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I �{Yt}´��k��"þ��mS�, é?Û��ên,
^

Ln = sp{Y1,Y2, . . . ,Yn}

L«Y1, . . . ,Yn��5|Ü��N.

I ½ÂYn = (Y1,Y2, . . . ,Yn)T ,

Ŷ1 = 0, Ŷn = L(Yn|Yn−1), n = 2, . . . . (3.1)

I Ú\ýÿØ�Wn9Ù��νn−1Xe:

Wn = Yn − Ŷn, νn−1 = EW 2
n . n = 1, 2, · · · . (3.2)

I d�Z�5ýÿ�5�7 ��WnÚLn−1¥�?Û�Å
Cþ��, ¿�Wn ∈ Ln.

I u´{Wn}´����S�, ÷v

E (WnWk) = νn−1δn−k .

ùpδt´Kronecker ¼ê.
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Ŷ1 = 0, Ŷn = L(Yn|Yn−1), n = 2, . . . . (3.1)

I Ú\ýÿØ�Wn9Ù��νn−1Xe:
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I ^

Mn
4
= sp{W1,W2, · · · ,Wn}

L«W1,W2, · · · ,Wn��5|Ü�N.
I KMn ⊂ Ln.
I én ∈ N, ·�^8B{y²Yn ∈ Mn.
I ÄkY1 = W1 ∈ M1.
I XJék ≤ n®²y²Yk ∈ Mk , 5
¿Ŷn+1 = L(Yn+1|Yn) ∈ Mn, u´

Yn+1 = (Yn+1− Ŷn+1) + Ŷn+1 = Wn+1 + Ŷn+1 ∈ Mn+1.

ùÒy²
én ∈ N, Yn ∈ Mn¤á.
I u´��

Ln = sp{Y1,Y2, . . . ,Yn}
= sp{W1,W2, . . . ,Wn} = Mn,

n = 1, 2, . . . . (3.3)
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ùÒy²
én ∈ N, Yn ∈ Mn¤á.
I u´��

Ln = sp{Y1,Y2, . . . ,Yn}
= sp{W1,W2, . . . ,Wn} = Mn,

n = 1, 2, . . . . (3.3)



A^�mS�©Û
�§0�

ÌùP�µRaR

���ÄuoÀº
P���?U

�mS��4íý
ÿ

�mS��4íýÿ

���mS��«mýÿ

²­S��4íýÿ

ARMA(p, q)S�
�4íýÿ

AR(p)S��ýÿ

MA(q)S��ýÿ

ARMA(p, q) S��ý
ÿ

ARMA(p,q)S�õÚý
ÿ

4íýÿ���©)(Y)
I ^

Mn
4
= sp{W1,W2, · · · ,Wn}

L«W1,W2, · · · ,Wn��5|Ü�N.
I KMn ⊂ Ln.
I én ∈ N, ·�^8B{y²Yn ∈ Mn.
I ÄkY1 = W1 ∈ M1.
I XJék ≤ n®²y²Yk ∈ Mk , 5
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I §5.15�10Ú(3.3)ªw�·�
^Wn = (W1,W2, . . . ,Wn)T éYn+1?1ýÿÚ
^Yn = (Y1,Y2, . . . ,Yn)T éYn+1 ?1ýÿ´�d�.

I du{Wt}´��S�, ¤±^WnéYn+1?1ýÿk
éõ��B.

I aqu3��Äþ�ÝK§�±��O��I"
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I ½n3.1 �{Yt}´"þ��mS�(Ø�¦²­!). X
J(Y1,Y2, . . . ,Ym+1)T����Ý
(

E (YsYt)
)
1≤s,t≤m+1

(3.4)

�½, K�Z�5ýÿ

Ŷn+1
4
=L(Yn+1|Yn), n = 1, 2, . . . ,m

=
n∑

j=1

θn,jWn+1−j =
n−1∑
k=0

θn,n−kWk+1 (3.5)

=θn,1Wn + θn,2Wn−1 + · · ·+ θn,nW1

=θn,nW1 + θn,n−1W2 + · · ·+ θn,1Wn
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I Ù¥�Xê{θn,j} Úýÿ�þ�Ø�νn = EW 2
n+1÷v

Xe�4íúª.

