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N(â1 − a1, . . . , âp − ap)T �©ÙÂñ�p���©
ÙN(0, σ2Γ−1

p )"

3.
√
N sup

1≤j≤p
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|âj − aj | = O(

√
ln lnN), a.s.,

√
N|σ̂2 − σ2| = O(

√
ln lnN), a.s.

I y²:

1. d§4.2½n2.1�γ̂kr�Ü§2�âak , σ
2�{γk}�ëY
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lN(aj , σjj/N)§u´aj�Cq95% �&«m�
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. . .
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X =
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I ���¦�Oã1, . . . , ãp´�5�§(1.12)�)"
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sup
n

P(|ξn| > M) ≤ ε

Ò¡�mS�{ξn}´�VÇk.�§P
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¡ξn = Op(cn)"

I �VÇk.Ò´Ø���VÇ?¿��8Ü�S�k
."

I e{ξn/cn}
Pr→ 0K¡ξn = op(cn)"
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I -M ′ = max(M,M1,M2, . . . ,MN)§K

P(|ξn| > M ′) <ε, ∀n ∈ N+,

sup
n∈N+

P(|ξn| > M ′) ≤ε,

÷v�½Â"



A^�mS�©Û
�§0�

ÌùP�µRaR

���ÄuoÀº
P���?U

AR(p)�.�ëê
�O

Yule-Walker�O

���¦�O

��q,�O

AR(p)�.½�

�.[Üu�

ARÌ�Ý�O

I ed�d½Â^�¤á§Kén ≥ Nk

P(|ξn| ≤ M) ≥ 1− ε, P(|ξn| > M) < ε.

I éj = 1, 2, . . . ,N§�3Mj > 0¦�

P(|ξj | > Mj) < ε

I -M ′ = max(M,M1,M2, . . . ,MN)§K

P(|ξn| > M ′) <ε, ∀n ∈ N+,

sup
n∈N+

P(|ξn| > M ′) ≤ε,

÷v�½Â"



A^�mS�©Û
�§0�

ÌùP�µRaR

���ÄuoÀº
P���?U

AR(p)�.�ëê
�O

Yule-Walker�O

���¦�O

��q,�O

AR(p)�.½�

�.[Üu�

ARÌ�Ý�O

I ed�d½Â^�¤á§Kén ≥ Nk

P(|ξn| ≤ M) ≥ 1− ε, P(|ξn| > M) < ε.

I éj = 1, 2, . . . ,N§�3Mj > 0¦�

P(|ξj | > Mj) < ε

I -M ′ = max(M,M1,M2, . . . ,MN)§K

P(|ξn| > M ′) <ε, ∀n ∈ N+,

sup
n∈N+

P(|ξn| > M ′) ≤ε,

÷v�½Â"



A^�mS�©Û
�§0�

ÌùP�µRaR

���ÄuoÀº
P���?U

AR(p)�.�ëê
�O

Yule-Walker�O

���¦�O

��q,�O

AR(p)�.½�

�.[Üu�

ARÌ�Ý�O

�VÇk.(Y)

I ÚÚÚnnn1: eξn = op(cn)Kξn = Op(cn)"

I ¯¢þ§U�VÇÂñ½Â§∀δ > 0, ∀ε > 0§�
3N¦n > N�

Pr(|ξn/cn| > δ) < ε

�M ≥ δ¦�

Pr(|ξn/cn| > M) ≤ ε, n = 1, 2, . . . ,N
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=ξn/cn = Op(1).



A^�mS�©Û
�§0�

ÌùP�µRaR

���ÄuoÀº
P���?U

AR(p)�.�ëê
�O

Yule-Walker�O

���¦�O

��q,�O

AR(p)�.½�

�.[Üu�

ARÌ�Ý�O

�VÇk.(Y)

I ÚÚÚnnn1: eξn = op(cn)Kξn = Op(cn)"

I ¯¢þ§U�VÇÂñ½Â§∀δ > 0, ∀ε > 0§�
3N¦n > N�

Pr(|ξn/cn| > δ) < ε

�M ≥ δ¦�

Pr(|ξn/cn| > M) ≤ ε, n = 1, 2, . . . ,N

u´

Pr(|ξn/cn| > M) ≤ ε, n = 1, 2, . . .

