(z) 6= 0, |z | ≤ 1. (3.3)

I ±eE,^γ̂k L«d(1.2)½Â���g���¼ê.
I ·�k�p, q´®��.
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I |^§3.2�(2.15)��ARMA(p, q)S��g���¼ê÷v
ò��Yule-Walker�§

γq+1

γq+2

..
γp+q

 =


γq γq−1 · · · γq−p+1

γq+1 γq · · · γq−p+2

.. .. · · · ..
γq+p−1 γq+p−2 · · · γq




a1
a2
..
ap


(3.4)

I ù´ëêa ��O�§, l§��a�Ý�O
â1
â2
..
âp

 =


γ̂q γ̂q−1 · · · γ̂q−p+1

γ̂q+1 γ̂q · · · γ̂q−p+2

.. .. · · · ..
γ̂q+p−1 γ̂q+p−2 · · · γ̂q


−1

γ̂q+1

γ̂q+2

..
γ̂q+p

 .

(3.5)



A^�mS�©Û
�§0�

ÌùP�µRaR

���ÄuoÀº
P���?U

MA(q)�.�ëê
�O

MA(q)�.�Ý�O9Ù
O�

MA(q)�.�_�'¼ê
{

MA(q)�.�#E�O�
{

MA(q)�.�½��{

MA(q)�.�[Üu�

MAÌ�Ý�O

ARMA(p, q)�.
�ëê�O

ARMA(p, q)�.�Ý�
O�{

ARMA(p, q)�.�g£
8%C{

���mS��q,¼ê

ARMA(p, q)�.���
q,�O

ARMA(p, q)�.�u�

ARMA(p, q)�.�½�
�{

ARMA(p, q)�.�Ì�
Ý�O

ARMA�.�Ý�O�{

I |^§3.2�(2.15)��ARMA(p, q)S��g���¼ê÷v
ò��Yule-Walker�§

γq+1

γq+2

..
γp+q

 =


γq γq−1 · · · γq−p+1

γq+1 γq · · · γq−p+2

.. .. · · · ..
γq+p−1 γq+p−2 · · · γq




a1
a2
..
ap


(3.4)

I ù´ëêa ��O�§, l§��a�Ý�O
â1
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I |^§3.2�½n2.3 ��(3.4) ¥�p × pÝ
Γp,q´�
_�. ^Γ̂p,qL«(3.5)¥�p × pÝ
.
�ARMA(p, q)�.¥�xD({εt}ÕáÓ©Ù�, γ̂k
a.s.Âñ�γk .

I u´�N →∞,

det(Γ̂p,q)→ det(Γp,q) 6= 0.

I ¤±�N¿©��, (3.5)¥�Ý
Γ̂p,q�´�_�. ù
�Ý�O´���.��±wÑ, 3þã�^�e, Ý
�O(3.5)´r�Ü�:

lim
N→∞

âj = aj , a.s., 1 ≤ j ≤ p. (3.6)
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ARMA�.�Ý�O�{(Y2)
I e¡�OMA(q)Ü©�ëê.
I du

zt
4
= xt −

p∑
j=1

ajxt−j , t = p + 1, p + 2, . . . ,N

÷vMA(q)�.
zt = B(B)εt ,

I ¤±��â1, â2, . . . , âp�,

yt = xt −
p∑

j=1

âjxt−j , t = p + 1, p + 2, . . . ,N. (3.7)

´��MA(q)S��Cq*ÿêâ. §���g���¼ê
d

γ̂y (k) =

p∑
j=0

p∑
l=0

âj âl γ̂k+j−l , k = 0, 1, · · · , q (3.8)

½Â, Ù¥â0 = −1.
I y3ò(3.8)w¤��MA(q)S����g���¼ê, |
^§6.2 ��{Ò�±�OÑMA(q)Ü©�ëêb Úσ2.
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I ¤±��â1, â2, . . . , âp�,
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´��MA(q)S��Cq*ÿêâ. §���g���¼ê
d

γ̂y (k) =
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âj âl γ̂k+j−l , k = 0, 1, · · · , q (3.8)
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I y3ò(3.8)w¤��MA(q)S����g���¼ê, |
^§6.2 ��{Ò�±�OÑMA(q)Ü©�ëêb Úσ2.
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I Äk�êâïáAR�.. �g£8�ê�þ
.P0 = [

√
N]. ùp[a]L«a��êÜ©. æ^AIC½�

�{��AR�.��ê�Op̂ Úg£8Xê��O

(φ̂1, φ̂2, . . . , φ̂p̂).