I 
ν0 = EY 2

1 ,

θn,n−k =
[
E (Yn+1Yk+1)−

∑k−1
j=0 θk,k−jθn,n−jνj

]
/νk ,

0 ≤ k ≤ n − 1,

νn = EY 2
n+1 −

∑n−1
k=0 θ

2
n,n−kνk ,

(3.6)

Ù¥�½
∑−1

j=0(·) 4= 0.
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ν0
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θ3,3 θ3,2 θ3,1 ν3
...

...
...

...
. . .

I l����±4íO�Xê{θn,k}Ú{νn}§¿4íO
�

Ŷ1 =0, W1 =Y1 − Ŷ1
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· · · · · · · · · · · · · · · · · ·
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Ŷ1 =0, W1 =Y1 − Ŷ1
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I yyy²²² lg���Ý
(3.4)��½5�
�νn = EW 2

n+1 > 0.

I ±e�0 ≤ k ≤ n − 1.

I 3(3.5)ü>Ó¦Wk+1�¦êÆÏ", d{Wk}���
5�

E (Ŷn+1Wk+1) =θn,n−kνk . (3.7)

I |^Wn+1 = Yn+1 − Ŷn+1ÚWk+1R�, �

E (Yn+1Wk+1) = E (Ŷn+1Wk+1) = θn,n−kνk (3.7’)
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Ŷk+1 =
k∑

j=1

θk,jWk+1−j =
k−1∑
j=0

θk,k−jWj+1,

I u´

θn,n−k =E (Yn+1Wk+1)/νk (^(3.7’))

=E

Yn+1(Yk+1 −
k−1∑
j=0

θk,k−jWj+1)

 /νk
=

E (Yn+1Yk+1)−
k−1∑
j=0

θk,k−jE (Yn+1Wj+1)

 /νk
=[E (Yn+1Yk+1)−

k−1∑
j=0

θk,k−jθn,n−jνj ]/νk . (^(3.7’))
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I ��, |^νn = EW 2
n+1 = EY 2

n+1 − EŶ 2
n+1 Ú(3.5)��

ýÿ�þ�Ø�úª:

νn = EY 2
n+1 −

n∑
j=1

θ2n,jνn−j = EY 2
n+1 −

n−1∑
j=0

θ2n,n−jνj .
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I e¡�Ä^{Y1,Y2, · · · ,Yn}ýÿYn+k+1�¯K.

I �(Y1,Y2, · · · ,Yn+k+1)T�g���Ý
�½.

I EPŶn+k+1 = L(Yn+k+1|Yn+k), ^WjL«ýÿØ
�Yj − L(Yj |Yj−1),

I Kk

Ŷn+k+1 =
n+k∑
j=1

θn+k,jWn+k+1−j . (3.8)
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I 5¿, éj ≥ 0, Wn+j+1R�uLn, Wn−j ∈ Ln. �â§5.1
¥�Z�5ýÿ�5�4!5!8½½n1.2 ��

L(Yn+k+1|Yn) = L(Ŷn+k+1|Yn) (½n1.2(6))

=L[
n+k∑
j=1

θn+k,jWn+k+1−j

∣∣∣ Wn] (½n3.1)

=L[
n+k∑

j=k+1

θn+k,jWn+k+1−j
∣∣ Wn] (½n1.2(5))

=
n+k∑

j=k+1

θn+k,jWn+k+1−j . (½n1.2(4)) (3.9)

=
n−1∑
j=0

θn+k,n+k−jWj+1
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E [Yn+k+1 − L(Yn+k+1|Yn)]2