=ξn/cn = Op(1).



A^�mS�©Û
�§0�

ÌùP�µRaR

���ÄuoÀº
P���?U

AR(p)�.�ëê
�O

Yule-Walker�O

���¦�O

��q,�O

AR(p)�.½�

�.[Üu�

ARÌ�Ý�O

�VÇk.(Y2)

I ÚÚÚnnn2 XJξn = Op(1)
cn →∞Kξn/cn = op(1)"

I �SK1.1"

I é�ÅCþξ§ξ = Op(1).

I ÚÚÚnnn3 e{ξn}Ó©Ù§Kξn = Op(1)"

I ¯¢þ§∀ε > 0, ∃M > 0¦Pr(|ξ1| > M) < ε"dÓ©
Ù5�Pr(|ξt | > M) = Pr(|ξ1| > M) < ε"



A^�mS�©Û
�§0�

ÌùP�µRaR

���ÄuoÀº
P���?U

AR(p)�.�ëê
�O

Yule-Walker�O

���¦�O

��q,�O

AR(p)�.½�

�.[Üu�

ARÌ�Ý�O

�VÇk.(Y2)

I ÚÚÚnnn2 XJξn = Op(1)
cn →∞Kξn/cn = op(1)"

I �SK1.1"

I é�ÅCþξ§ξ = Op(1).

I ÚÚÚnnn3 e{ξn}Ó©Ù§Kξn = Op(1)"

I ¯¢þ§∀ε > 0, ∃M > 0¦Pr(|ξ1| > M) < ε"dÓ©
Ù5�Pr(|ξt | > M) = Pr(|ξ1| > M) < ε"



A^�mS�©Û
�§0�

ÌùP�µRaR

���ÄuoÀº
P���?U

AR(p)�.�ëê
�O

Yule-Walker�O

���¦�O

��q,�O

AR(p)�.½�

�.[Üu�

ARÌ�Ý�O

�VÇk.(Y2)

I ÚÚÚnnn2 XJξn = Op(1)
cn →∞Kξn/cn = op(1)"

I �SK1.1"

I é�ÅCþξ§ξ = Op(1).

I ÚÚÚnnn3 e{ξn}Ó©Ù§Kξn = Op(1)"

I ¯¢þ§∀ε > 0, ∃M > 0¦Pr(|ξ1| > M) < ε"dÓ©
Ù5�Pr(|ξt | > M) = Pr(|ξ1| > M) < ε"



A^�mS�©Û
�§0�

ÌùP�µRaR

���ÄuoÀº
P���?U

AR(p)�.�ëê
�O

Yule-Walker�O

���¦�O

��q,�O

AR(p)�.½�

�.[Üu�

ARÌ�Ý�O

�VÇk.(Y2)

I ÚÚÚnnn2 XJξn = Op(1)
cn →∞Kξn/cn = op(1)"

I �SK1.1"

I é�ÅCþξ§ξ = Op(1).

I ÚÚÚnnn3 e{ξn}Ó©Ù§Kξn = Op(1)"

I ¯¢þ§∀ε > 0, ∃M > 0¦Pr(|ξ1| > M) < ε"dÓ©
Ù5�Pr(|ξt | > M) = Pr(|ξ1| > M) < ε"



A^�mS�©Û
�§0�

ÌùP�µRaR

���ÄuoÀº
P���?U

AR(p)�.�ëê
�O

Yule-Walker�O

���¦�O

��q,�O

AR(p)�.½�

�.[Üu�

ARÌ�Ý�O

�VÇk.(Y2)

I ÚÚÚnnn2 XJξn = Op(1)
cn →∞Kξn/cn = op(1)"

I �SK1.1"

I é�ÅCþξ§ξ = Op(1).

I ÚÚÚnnn3 e{ξn}Ó©Ù§Kξn = Op(1)"

I ¯¢þ§∀ε > 0, ∃M > 0¦Pr(|ξ1| > M) < ε"dÓ©
Ù5�Pr(|ξt | > M) = Pr(|ξ1| > M) < ε"



A^�mS�©Û
�§0�

ÌùP�µRaR

���ÄuoÀº
P���?U

AR(p)�.�ëê
�O

Yule-Walker�O

���¦�O

��q,�O

AR(p)�.½�

�.[Üu�

ARÌ�Ý�O

�VÇk.(Y3)

I ÚÚÚnnn4

Op(1)± Op(1) =Op(1)

Op(1) · Op(1) =Op(1)

Op(1)± op(1) =Op(1)

Op(1) · op(1) =op(1).



