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I é²S�, �Ä^¤k�{¤{Xt , t ≤ n}éXn+1?
1�Z�5ýÿ.

I �ýÿØ�´"�, Xn+1�&E��¹3{¤]�¥.
ù��²S��¡�û½5�. 2.3.5�!¥Γn+1Ø
÷�E¤Xt�±�Xt−1, . . . ,Xt−n���5ýÿ§´û
½5²��A~"

I ��S�: ^{Xs : s 6= t}ý�XtØ�Ø�""û½5
S�Ø´��S�"

I ¢S¯K¥, û½5²S�£ã¯Ô�uÐvk#
�&EÑy.
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I XJ^{Xt , t ≤ n}ýÿXn+1�Ø�Ø´", `
²Xn+1�&EØUd{¤]���5|Ü9Ù4��
�(½, ·�¡ù«�mS�´�û½5�.

I �û½5²S�£ã¯Ô�uÐo��#�&EÑ
y.

I ��S��½´�û½5�"

I ²S��Wold½nL«w�·�, �û½5²S
�o´�±©)¤xD(�ü>wÄÚ\þ��û½
5²S�.

I lA^��Ýù, �û½5²S�o´xD(�ü
>wÄÚ\þ��lÑÌS�.
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�Z�5ýÿþ�Ø��4�

I �{Xn : n ∈ Z}´"þ�²S�. P

Xn,m = (Xn,Xn−1, · · · ,Xn−m+1)T ,

ùpnL«�þ�1���I, mL«�þ��ê.

I ½Â
X̂n+1,m = L(Xn+1|Xn,m).

I l�Z�5ýÿ�5�8��σ21,m = E (Xn+1−
X̂n+1,m)2 ´m�üN~¼ê,u´½Â

σ21
4
= lim

m→∞
σ21,m <∞.
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I ½½½nnn2.1 σ21
4
= limm→∞ σ

2
1,m�nÃ'.

I yyy²²² �a = (a1, a2, . . . , am)T ´ýÿ�§(1.5)�),
KaÚnÃ'. du

Yn
4
= Xn+1 −

m∑
j=1

ajXn+1−j = Xn+1 − X̂n+1,m, n ∈ Z,

(2.1)

´²S�, ¤±σ21,m = EY 2
n = EY 2

0�nÃ'. �

�σ21 = limm→∞ σ
2
1,m�nÃ'.
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I é¿©��m, L(Xn+1|Xn,m)L«^¿©õ�{¤é�
5Xn+1?1ýÿ.

I σ21,mL«�´ýÿ�þ�Ø�.

I �m→∞�, σ21,m → 0 `²Xn+1 �±d¤k{
¤Xn,Xn−1, . . .?1��ýÿ.

I �σ21 > 0 `²Xn+1Ø�±d¤k{¤Xn,Xn−1, . . .�
�5|Ü±94�?1��ýÿ.

I ½½½ÂÂÂ2.1 �{Xt}´"þ�²S�.

1. XJσ2
1 = 0,¡{Xt}´û½5²S�;

2. XJσ2
1 > 0, ¡{Xt}´�û½5²S�, ¿�

¡σ2
1 = limm→∞ σ2

1,m �{Xt}��Ú(�5)ýÿ�þ�

Ø�"
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�"þ��¹

I éu²S�{Xt}, XJEXt = µ, Ú
\{Zt} = {Xt − µ} Úm��þµm = (µ, . . . , µ)T .

I Uì�Z�5ýÿ�½Â1.2,

X̂n+1,m =µ+ L(Xn+1 − µ|Xn,m − µm)

=µ+ L(Zn+1|Zn,m) = µ+ Ẑn+1,m.

I u´

E (Zn+1 − Ẑn+1,m)2 = E (Xn+1 − X̂n+1,m)2.