O�í�

ε̂t = xt −
p̂∑

j=1

φ̂jxt−j , t = p̂ + 1, p̂ + 2, . . . ,N.
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j=1

bj ε̂t−j , t = L+1, L+2, . . . ,N.

ùpL = max(p̂, p, q), aj , bk´�½ëê.
I ��é8I¼ê

Q(a,b) =
N∑

t=L+1

xt −
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j=1
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j=1

bj ε̂t−j

2

(3.9)

4�z,�����¦�O(â1, . . . , âp, b̂1, . . . b̂q). σ2�
���¦�Odeª½Â.

σ̂2 =
1

N − L
Q(â1, . . . , âp, b̂1, . . . , b̂q).
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Γn�½.
I æ^§5.3�PÒ�±���Z�5ýÿ

X̂n
4
= L(Xn|Xn−1) =

n−1∑
j=1

θn−1,n−jZj ,

Ù¥Zj = Xj − X̂j , Z1 = X1.
I u´

Xn =X̂n + Zn =
n−1∑
j=1

θn−1,n−jZj + Zn

=
n∑

j=1

θn−1,n−jZj (θn−1,0
4
= 1)

=(θn−1,n−1, θn−1,n−2, · · · , θn−1,1, 1) · Zn,

Ù¥Zn = (Z1,Z2, · · · ,Zn)T .
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�BÚ\en�Ý


C =


1 0 0 · · · 0
θ1,1 1 0 · · · 0
θ2,2 θ2,1 1 · · · 0
...v · · ·

... · · ·
...

θn−1,n−1 θn−1,n−2 θn−1,n−3 · · · 1


I Kk

Xn = CZn.

I du

rk−1
4
= EZ 2

k , k = 1, 2, ..., n − 1

´ýÿ�þ�Ø�(�5#Eý�¥rk−1^νk−1L«§
�´e¡νk−1�L«éXt�C���S�Yt���#
E��), ¤±^Z1,Z2, . . . ,Zn���5��

D
4
= E (ZnZ

T
n ) = diag(r0, r1, . . . , rn−1).



A^�mS�©Û
�§0�

ÌùP�µRaR

���ÄuoÀº
P���?U

MA(q)�.�ëê
�O

MA(q)�.�Ý�O9Ù
O�

MA(q)�.�_�'¼ê
{

MA(q)�.�#E�O�
{

MA(q)�.�½��{

MA(q)�.�[Üu�

MAÌ�Ý�O

ARMA(p, q)�.
�ëê�O

ARMA(p, q)�.�Ý�
O�{

ARMA(p, q)�.�g£
8%C{

���mS��q,¼ê

ARMA(p, q)�.���
q,�O

ARMA(p, q)�.�u�

ARMA(p, q)�.�½�
�{

ARMA(p, q)�.�Ì�
Ý�O

���mS��q,¼ê(Y)
I �
�BÚ\en�Ý


C =


1 0 0 · · · 0
θ1,1 1 0 · · · 0
θ2,2 θ2,1 1 · · · 0
...v · · ·

... · · ·
...

θn−1,n−1 θn−1,n−2 θn−1,n−3 · · · 1


I Kk

Xn = CZn.

I du

rk−1
4
= EZ 2

k , k = 1, 2, ..., n − 1

´ýÿ�þ�Ø�(�5#Eý�¥rk−1^νk−1L«§
�´e¡νk−1�L«éXt�C���S�Yt���#
E��), ¤±^Z1,Z2, . . . ,Zn���5��

D
4
= E (ZnZ

T
n ) = diag(r0, r1, . . . , rn−1).