A^�mS�©Û
�§0�

ÌùP�µRaR

���ÄuoÀº
P���?U

AR(p)�.�ëê
�O

Yule-Walker�O

���¦�O

��q,�O

AR(p)�.½�

�.[Üu�

ARÌ�Ý�O

�VÇk.(Y4)

I ÚÚÚnnn5 eξn�VÇÂñ�ξK{ξn} = Op(1)"

I ¯¢þξn = ξ + (ξn − ξ) = Op(1) + op(1)"

I ,	§eξn�©ÙÂñ�ξK{ξn} = Op(1)"

I ÚÚÚnnn6 e�3�K�ÅCþξ¦�|ξn| ≤ ξ
a.s.Kξn = Op(1)"

I dP(|ξn| ≤ ξ) = 1§∀ε > 0, ∃M > 0¦P(ξ > M) < ε§
u´P(|ξn| > M) ≤ P(ξ > M) < ε, ∀n ∈ N"



A^�mS�©Û
�§0�

ÌùP�µRaR

���ÄuoÀº
P���?U

AR(p)�.�ëê
�O

Yule-Walker�O

���¦�O

��q,�O

AR(p)�.½�

�.[Üu�

ARÌ�Ý�O

�VÇk.(Y4)

I ÚÚÚnnn5 eξn�VÇÂñ�ξK{ξn} = Op(1)"

I ¯¢þξn = ξ + (ξn − ξ) = Op(1) + op(1)"

I ,	§eξn�©ÙÂñ�ξK{ξn} = Op(1)"

I ÚÚÚnnn6 e�3�K�ÅCþξ¦�|ξn| ≤ ξ
a.s.Kξn = Op(1)"

I dP(|ξn| ≤ ξ) = 1§∀ε > 0, ∃M > 0¦P(ξ > M) < ε§
u´P(|ξn| > M) ≤ P(ξ > M) < ε, ∀n ∈ N"



A^�mS�©Û
�§0�

ÌùP�µRaR

���ÄuoÀº
P���?U

AR(p)�.�ëê
�O

Yule-Walker�O

���¦�O

��q,�O

AR(p)�.½�

�.[Üu�

ARÌ�Ý�O

�VÇk.(Y4)

I ÚÚÚnnn5 eξn�VÇÂñ�ξK{ξn} = Op(1)"

I ¯¢þξn = ξ + (ξn − ξ) = Op(1) + op(1)"

I ,	§eξn�©ÙÂñ�ξK{ξn} = Op(1)"
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(1/N)XTX�1(j , k)��
´

γ̃jk =
1

N

N−p∑
t=1

yt+p−jyt+p−k =
1

N

N−j∑
t=p−j+1

ytyt+j−k

=
1

N

N−(j−k)∑
t=1

ytyt+j−k −
1

N

p−j∑
t=1

ytyt+j−k −
1

N

N−(j−k)∑
t=N−j+1

ytyt+j−k
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t=1
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1

N
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t=N−j+1
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ùpγ̂j−k d(1.2) ½Â.
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N

∑p−j
t=1 ytyt+j−k = Op( 1
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1
N

∑p−j
t=1 ytyt+j = Op( 1
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N−j)∑
j=1
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=
N − (j − k)

N

1

N − (j − k)

N−(j−k)∑
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ytyt+j−k

− N − j

N

1

N − j
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j=1
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γ̃jk − γ̂j−k = Op(
1

N
), γ̃j − γ̂j = Op(

1

N
),

I �
γ̃jk − γ̂j−k → 0, γ̃j − γ̂j → 0, a.s.,

I dγ̂j�r�Ü5�γ̃jk → γj−k , γ̃j → γj , a.s.

I ù�,�N →∞

(XTX)−1XTY =

(
1

N
XTX

)−1( 1

N
XTY

)
→Γ−1p γp = a, a.s.