=EY 2
n+k+1 − E [L(Yn+k+1|Yn)]2

=EY 2
n+k+1 −

n+k∑
j=k+1

θ2n+k,jνn+k−j , (3.10)

=EY 2
n+k+1 −

n−1∑
j=0

θ2n+k,n+k−jνj

I Ù¥�Xêθn+k,jÚýÿ�þ�Ø�νn+k−j�^4íú
ª(3.6)O�, �ØLÏ�Yn+1, . . . ,Yn+k��¤
±Wn+1, . . . ,Wn+kØUO�"
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���mS��«mýÿ

I XJ{Yt}´���mS�, KŶn+1�´�Zýÿ.

I Wn+1 = Yn+1 − Ŷn+1 ��Y1,Y2, · · · ,Yn+1��5|
ÜÑl��©ÙN(0, νn).

I |^

Pr
(
|Yn+1 − Ŷn+1|/

√
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√
νn ≤ 1.96

)
= 0.95

�±��

I Yn+1��&Ý�0.95��&«m(ýÿ«m)

[Ŷn+1 − 1.96
√
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.

I �Xn = (X1,X2, ...,Xn)T , Zn = Xn − L(Xn|Xn−1), �±
r½n3.1 UãXe.

I íííØØØ3.2 �{Xt}´"þ�²­S�, é?Ûn ∈ N,
g���Ý
Γn�½. K�Z�5ýÿ

X̂n+1
4
=L(Xn+1|Xn)

=
n∑

j=1

θn,jZn+1−j , (3.11)

=
n−1∑
j=0

θn,n−jZj+1 n = 1, 2, . . . ,

Ù¥�Xê{θn,j} Úýÿ�þ�Ø�νn = EZ 2
n+1÷v

Xe�4íúª.
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j=0 θk,k−jθn,n−jνj ]/νk ,

0 ≤ k ≤ n − 1,

νn = γ0 −
∑n−1

j=0 θ
2
n,n−jνj ,

(3.12)

Ù¥
∑−1

j=0(·) 4= 0,
I 4í�^S´

ν0
θ1,1 ν1
θ2,2 θ2,1 ν2
θ3,3 θ3,2 θ3,1 ν3
...

...
...

...
. . .
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I duýÿØ�Zn = Xn − L(Xn|Xn−1) ÚXn−1��, ¤±´
Ø�Xn−1�¹�&E. Äuù��Ï, <�q¡Zn´��
#E.

I l§5.2 �?Ø��,
νn = E [X1 − L(X1|X0,X−1, · · · ,X−n+1)]2 → σ2,
�n→∞. ùpσ2´^�N{¤Xt ,Xt−1, . . .ýÿXt+1�
�þ�Ø�. σ2 > 0L«{Xt}´�û½5�.
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g���¼ê�{γk}§��±ýÿ�²­�"

I �´é��êâ���I��O"5¿#EýÿXê
¥I�^�γn§�´XJ��þØ
�{�Oγn¬�
)é�Ø�§��ýÿØ�é�"

I XJ·���S�ÑlARMA�.§Ò�±^'��
�g����O���.ëê�O§^�.ëê5�
�ý�úª§ù��ý�(JÉ�ÅØ�K�'�
�"

I ,	§ARMA�.¥�xD(XJ´ÕáxD(§�
Z�5ý��´�Zý�"ù�(J�,´éÃ¡�
{¤����´��þv
���Cq¤á"
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Xt =

p∑
j=1

ajXt−j + εt , t ∈ Z, (4.1)

Ù¥{εt}´xD(, A�õ�ª

A(z) = 1−
p∑

j=1

ajz
j 6= 0, |z | ≤ 1.

I �Ä^Xn = (X1,X2, . . . ,Xn)T ýÿXn+1�¯K.