A^�mS�©Û
�§0�

ÌùP�µRaR

���ÄuoÀº
P���?U

MA(q)�.�ëê
�O

MA(q)�.�Ý�O9Ù
O�

MA(q)�.�_�'¼ê
{

MA(q)�.�#E�O�
{

MA(q)�.�½��{

MA(q)�.�[Üu�

MAÌ�Ý�O

ARMA(p, q)�.
�ëê�O

ARMA(p, q)�.�Ý�
O�{

ARMA(p, q)�.�g£
8%C{

���mS��q,¼ê

ARMA(p, q)�.���
q,�O

ARMA(p, q)�.�u�

ARMA(p, q)�.�½�
�{

ARMA(p, q)�.�Ì�
Ý�O

���mS��q,¼ê(Y)
I �
�BÚ\en�Ý


C =


1 0 0 · · · 0
θ1,1 1 0 · · · 0
θ2,2 θ2,1 1 · · · 0
...v · · ·

... · · ·
...

θn−1,n−1 θn−1,n−2 θn−1,n−3 · · · 1


I Kk

Xn = CZn.

I du

rk−1
4
= EZ 2

k , k = 1, 2, ..., n − 1

´ýÿ�þ�Ø�(�5#Eý�¥rk−1^νk−1L«§
�´e¡νk−1�L«éXt�C���S�Yt���#
E��), ¤±^Z1,Z2, . . . ,Zn���5��

D
4
= E (ZnZ

T
n ) = diag(r0, r1, . . . , rn−1).



A^�mS�©Û
�§0�

ÌùP�µRaR

���ÄuoÀº
P���?U

MA(q)�.�ëê
�O

MA(q)�.�Ý�O9Ù
O�

MA(q)�.�_�'¼ê
{

MA(q)�.�#E�O�
{

MA(q)�.�½��{

MA(q)�.�[Üu�

MAÌ�Ý�O

ARMA(p, q)�.
�ëê�O

ARMA(p, q)�.�Ý�
O�{

ARMA(p, q)�.�g£
8%C{

���mS��q,¼ê

ARMA(p, q)�.���
q,�O

ARMA(p, q)�.�u�

ARMA(p, q)�.�½�
�{

ARMA(p, q)�.�Ì�
Ý�O

���mS��q,¼ê(Y2)
I dd��Xn����Ý
:

Γn = E (CZnZ
T
n C

T ) = CDCT ,

det(Γn) = det(D) = r0r1 · · · rn−1,

XT
n Γ−1n Xn = ZT

n C
T (CDCT )−1CZn =

n∑
j=1

Z 2
j /rj−1.

I duXn�©ÙdΓnû½, rj , θk,j Ñ´Γn�¼ê, ¤±
��ÄuXn�q,¼ê

L(Γn) =
1

(2π)n/2[det(Γn)]1/2
exp

(
−1

2
XT

n Γ−1n Xn

)

=
1

(2π)n/2(r0r1 · · · rn−1)1/2
exp

−1

2

n∑
j=1

Z 2
j /rj−1

 .

(3.10)
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n Γ−1n Xn = ZT

n C
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Z 2
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exp

(
−1

2
XT

n Γ−1n Xn
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exp

−1

2

n∑
j=1

Z 2
j /rj−1

 .

(3.10)
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^§5.4�C¥ÎÒ, |^§5.4�(4.11)��ÅÚý��4
íúª

X̂k+1 =

{∑k
j=1 θk,jZk+1−j , 1 ≤ k < m,∑p
j=1 ajXk+1−j +

∑q
j=1 θk,jZk+1−j , k ≥ m.

(3.11)

ùpm = max(p, q),

Zk =Xk − X̂k = Xk − L(Xk |Xk−1,Xk−2, . . . ,X1),
(3.12)

rk−1 =EZ 2
k = E (Xk − X̂k)2 = σ2νk−1. (3.13)
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dARMA�.(3.1) �ëê

β = (a1, a2, . . . , ap, b1, b2, . . . , bq)T (3.14)

��û½.