=���¦�O�´r�Ü�"
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I ^â = (â1, â2, · · · , âp)T Úã = (ã1, ã2, . . . , ãp)T ©OL
«Yule-Walker�OÚ���¦�O.
Pγ̂p = (γ̂1, γ̂2, . . . , γ̂p)T , Òk

ã− â =(XTX)−1XTY − Γ̂−1p γ̂p

=(
1

N
XTX)−1

( 1

N
XTY − γ̂p

)
+
[
(

1

N
XTX)−1 − Γ̂−1p

]
γ̂p

=(
1

N
XTX)−1Op(1/N) + (

1

N
XTX)−1

[
Γ̂p −

1

N
XTX

]
Γ̂−1p γ̂p

=Op(1/N), � N →∞. (1.14)

I þª`²é1 ≤ j ≤ p, âj − ãj = Op(1/N). du1/NÂ
ñ�"��Ý´é¯�, ¤±��±`é���N, �
��¦�OÚYule-Walker �O��OØ�.
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I ½½½nnn1.2 �AR(p)�.(1.1)¥�xD({εt}´ÕáÓ
©Ù�, Eε4t <∞, (ã1, ã2, . . . , ãp) ´g£8X
ê(a1, a2, . . . , ap)����¦�O. K�N →∞�

√
N(ã1 − a1, ã2 − a2, . . . , ãp − ap)

�©ÙÂñ�p-���©ÙN(0, σ2Γ−1p ).

I =���¦�OÚY-W�Ok�Ó�ìC©Ù"

I ½n1.2 �y²d½n1.1Ú(1.14)����.
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�[êâ¿©O^Y-W�{Ú���¦�{�Oë
ê"

I ü«µAR estimation accuracy.

I (Juy3��þ���§Xê�OY-W�{�Ð§
ýÿ��σ2�O���¦�{�Ð"��þ���ö
vk²w�O"
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I (Juy3��þ���§Xê�OY-W�{�Ð§
ýÿ��σ2�O���¦�{�Ð"��þ���ö
vk²w�O"
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AR(p)�.½�

�.[Üu�

ARÌ�Ý�O

~1.1 Y-W�OÚLS�O��['�:
N = 25, 100

N = 25 a1 a2 a3 a4 σ2

True pararmeter 1.16 -0.37 -0.11 0.18 1
Y-W avg 0.929 -0.302 -0.052 0.018 1.311

LS avg 1.012 -0.376 -0.056 0.050 0.751
Y-W std 0.208 0.251 0.228 0.158 0.518

LS std 0.252 0.331 0.318 0.226 0.267

N = 100 a1 a2 a3 a4 σ2

True pararmeter 1.16 -0.37 -0.11 0.18 1
Y-W avg 1.100 -0.343 -0.087 0.133 1.083

LS avg 1.133 -0.373 -0.092 0.147 0.947
Y-W std 0.102 0.144 0.139 0.094 0.178

LS std 0.105 0.156 0.154 0.102 0.141
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~1.1 Y-W�OÚLS�O��['�:
N = 400, 1600

N = 400 a1 a2 a3 a4 σ2

True pararmeter 1.16 -0.37 -0.11 0.18 1
Y-W avg 1.145 -0.362 -0.104 0.169 1.022

LS avg 1.154 -0.370 -0.106 0.173 0.988
Y-W std 0.049 0.074 0.074 0.048 0.075

LS std 0.050 0.076 0.076 0.049 0.071

N = 1600 a1 a2 a3 a4 σ2

True pararmeter 1.16 -0.37 -0.11 0.18 1
Y-W avg 1.1563 -0.3683 -0.1082 0.1767 1.0060

LS avg 1.1586 -0.3705 -0.1086 0.1777 0.9975
Y-W std 0.0247 0.0377 0.0377 0.0247 0.0355

LS std 0.0247 0.0379 0.0380 0.0249 0.0350
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I Y-W�O´Ý�O§���¦�O�Y-W�OìC�
Ó"Ý�ON´O���U°ÝØp"

I ��q,�O��°Ý�p"

I �AR(p)�.(1.1)�xD(

εt = Xt −
p∑

j=1

ajXt−j

Ñl��©Ù, Kεp+1, εp+2, . . . , εNkéÜ�Ý¼ê(
1

2πσ2

)N−p
2

exp
(
− 1

2σ2

N∑
t=p+1

ε2t

)
. (1.15)