=éXý��þ�Ø��ué¥%z���Zý��
þ�Ø�"

I Ï, ��=�{Xt − µ}´û½5²S��,
¡{Xt}´û½5²S�. u´±��I�?Ø"þ
��²S�.
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I u´
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~2.1 ����5ýÿ
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Γn+1ò
z§|Γn| > 0"

I KX1,X2, · · · ,Xn+1�5�',
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~2.2 lÑÌS�

I �"þ��ÅCþξj , ηk (j , k = 1, 2, . . . , p) üü��,
÷v

E (ξ2j ) = E (η2j ) = σ2j , j = 1, 2, . . . (2.2)

I é(½�j , ½Â{ülÑÌS�

Zj(t) = ξj cos(tλj) + ηj sin(tλj), t ∈ Z. (2.3)

I �±y²{Zj(t)}´²S�"
I ¯¢þ§´�EZj(t) ≡ 0"

E[Zj(t)Zj(s)] =Eξ2j cos(λj t) cos(λjs) + Eη2j sin(λj t) sin(λjs)

=σ2j cos((t − s)λj)

��6ut − s"
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~2.2 lÑÌS�II

I {Zj(t)}�z�g¢y´±Ï¼ê, d§2.3�½n3.7 �
�{Zj(t)}�3�g���Ý
´òz�,

I Ïd(2.3)´����5ýÿ�§Zj(n)�±
�Xj(n − 1),Xj(n − 2)���5ýÿ§´û½5S�"

I ¯¢þN´y²

Zj(t) = (2 cosλj)Zj(t − 1)− Zj(t − 2)

I ½ÂlÑÌS�

Zt =

p∑
j=1

Zj(t), t ∈ Z. (2.4)

ù´p�{ülÑÌS��U\.

I d§2.3�½n3.7��d(2.4)½Â�lÑÌS��´û
½5�. Zn�±�Zn−1,Zn−2, . . . ,Zn−2p���5ý
ÿ"
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X�û½5
I û½5��û½5�ûu�Ú�5ý�Ø�´Ä�
""

I é�û½5S�§^{Xs , s ≤ n}ý�Xn+k�Ø�¬
�kO�O�"

I P

σ2k,m =E[Xn+k − L(Xn+k |Xn,Xn−1, . . . ,Xn−m+1)]2

Kσk,m�´m�üN4~¼ê§�nÃ'"�½Â

σ2k = lim
m→∞

σ2k,m

I 34�¿Âe�±y²σ2k ≥ σ2k−1:

σ2k = lim
m→∞

E(Xn+k − L(Xn+k |Xn,Xn−1, . . . ,Xn−m))2

= lim
m→∞

E[Xn+k−1 − L(Xn+k−1|Xn−1,Xn−2, . . . ,Xn−1−m)]2

≥ lim
m→∞

E[Xn+k−1 − L(Xn+k−1|Xn,Xn−1, . . . ,Xn−m−1)]2

= lim
m→∞

σ2k−1,m+1 = σ2k−1. (2.6)
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I P
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Kσk,m�´m�üN4~¼ê§�nÃ'"�½Â
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I éX�û½5�²S�, kXe�(J:

lim
k→∞

lim
m→∞

E[L(Xn+k |Xn,Xn−1, . . . ,Xn−m+1)]2 = 0.

(2.7)

I ¢Sþ, PX̂n+k,m = L(Xn+k |Xn,Xn−1, . . . ,Xn−m+1).
dÝK���5�

σ2k,m = E (Xn+k − X̂n+k,m)2 = EX 2
n+k − EX̂ 2

n+k,m.

u´��

lim
k→∞

lim
m→∞

EX̂ 2
n+k,m = lim

k→∞
lim

m→∞
(γ0 − σ2k,m) = γ0 − γ0 = 0.

(2.8)

I l(2.7)��wÑ, éuX�û½5�²S���Ï
½��Ïýÿ´ØÜ·�.
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I ÚÚÚnnn2.2 �A�Hilbert�mH�f8§PLA�A�¤
kk��5|Ü�¤�f8§PHA��¹A����
4f�m(¡�dA)¤�4f�m)"K∀ξ ∈ HA§7
�3ξn ∈ LA, n = 1, 2, . . . ¦�

‖ξn − ξ‖ → 0, n→∞.