I lX̂k �´Úσ
2Ã'�þ, =d*ÿêâX1,X2, . . . ,

Xk−1Úβû½. ò(3.11)Ú(3.13)�\(3.10)Ò��Äu
*ÿêâX1,X2, · · · ,XN�q,¼ê
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exp

(
− 1

2σ2

∑N
k=1 Z

2
k /νk−1
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(2π)N/2(σ2Nν0ν1 · · · νN−1)1/2

(3.15)
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I Ú\

S(β) =
N∑

k=1

Z 2
k /νk−1. (3.16)

I �Ñ~ê��, �±��éêq,¼ê

ln L(β, σ2) = −N

2
lnσ2 − 1

2
ln(ν0ν1 · · · νN−1)− 1

2σ2
S(β).

(3.17)



A^�mS�©Û
�§0�

ÌùP�µRaR

���ÄuoÀº
P���?U

MA(q)�.�ëê
�O

MA(q)�.�Ý�O9Ù
O�

MA(q)�.�_�'¼ê
{

MA(q)�.�#E�O�
{

MA(q)�.�½��{

MA(q)�.�[Üu�

MAÌ�Ý�O

ARMA(p, q)�.
�ëê�O

ARMA(p, q)�.�Ý�
O�{

ARMA(p, q)�.�g£
8%C{

���mS��q,¼ê

ARMA(p, q)�.���
q,�O

ARMA(p, q)�.�u�

ARMA(p, q)�.�½�
�{

ARMA(p, q)�.�Ì�
Ý�O

ARMA(p, q)�.���q,�O(Y2)

I Ú\

S(β) =
N∑

k=1

Z 2
k /νk−1. (3.16)

I �Ñ~ê��, �±��éêq,¼ê

ln L(β, σ2) = −N

2
lnσ2 − 1

2
ln(ν0ν1 · · · νN−1)− 1

2σ2
S(β).

(3.17)



A^�mS�©Û
�§0�

ÌùP�µRaR

���ÄuoÀº
P���?U

MA(q)�.�ëê
�O

MA(q)�.�Ý�O9Ù
O�

MA(q)�.�_�'¼ê
{

MA(q)�.�#E�O�
{

MA(q)�.�½��{

MA(q)�.�[Üu�

MAÌ�Ý�O

ARMA(p, q)�.
�ëê�O

ARMA(p, q)�.�Ý�
O�{

ARMA(p, q)�.�g£
8%C{

���mS��q,¼ê

ARMA(p, q)�.���
q,�O

ARMA(p, q)�.�u�

ARMA(p, q)�.�½�
�{

ARMA(p, q)�.�Ì�
Ý�O

ARMA(p, q)�.���q,�O(Y3)
I |^

∂

∂σ2
ln L(β, σ2) = − N

2σ2
+

S(β)

2σ4
= 0

I ��

σ2 =
1

N
S(β).

I òþª�\(3.17)��

l(β)
4
=− 2

N
ln L(β, S(β)/N)− 1

=
1

N
ln(ν0ν1 · · · νN−1) + ln[S(β)/N]. (3.18)

I Ï~¡l(β)´�zq,¼ê. �±wÑ, l(β)����:

β̂ = (â1, â2, . . . , âp, b̂1, b̂2, . . . , b̂q)T (3.19)

´β���q,�O, 

σ̂2 =
1

N
S(β̂) (3.20)

´σ2���q,�O.
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I �O�l(β)¼ê�§ÏL1ÊÙ�(4.9)Ú(3.6)4íO
�Ñθk,j , νj ÚZk = Xk − X̂k , ,�O�Ñl(β).

I �
\¯|¢��ÝÚJp�O�°Ý, Ð©�β(0)

A�ÀJ3l(β)����NC.

I ¢SO�¥, Ð©�A�À¤3A¥½Â�Ý�O
½B¥½Â�g£8%C�O. �
���O�.�Ü
n5Ú�_5, �A�ÀJÐ©�β(0) ¦
�A(z),B(z)34ü �Svk":.
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νk =E (Xk+1 − X̂k+1)2/σ2

=E [Xn − L(Xn|Xn−1,Xn−2, . . . ,Xn−k)]2/σ2

→E [Xn − L(Xn|Xn−1,Xn−2, . . . )]2/σ2

=Eε2n/σ
2 = 1.

I ¤±N →∞ �,

1

N
ln(ν0ν1 · · · νN−1)→ 0.