I �{γn}´{Xt}�g���¼ê.
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I éu1 ≤ n ≤ p − 1, d�Z�5ýÿ�5�1��

X̂n+1 =L(Xn+1|Xn) = γT
n Γ−1n Xn

=an,1Xn + an,2Xn−1 + · · ·+ an,nX1

I Ù¥Γn´{Xt}�n�g���Ý
,
γn = (γn, γn−1, . . . , γ1)T , (an,1, an,2, . . . , an,n)
´n�Yule-WalkerXê"

I ýÿ�þ�Ø�´

E (Xn+1 − X̂n+1)2 = γ0 − γT
n Γ−1n γn.

I �±^Levinson4íúªO��5|ÜXêXêÚþ
�Ø�"£�§2.4.3¤
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~4.1 AR(1)�.�ýÿ
I �Xn = a1Xn−1 + εn. Ké?Ûm ∈ N,

L(Xn+1|Xn,Xn−1, . . . ,Xn−m+1) =a1Xn,

L(Xn+2|Xn,Xn−1, . . . ,Xn−m+1) =a1L(Xn+1|Xn)

=a21Xn,

· · · · · ·
L(Xn+k |Xn,Xn−1, . . . ,Xn−m+1) =ak1Xn.

I �k →∞, |^|a1| < 1Ú��Âñ½n��

E [Xn+k − L(Xn+k |Xn,Xn−1, · · · ,Xn−m)]2

=E (Xn+k − ak1Xn)2

=E (Xk − ak1X0)2

→γ0 = EX 2
0 , � k →∞.

I ù�AR(1)S�´X�û½5�²­S�k'. ¢Sþ
?ÛARMA(p, q)S�Ñ´X�û½5�(§5.2 ~2.3).
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~4.2 ü�þý�

I ²þü�þ�X̄ = 540mm. ^Xt , t = 1, 2, . . .L«T/
«�Åcü�þ.

I XJ
Yt = Xt − X̄

÷vAR(2)�.

Yt = −0.54Yt−1 + 0.3Yt−2 + εt , εt ∼WN(0, σ2)

I �½*ÿX1 = 560, X2 = 470, X3 = 580, X4 = 496,
X5 = 576, ¦X8��Z�5ýÿ.‘

I Äk¥%z�§

Y1 = 560− 540 = 20, Y2 = 470− 540 = −70,

Y3 = 580− 540 = 40, Y4 = 496− 540 = −44,

Y5 = 576− 540 = 36.
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~4.2 ü�þý�(Y)

I ^4íúªO�"PŶj = L(Yj |Y1,Y2, ...,Y5),
6 ≤ j ≤ 8, Kk

Ŷ6 =− 0.54× 36 + 0.3× (−44) = −32.64,

Ŷ7 =− 0.54Ŷ6 + 0.3× 36 = 28.43

Ŷ8 =− 0.54Ŷ7 + 0.3Ŷ6 = −25.14

I ��\þ²þ��

X̂6 = 540− 32.64 = 507.36

X̂7 = 540 + 28.43 = 568.43

X̂8 = 540− 25.14 = 514.86.

I 3�~¥, A�õ�ªA(z) = 1 + 0.54z − 0.3z2 kü
�¢�z1 = −1.1355, z2 = 2.9355. ��Cü ���
�Ë�´π, ¤±S�k±ÏT = 2�A5. ýÿêâ
�Ny
�7þ�540þe�OCz�A5.
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MA(q)S��ýÿ

I �{εt}´WN(0, σ2), ¢Xêõ�ª
B(z) = 1 + b1z + · · ·+ bqz

q3ü �SÃ�:
B(z) 6= 0, |z | < 1.
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��§¤±Xn+1�ε̂n−q, ε̂n−q−1, . . . , ε̂1 ��§�â�
Z�5ýÿ�5�6!4!10��

L(Xn+1|Xn) = L(Xn+1|ε̂n, . . . , ε̂1) (5�109(4.3))

=L(Xn+1|ε̂n, . . . , ε̂n−q+1) + L(Xn+1|ε̂n−q, . . . , ε̂1) (5�6)

=L(Xn+1|ε̂n, . . . , ε̂n−q+1) (5�4)

=

q∑
j=1

θn,j ε̂n+1−j . (#Eýÿúª) (4.4)

I ýÿ�þ�Ø�

νn = E ε̂2n+1 = γ0 −
q∑

j=1

θ2n,jνn−j . (4.5)

I ùp�{θn,j}, νn�±|^(3.12)?14íO�, �5
¿{γk}´qÚ���"
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I éu÷vARMA(p, q)�.