I yyy²²²: ´�LA�H�f�5�m§HA�H�
fHilbert�m§LA ⊂ HA"PL̄A�LA9LA¥���4
��¤�8Ü§ÏLA ⊂ HA9HA´48�
�L̄A ⊂ HA"
,��¡§�±y²L̄A´4f�m§dHA�½Â
9A ⊂ LA�HA ⊂ L̄A"
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�L(Xn+k |Hn)(½n2.4)"

I ½½½nnn2.3 �Y ∈ L2, ξ ∈ Hn, Kξ = L(Y |Hn)�¿©7
�^�´

Y − ξ ⊥ Xj , j = n, n − 1, n − 2, . . . (*)

I yyy²²²:
I 7�5: d½n1.1��Y − ξ ⊥ Hn¤±k(*)"
I ¿©5: PA = {Xn,Xn−1, . . . }§Kd(*)�
�Y − ξ ⊥ LA"dÚn2.2,
éη ∈ Hnkηm ∈ LA¦ηm → η§dSÈ�ëY5��

E((Y − ξ)η) = lim
m→∞

E((Y − ξ)ηm) = 0

=Y − ξ ⊥ Hn§d½n1.1=�ξ = L(Y |Hn)"
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�L(Xn+k |Hn)(½n2.4)"

I ½½½nnn2.3 �Y ∈ L2, ξ ∈ Hn, Kξ = L(Y |Hn)�¿©7
�^�´

Y − ξ ⊥ Xj , j = n, n − 1, n − 2, . . . (*)

I yyy²²²:
I 7�5: d½n1.1��Y − ξ ⊥ Hn¤±k(*)"
I ¿©5: PA = {Xn,Xn−1, . . . }§Kd(*)�
�Y − ξ ⊥ LA"dÚn2.2,
éη ∈ Hnkηm ∈ LA¦ηm → η§dSÈ�ëY5��

E((Y − ξ)η) = lim
m→∞

E((Y − ξ)ηm) = 0

=Y − ξ ⊥ Hn§d½n1.1=�ξ = L(Y |Hn)"
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I Hn�{Xs , s ≤ n}¤Ü¤�fHilbert�
m§L(Xn+k |Hn)´��ÝK"e¡�½n`²ù�Ý
K´k¡��Z�5ýÿ�4�"

I ½½½nnn2.4 �Xn,m = (Xn,Xn−1, . . . ,Xn−m+1)T ,
�m→∞�

L(Y |Xn,m)
m.s.−→ Ŷ

4
= L(Y |Hn) (2.11)
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I yyy²²²: PŶm = L(Y |Xn,m)"ky²{Ŷm}´Hn¥Ä�
�"w,Ŷm ∈ Hn§��m→∞�

η2m
4
= E(Y − Ŷm)2 → η2 (5¿üN5)

I ém, k →∞§5¿Ŷm, Ŷm+kÑÚY − Ŷm+k��§�

‖Ŷm − Ŷm+k‖2 = ‖Ŷm − Y + Y − Ŷm+k‖2

=‖Ŷm − Y ‖2 + ‖Y − Ŷm+k‖2 + 2〈Ŷm − Y ,Y − Ŷm+k〉
=η2m + η2m+k − 2〈Y ,Y − Ŷm+k〉
=η2m + η2m+k − 2〈Y − Ŷm+k ,Y − Ŷm+k〉
=η2m + η2m+k − 2η2m+k → 0

I Ïd{Ŷm}´Hn�Ä��§3Hn¥�3��4�ξ"



A^�mS�©Û
�§0�

ÌùP�µRaR

���ÄuoÀº
P���?U

�û½5²S�
9ÙWoldL«

�û½5²S�

WoldL«½n

Kolmogorovúª

�ZýÿÚ�Z�5ýÿ�

��^�

½n2.4y²
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=η2m + η2m+k − 2η2m+k → 0
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I dSÈ�ëY5, é?ÛXs , s ≤ nk
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σ21
4
= lim

m→∞
‖Xn+1 − L(Xn+1|Xn,m)‖2

=‖Xn+1 − L(Xn+1|Hn)‖2 = ‖X1 − L(X1|H0)‖2

I σ21 = 0⇔ X1 = L(X1|H0)§¤±σ21 = 0⇒ X1 ∈ H0"
��§XJX1 ∈ H0§KE (X1 − X1)2 = 0��¤
±X1 = L(X1|H0)"=σ21 = 0⇔ X1 ∈ H0"ù�{Xt}´
û½5S�"

I aq/§

σ2k
4
= lim

m→∞
‖Xn+k − L(Xn+k |Xn,m)‖2

=‖Xn+k − L(Xn+k |Hn)‖2 = ‖Xk − L(Xk |H0)‖2
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I ½½½nnn2.5 �{Xt}´"þ�²�§
1. {Xt}´û½5S���=�é,�nk

Xn+1 ∈ Hn; (2.14)