I u´, é���N, l(β)ÚS(β)����:Cq��.
u´��±^S(β) ����:β̃��β��O. Ï~�
¡β̃´β����¦�O, �A�xD(��σ2��O
½Â¤

σ̃2 =
1

N − p − q
S(β̃). (3.21)
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√
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E (VUT ) E (VVT )

)−1
, p > 0, q > 0,
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(
E (UUT )

)−1
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E (VVT )
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(3.22)

U = (Up,Up−1, . . . ,U1)T , V = (Vq,Vq−1, . . . ,V1)T ,
{Ut}Ú{Vt}©O´AR(p)ÚAR(q)S�§©O÷
vA(B)Ut = εtÚB(B)Vt = εt .
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I ^vjjL«V (β)�1(j , j)���, K

√
N(β̂j − βj)

�©ÙÂñ���©ÙN(0, vjj).

I 3¢S¯K¥, ý�V (β)´���, Ï~^�O
þV (β̂)�O.

I u´�±^V (β̂) �1(j , j)��v̂jj��vjj�Cq.

I ù�, �N���, |^

P[
√
N|β̂j − βj |/

√
vjj ≤ 1.96] ≈ 0.95

Ò�±3�&Y²0.95e��βj�Cq�&«m

[ β̂j − 1.96
√

v̂jj/N, β̂j + 1.96
√
v̂jj/N ].
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~3.1: ARMA(4,2)��O��[©Û
éuARMA(4,2)�.

Xt + 0.9Xt−1 + 1.4Xt−2 + 0.7Xt−3 + 0.6Xt−4

=εt + 0.5εt−1 − 0.4εt−2, t ∈ Z, (3.23)

��[O�, Ù¥{εt}´IO��WN(0, 1).
|^§3.2��{�)�.(3.23)�300�êâ{xt}.
|^úª(3.5)(*Ð�Y-W�§)O�Ña��O

â = (−0.8959, −1.3843, −0.6876, −0.5868)T .

2|^úª(3.8)(rÂ(B)Xtw¤MAS�{Yt})O�Ñγ̂y (k),
k = 0, 1, . . . , 10.
�pN = 10, |^MA�.�_�'¼ê�{O�ÑMAÜ©�
ëê�OÚxD(����OXe:

b̂ = (0.5122, −0.3427)T , σ̂2 = 1.47.

�ý¢�'�, g£8Ü©�ëê�O´-<÷¿�.



A^�mS�©Û
�§0�

ÌùP�µRaR

���ÄuoÀº
P���?U

MA(q)�.�ëê
�O

MA(q)�.�Ý�O9Ù
O�

MA(q)�.�_�'¼ê
{

MA(q)�.�#E�O�
{

MA(q)�.�½��{

MA(q)�.�[Üu�

MAÌ�Ý�O

ARMA(p, q)�.
�ëê�O

ARMA(p, q)�.�Ý�
O�{

ARMA(p, q)�.�g£
8%C{

���mS��q,¼ê

ARMA(p, q)�.���
q,�O

ARMA(p, q)�.�u�

ARMA(p, q)�.�½�
�{

ARMA(p, q)�.�Ì�
Ý�O

~3.1: ARMA(4,2)��O��[©Û
éuARMA(4,2)�.

Xt + 0.9Xt−1 + 1.4Xt−2 + 0.7Xt−3 + 0.6Xt−4

=εt + 0.5εt−1 − 0.4εt−2, t ∈ Z, (3.23)

��[O�, Ù¥{εt}´IO��WN(0, 1).
|^§3.2��{�)�.(3.23)�300�êâ{xt}.
|^úª(3.5)(*Ð�Y-W�§)O�Ña��O
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~3.1: ARMA(4,2)��O��[©Û(Y)

e¡±â, b̂, σ̂2�Ð�O���q,�O. O�æ^
3Ð
�NC|¢��{. (J�µ

â = (−0.9010 − 1.3920 − 0.6808 − 0.6039)T ,

b̂ = (0.5145 − 0.3721)T , σ̂2 = 1.282.

l±þ(JwÑ, �~¥��q,�OoNþ�±U?Ð
�O, AO´UU?MAëêÚσ2��O°Ý.
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e¡±â, b̂, σ̂2�Ð�O���q,�O. O�æ^
3Ð
�NC|¢��{. (J�µ
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ê�O(Ø2?1��q,�O)"1000g�ëê�O�(
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lþã�O�wÑ, ARÜ©��O´-<÷¿�, MAÜ©
ÚxD(���O�IO���. æ^��q,�O�Ï
~�±U?�O�°Ý, AO´U?MAëêÚxD(��
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�, é�.?1u�´�©7��.
I Äk�u��.�²5ÚÜn5, =�u��O�
ëê÷v(3.3).