A(B)Xt = B(B)εt , t ∈ Z, (4.7)

�ARMAS�{Xt}, ½Âm = max(p, q)Ú(ë�[14])

Yt =

{
Xt/σ, t = 1, 2, . . . ,m,

A(B)Xt/σ, t = m + 1, . . . .
(4.8)
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I K{Yt}dARMA(p, q)�.(4.7)�ëê
β = (a1, a2, . . . , ap, b1, b2, . . . , bq)T ÚIOxD
({εt/σ}û½,l
Ø�6σ.

I b��.(4.7)¥�ëê®�, ·��Ä
^X1,X2, · · · ,XnéXn+k?1ÅÚýÿ�¯K.

I lYt�½Â��, ét ≥ 1,
Yt ∈ Lt = sp{X1,X2, . . . ,Xt}, ¿
�X1,X2, . . . ,Xm ∈ sp{Y1,Y2, . . . ,Ym}.

I N´wÑ, ét > m,

Xt = σYt +

p∑
j=1

ajXt−j ∈ sp{Y1,Y2, . . . ,Yt}.
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I u´2|^(3.3)(#E��S�p��5L«)��

Ln = sp{X1,X2, . . . ,Xn}
= sp{Y1,Y2, . . . ,Yn} = sp{W1,W2, ...,Wn},

Ù¥Wt = Yt − L(Yt |Yt−1), W1 = Y1 ´{Yt}���#
E.

I ^γkL«{Xt}�g���¼ê, �b0 = 1, bj = 0,
�j > q. �±O�Ñ

E (YsYt) =


σ−2γt−s , 1 ≤ s ≤ t ≤ m,

σ−2[γt−s −
∑p

j=1 ajγt−s−j ], 1 ≤ s ≤ m < t,∑q
j=0 bjbj+t−s , t ≥ s > m,

(4.9)

Ù¥�{γk} �^1nÙ�(2.10)Ú(2.11)O�.
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I ½Â{Xt}�ÅÚýÿØ�

Zt = Xt − L(Xt |Xt−1), Z1 = X1,

I Ké1 ≤ t ≤ m,

Wt =Xt/σ − L(Xt/σ|Xt−1)

=σ−1[Xt − L(Xt |Xt−1)] = σ−1Zt

I ét ≥ m + 1,

Wt =σ−1[Xt −
p∑

j=1

ajXt−j − L(Xt −
p∑

j=1

ajXt−j |Xt−1)]

=σ−1[Xt − L(Xt |Xt−1)] = σ−1Zt

I ¤±{Xt}Ú{Yt}�ýÿØ��mok±e�'X

Zt = σWt , EZ
2
t = σ2EW 2

t , t = 1, 2, . . . (4.10)
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�
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I éun ≥ m, |^ARMAS��ÏJ5=
E (Xtεt+k) = 0, k = 1, 2, . . . ,��

Yn+1 = σ−1B(B)εn+1 = σ−1
q∑

j=0

bjεn+1−j

�{Xj : 1 ≤ j ≤ n − q}��, l
�

sp{Yj : 1 ≤ j ≤ n − q} = sp{Wj : 1 ≤ j ≤ n − q}

¥�?Û�ÅCþ��.

I |^�Z�5ýÿ�5�6!4��

L(Yn+1|Yn) =

q∑
j=1

θn,jWn+1−j , n ≥ m = max(p, q).
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I u´én ≥ m, dYÚX�'X��

X̂n+1 =L(

p∑
j=1

ajXn+1−j + σYn+1|Xn)

=

p∑
j=1

ajXn+1−j + σ

q∑
j=1

θn,jWn+1−j

=

p∑
j=1

ajXn+1−j +

q∑
j=1

θn,jZn+1−j .