A^�mS�©Û
�§0�

ÌùP�µRaR

���ÄuoÀº
P���?U

AR(p)�.�ëê
�O

Yule-Walker�O

���¦�O

��q,�O

AR(p)�.½�

�.[Üu�

ARÌ�Ý�O

��q,�O

I Y-W�O´Ý�O§���¦�O�Y-W�OìC�
Ó"Ý�ON´O���U°ÝØp"

I ��q,�O��°Ý�p"

I �AR(p)�.(1.1)�xD(

εt = Xt −
p∑

j=1

ajXt−j
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I |^(1.15)��Äux1, x2, . . . , xN�q,¼ê

L(a, σ2) =

(
1

2πσ2

) N−p
2

exp

− 1

2σ2

N∑
t=p+1

(xt −
p∑

j=1

ajxt−j)
2

 .

I L(a, σ2)����:(â1, â2, . . . , âp, σ̂
2)

´(a1, a2, . . . , ap, σ
2)��q,�O.
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) N−p
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exp
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(xt −
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2
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I L(a, σ2)����:(â1, â2, . . . , âp, σ̂
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��q,�O(YII)

I du¢SO�¥Äkéêâ?1"þ�z,¤±éêq
,¼êA�½Â�

l(a, σ2) = ln L(a, σ2)

=− N − p

2
ln(σ2)− 1

2σ2

N∑
t=p+1

[
yt −

p∑
j=1

ajyt−j

]2
+ c

=− N − p

2
ln(σ2)− 1

2σ2
S(a) + c ,

I c = −[(N − p)/2] ln(2π)´~ê.

S(a) = S(a1, a2, . . . , ap) =
N∑

t=p+1

[
yt −

p∑
j=1

ajyt−j

]2
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+ c
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2
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S(a) + c ,

I c = −[(N − p)/2] ln(2π)´~ê.
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[
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��q,�O(YIII)

I l(a, σ2)'uσ2¦ �¿- ��u"§�

σ2 =
1

N − p
S(a) (1.16)

I u´���:´S(a)����:§��q,�O�Ó
u���¦�O"
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σ2 =
1

N − p
S(a) (1.16)

I u´���:´S(a)����:§��q,�O�Ó
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I ���{�Op"

I �Op�±^AR(p)� �'pÚ��5�§O���
 �'Xê{âkk}§w{âkk}3Û?��"

I �Op��±3[Ü`ÝÚ�.{ü�m?1�
ï§AICÚBICOKÒ´ù���{"
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�� �'Xê

I ��*ÿ��x1, . . . , xNØ���ÓK��g���

Γ̂k�½(k < N)"�� �'Xê{âk,k}�±d��
g�����û½

γ̂0 γ̂1 · · · γ̂k−1
γ̂1 γ̂0 · · · γ̂k−2
...

...
...

γ̂k−1 γ̂k−2 · · · γ̂0




âk,1
âk,2

...
âk,k

 =


γ̂1
γ̂2
...
γ̂k


�±^Levinson4íúªO��� �'Xê"

I ½½½nnn1.3 XJAR(p)�.(1.1)¥�xD(�ÕáÓ©
Ù�§Ké?Ûk ≥ p§k

lim
N→∞

âk,j =

{
aj , �j ≤ p,

0, �j > p.
a.s. (1.18)
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g�����û½

γ̂0 γ̂1 · · · γ̂k−1
γ̂1 γ̂0 · · · γ̂k−2
...

...
...

γ̂k−1 γ̂k−2 · · · γ̂0




âk,1
âk,2

...
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I ½½½nnn1.3 XJAR(p)�.(1.1)¥�xD(�ÕáÓ©
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lim
N→∞

âk,j =

{
aj , �j ≤ p,

0, �j > p.
a.s. (1.18)
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½n1.3y²

I ék > py²§k = p�¹aq"

I d§4.2 �½n2.1 ����g���¼êγ̂k´γk�r
�Ü�O.

I é?ÛÝ
(cj ,k(N))½Â4�ÎÒ

lim
N→∞

(
cj ,k(N)

) 4
=
(

lim
N→∞

cj ,k(N)
)
.
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I é?Ûk > p, |^Γk��½5��:

lim
N→∞


âk,1
âk,2

...
âk,k



= lim
N→∞


γ̂0 γ̂1 · · · γ̂k−1
γ̂1 γ̂0 · · · γ̂k−2
.. .. · · · ..
γ̂k−1 γ̂k−2 · · · γ̂0


−1

× lim
N→∞


γ̂1
γ̂2
...
γ̂k



=


γ0 γ1 · · · γk−1
γ1 γ0 · · · γk−2
...