I ,�é�½�Ð�

x0 = x−1 = · · · = x−p+1 = ε̂0 = · · · = ε̂−q+1 = 0

4íO��.�í�

ε̂t = xt −
p∑

l=1

âlxt−l +

q∑
j=1

b̂j ε̂t−j , t = 1, 2, . . . (3.24)

I �m = O(N1/3)Úm > max(p, q). XJí�

ε̂t , t = m,m + 1, ..,N

�±ÏLxD(�u�, Ò@��.Ü·. ÄKÏéÙ
¦��..
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I 3¢Só�¥, ëê(p, q)´���. �´�âêâ�
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Séz�é(p, q)ïáARMA(p, q)�., XJ���.
�±ÏLu�, Òrù��.3��^.

I XJØU(½�ê���, �±æ^
lp + q = 1, p + q = 2, . . . , m©d$��p���g
|Ï��{. ,�3¤k�^��.¥ÀÑp + q��
����..

I XJp + qØU��û½(p, q), �±�p�����. �
�±3¤k��^�.¥, æ^e¡�AIC½��{,
��(½���..
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I ÃØù��O´N����, Uc¡��{Ñ�±�O
ÑARMA(k , j)�.�ëê.

I ^σ̂2 = σ̂2(k , j)L«xD(��σ2��O.
I ��5ù, F"σ̂2������Ð. Ï�σ̂2��L«�.
[Ü��°(.

I Ï~���í���σ̂2éAu����êk , j .
I ù�, LõJ¦[Ü�°Ý, ½`L©J¦���í��
�σ̂2¬�����p̂Úq̂, l���õ���ëê.

I Ù(J¬¦ïá��.'uêâLu¯a, lü$�.
�è5.

I ,��¡§ëêLõ��.[Ü�Ð�´é#êâ�)
ºUå�"

I AIC½�OKÒ´�
�ÑëêLõ�6¾JÑ�"
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I XJ®�p�þ.P0Úq�þ.Q0, éuz�é(k, j),
0 ≤ k ≤ P0, 0 ≤ j ≤ Q0 O�AIC¼ê

AIC(k , j) = ln(σ̂2(k, j)) +
2(k + j)

N
. (3.25)

I AIC(k, j)����:(p̂, q̂) ¡�(p, q)�AIC½�.
I XJ���Ø��, Ak�k + j���, ,��j���.
I ��AIC½�¿Ø´�Ü�.�Ò´`, XJ²S��*
ÿ{xt}(¢´5g��ARMA(p, q)�.�, AIC½�(p̂, q̂) ¿
Ø�VÇÂñ�ý��(p, q). �´, ÚAR(p)�.�AIC½�
�q, ù«Ø�N5¿ØUÄ½AIC½��¢^5. Ï���
¡¢Sêâ¿Ø¬ý�÷v,��ARMA(p, q)�., ¤±ý
���ê¿Ø�3, æ^ARMA�.�´éêâ��«?n
�{. ,��¡, AIC½�k�¬p��ê, �´¿Ø¬p�
Ñéõ. ù'$��ê�Ð, $�
�ê  ¬E¤���Ø
�Ú�.�ÀJØ�.

I ò(3.25)¥�2(k + j)/NU�(k + j) lnN/N Ò��BIC(k, j)½
�.
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���ê¿Ø�3, æ^ARMA�.�´éêâ��«?n
�{. ,��¡, AIC½�k�¬p��ê, �´¿Ø¬p�
Ñéõ. ù'$��ê�Ð, $�
�ê  ¬E¤���Ø
�Ú�.�ÀJØ�.

I ò(3.25)¥�2(k + j)/NU�(k + j) lnN/N Ò��BIC(k, j)½
�.
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