I o(þãí���:

X̂n+1 =

{∑n
j=1 θn,jZn+1−j , 1 ≤ n < m,∑p
j=1 ajXn+1−j +

∑q
j=1 θn,jZn+1−j , n ≥ m.

(4.11)
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I ýÿ�þ�Ø�E,´EZ 2
n+1 = σ2νn. ùp�{θn,j},

νn = EW 2
n+1�±|^(4.9)Ú(3.6)?14íO�.

I Zn+1 = Xn+1 − X̂n+1��±4íO�"

I Ï�{Yt}Úσ Ã', ¤±θn,k , {Wn}±9νn−1Ñ´
Úσ2Ã'�þ. §���6uëê
a = (a1, a2, . . . , ap)T Úb = (b1, b2, . . . , bq)T . ù�5
�3ïÄARMA�.���q,�O�ò��A^.
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~4.3 ARMAS��4íý�

I �~1.1. ®O�§3.2~2.1�ARMA(4,2)�g���¼
êγ0, γ1, . . . , γ20§dd^(4.9)O�
ÑE(YtYS), (1 ≤ s, t ≤ 21).

I ^§5.3�úª(3.6)O�Ñ#Eý�Xêθn,jXeµ

n 1 2 3 4 · · · 19 20
θn,1 −0.226 −0.4017 −0.5705 0.1807 · · · 0.4875 0.489
θn,2 0 −0.6865 −0.6353 −0.1597 · · · −0.3937 −0.394
θn,3 0 0 0.3699 −0.0000 · · · −0.0001 0.000
θn,4 0 0 0 −0.0000 · · · 0.0000 −0.000
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I T�.�*ÿêâx1, · · · , x213~1.1¥�Ñ. |^ú
ª(4.11)Ú(3.6)�±O�ÑÅÚýÿX̂k+1 = L(Xk+1|Xk) Ú
ÅÚýÿ�þ�Ø�νk−1 = EW 2

kXe:
j X̂j νj−1

1 0 6.670
2 0.104 6.330
3 0.070 2.505
4 -1.654 2.387
5 0.232 1.268
6 5.385 1.233
7 -1.788 1.142
8 -4.398 1.114
9 -0.837 1.086

10 0.839 1.069
11 2.259 1.056
12 -1.395 1.046
13 -2.354 1.038
14 0.467 1.031
15 2.585 1.026
16 1.069 1.022
17 -1.668 1.018
18 0.161 1.016
19 5.725 1.013
20 -0.229 1.011
21 -3.468 1.010
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I l±þêâwÑνkÂñ�σ
2 = 1��Ý´�n��(ë

�SK4.4).

I ã5.4.1´*ÿxt(J�)ÚýÿX̂t(¢�)�êâã. l
ã5.4.1w�ÅÚýÿX̂t�±n�/ýÿXt�r³, ù
´ÚTARMAS��²w±Ï5k'�. d
uZk = Xk − X̂kÑl��©Ù(0, νk−1), ¤±ý�xt�
�&Ý�0.95��&e!þ�©O´

X̂k − 1.96
√
νk−1, X̂k + 1.96

√
νk−1.

ã5.4.2�lþ�en^­�©O´{xt}��&þ�,
{xt}��(J�)Ú�&e�. �&«m��
Ý3.92

√
νk−1�kO\
~�, ��­½33.92NC.
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I �n > m,

L(Xn+k+1|Xn) =


∑p

j=1 ajL(Xn+k+1−j |Xn)

+
∑q

j=k+1 θn+k,jZn+k+1−j , 0 ≤ k < q, n > m∑p
j=1 ajL(Xn+k+1−j |Xn), k ≥ q, n > m.
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