¿�XJ(2.14)é,�n¤áKé¤kn¤á§ù
�Hn = Hn−1,∀n ∈ Z"

2. {Xt}´X�û½5���=�é,�n§k

σ2
k = ‖Xn+k − L(Xn+k |Hn)‖2 → γ0, k →∞ (2.15)

¿�XJ(2.15)é,�n¤áKé¤kn¤á"
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I ½½½nnn2.6(WoldL«½n): ?��û½5�"þ�²
��±L«¤

Xt =
∞∑
j=0

ajεt−j + Vt , t ∈ Z (2.16)

Ù¥
I (1) εt = Xt − L(Xt |Xt−1,Xt−2, . . . ) ´"þ�xD
(§÷v

Eε2t = σ2 > 0, a0 = 1

aj = E(Xtεt−j)/σ
2,

∞∑
j=0

a2j <∞
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Xt =
∞∑
j=0

ajεt−j + Vt , t ∈ Z (2.16)

Ù¥
I (1) εt = Xt − L(Xt |Xt−1,Xt−2, . . . ) ´"þ�xD
(§÷v

Eε2t = σ2 > 0, a0 = 1

aj = E(Xtεt−j)/σ
2,

∞∑
j=0

a2j <∞
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I (Y)
I (2) {Ut =

∑∞
j=0 ajεt−j , t ∈ Z} ´�{Vt}���²

�¶
I (3) ½ÂHε(t) = s̄p{εs : s ≤ t},

HU(t) = s̄p{Us : s ≤ t}, K∀t

HU(t) = Hε(t)

I (4) {Ut}´X�û½5�²S�§kÌ�Ý

f (λ) =
σ2

2π

∣∣∣∣∣∣
∞∑
j=0

aje
ijλ

∣∣∣∣∣∣
2

I (5) {Vt}´û½5�²S�"é?
Ût, k ∈ Z§Vt ∈ Ht−k"
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I ½½½ÂÂÂ2.3 3WoldL«½n¥
I (1) ¡(2.16)´{Xt}�WoldL«¶
I (2) ¡{Ut}´{Xt}�X�û½5Ü©§
¡{Vt}´{Xt}�û½5Ü©¶

I (3) ¡{aj}´{Xt}�WoldXê¶
I (4) ¡�ÚýÿØ�εt = Xt − L(Xt |Xt−1,Xt−2, . . . )
�{Xt}�#ES�;

I (5) ¡σ2 = Eε2t��Ú(�5)ýÿ�þ�Ø�"

I ùp#E�¿g´��ØU�{¤�5ýÿ"

I dWold½n��?ÛX�û½5²S��±L��
#E�ü>wÄÚ"

I ¯¢þ§?ÛxD(�ü>wÄÚ(Xê²��Ú)�
½´X�û½5�§�Ù¥�xD(Ø�½TÐ´#
E"
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I ~~~2.3 �{Xt}´ARMA(p, q)S�§�.�§�

A(B)Xt = B(B)εt , t ∈ Z,

I �A−1(z)B(z)kTaylorÐmª

Ψ(z) = A−1(z)B(z) =
∞∑
j=0

ψjz
j , |z | ≤ 1

I K

Xt =
∞∑
j=0

ψjεt−j , t ∈ Z. (2.19)

I e¡y²{Xt}´X�û½5�²S
�§(2.19)´{Xt}�WoldL«§{εt}´{Xt}�#ES
�§{ψj}´{Xt}�WoldXê"
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I ·��é'�N´��_ARMA��¹y²"
d(2.19)wÑXt ∈ Hε(t), |^�_
5§εt = B−1(B)A(B)Xt ∈ Ht , ¤±Ht = Hε(t).

I u´

Xt − εt =
∞∑
j=1

ψjεt−j ∈ Hε(t − 1) = Ht−1

5yXt − εt = L(Xt |Ht−1)"��y
²Xt − (Xt − εt) ⊥ Ht−1.
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I ¯¢þ§duεt�εt−j , j ≥ 1���
�εt ⊥ Hε(t − 1) = Ht−1"�

Xt − εt =L(Xt |Ht−1)

εt =Xt − L(Xt |Ht−1)

={εt}´{Xt}�#E�§σ2 = Eε2t ´�Úýÿþ�Ø
�§3(2.19)ü>Ó¦±εt−j��Ï"§|^SÈ�ë
Y5��

ψj = 〈Xt , εt−j〉/σ2

={ψj}´{Xt}�WoldXê�"
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I 5y²{εt}´xD("
I d½n2.4