...
...

γk−1 γk−2 · · · γ0


−1

×


γ1
γ2
...
γk



=


ak,1
ak,2
..
ak,k

 .

I l§2.3 �(3.9)��

(ak,1, ak,2, . . . , ak,k) = (a1, a2, .., ap, 0, · · · , 0). (1.19)

¤±(1.18)¤á.
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×
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 �'Xê�u�

I �u�H0 : ak,k = 0§I���âk,k�©Ù"�·��
U��âk,k�4�©Ù"

I ½½½nnn1.4 �(ak,1, ak,2, . . . , ak,k)d(1.19)½Â, X
JAR(p)�.(1.1)¥�xD(´ÕáÓ©Ù�,
Eε4t <∞, Ké(½�k > p, �N →∞�,

√
N(âk,1 − ak,1, âk,2 − ak,2, · · · , âk,k − ak,k)

�©ÙÂñ�k-���©ÙN(0, σ2Γ−1k ).

I ��Brockwell and Davis��á"

I íííØØØ1.5 3½n1.4�^�e, ék > p,
√
Nâk,k �©

ÙÂñ�IO��©ÙN(0, 1).
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Nâk,k �©

ÙÂñ�IO��©ÙN(0, 1).



A^�mS�©Û
�§0�

ÌùP�µRaR

���ÄuoÀº
P���?U

AR(p)�.�ëê
�O

Yule-Walker�O

���¦�O

��q,�O

AR(p)�.½�

�.[Üu�

ARÌ�Ý�O

 �'Xê�u�

I �u�H0 : ak,k = 0§I���âk,k�©Ù"�·��
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I N���ek > p§K
√
Nâk,kCqÑlN(0,1)§âk,k�

±95%VÇá\«m

(−1.96/
√
N, 1.96/

√
N).

I é,�½�K§±

p̂ = max{j : |âj ,j | > 1.96/
√
N, 1 ≤ j ≤ K}

��p��O´Ün�"

I ¢S¯K¥�±�K�#N��ê���þ."

I ù«�{��xÑ�� �'XêãÒ�±½
�"(R¥^pacf(x)��� �'Xêã)"

I ü«µAR order selection by PACF.
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±95%VÇá\«m

(−1.96/
√
N, 1.96/

√
N).

I é,�½�K§±

p̂ = max{j : |âj ,j | > 1.96/
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p̂ = max{j : |âj ,j | > 1.96/
√
N, 1 ≤ j ≤ K}

��p��O´Ün�"

I ¢S¯K¥�±�K�#N��ê���þ."

I ù«�{��xÑ�� �'XêãÒ�±½
�"(R¥^pacf(x)��� �'Xêã)"

I ü«µAR order selection by PACF.



A^�mS�©Û
�§0�

ÌùP�µRaR

���ÄuoÀº
P���?U

AR(p)�.�ëê
�O

Yule-Walker�O

���¦�O

��q,�O

AR(p)�.½�

�.[Üu�

ARÌ�Ý�O

AICÚBIC½�

I �±ÏLé[Ü`Ý��¦\þéëê�ê�¨v�
½��OK5½�"

I AICOK:

AIC(k) = ln σ̂2k +
2k

N
, k = 0, 1, . . . ,P0
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k lnN

N
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I é*ÿêâx1, x2, · · · , xN , XJ��
AR(p)��pÚ
g£8Xê(a1, a2, · · · , ap)��Oþp̂ Ú
(â1, â2, · · · , âp̂), ½Âí�

ε̂t = yt −
p̂∑

j=1

âjyt−j , t = p̂ + 1, p̂ + 2, . . . ,N. (1.21)

I ùp�yt = xt − x̄N´xt"þ�z.

I éþã�í�S�?1xD(�u�.

I XJU
�½(1.21)´xD(, Ò@�ïá��.´Ü
n�. ÄK�±UÄp̂ ���­#O�, ½U^MA(q)
½ARMA(p, q) �..
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