L(Xt |Ht−1) = lim
m→∞

L(Xt |Xt−1, . . . ,Xt−m) (L2)

= lim
m→∞

aTmX
T
t−1,m

Ù¥am´m�Y-WXê(ýÿ�§�))§Ø�6ut§
I dSÈ�ëY5

Eε2t = lim
m→∞

‖Xt − L(Xt |Xt−1, . . . ,Xt−m)‖2

= lim
m→∞

(γ0 − aTmΓmam) (�tÃ')

= lim
m→∞

σ21,m = σ2 > 0 (d�û½5½Â)

I és > t§εs ⊥ Hs−1 ⊃ Ht¤±εs ⊥ εt , s > t"=

{εt} ∼WN(0, σ2), σ2 > 0
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I ½ÂVt = Xt − L(Xt |Hε(t)), KVt ∈ Ht"5y
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±εs ⊥ Vt , s > t"

I u´{εt}Ú{Vt}��"
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j=0

ajεt−j (*)



A^�mS�©Û
�§0�

ÌùP�µRaR

���ÄuoÀº
P���?U

�û½5²S�
9ÙWoldL«

�û½5²S�

WoldL«½n

Kolmogorovúª

�ZýÿÚ�Z�5ýÿ�

��^�

Wold½n�y²—IV

I dIII�y²§�±½Â

aj =〈Xt , εt−j〉/σ2 (j ≥ 0)

aj�tÃ'"�

a0 =〈Xt , εt〉/σ2

=〈εt + L(Xt |Ht−1), εt〉/σ2

=〈εt , εt〉/σ2 = 1

I -Ut = L(Xt |Hε(t)),
KVt = Xt − L(Xt |Hε(t)) = Xt − Ut , Xt = Ut + Vt"

I 5y²

Ut =
∞∑
j=0

ajεt−j (*)



A^�mS�©Û
�§0�

ÌùP�µRaR

���ÄuoÀº
P���?U

�û½5²S�
9ÙWoldL«

�û½5²S�

WoldL«½n

Kolmogorovúª

�ZýÿÚ�Z�5ýÿ�

��^�

Wold½n�y²—IV

I dIII�y²§�±½Â

aj =〈Xt , εt−j〉/σ2 (j ≥ 0)

aj�tÃ'"�

a0 =〈Xt , εt〉/σ2

=〈εt + L(Xt |Ht−1), εt〉/σ2

=〈εt , εt〉/σ2 = 1

I -Ut = L(Xt |Hε(t)),
KVt = Xt − L(Xt |Hε(t)) = Xt − Ut , Xt = Ut + Vt"

I 5y²

Ut =
∞∑
j=0

ajεt−j (*)



A^�mS�©Û
�§0�

ÌùP�µRaR

���ÄuoÀº
P���?U

�û½5²S�
9ÙWoldL«

�û½5²S�

WoldL«½n

Kolmogorovúª

�ZýÿÚ�Z�5ýÿ�

��^�

Wold½n�y²—IV(Y)
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∑n
j=0 bjεt−j§K

I éj = 0, 1, . . . , n
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n∑

j=0

ajεt−j



A^�mS�©Û
�§0�

ÌùP�µRaR

���ÄuoÀº
P���?U

�û½5²S�
9ÙWoldL«

�û½5²S�

WoldL«½n

Kolmogorovúª

�ZýÿÚ�Z�5ýÿ�

��^�

Wold½n�y²—IV(Y)

I ½ÂUt,n = L(Xt |εt , εt−1, . . . , εt−n).
�Ut,n =

∑n
j=0 bjεt−j§K

I éj = 0, 1, . . . , n

σ2aj =〈Xt , εt−j〉 = 〈Ut,n + (Xt − Ut,n), εt−j〉
=〈Ut,n, εt−j〉 = σ2bj

=bj = aj§

Ut,n = L(Xt |εt , εt−1, . . . , εt−n) =
n∑

j=0

ajεt−j



A^�mS�©Û
�§0�

ÌùP�µRaR

���ÄuoÀº
P���?U

�û½5²S�
9ÙWoldL«

�û½5²S�

WoldL«½n

Kolmogorovúª

�ZýÿÚ�Z�5ýÿ�

��^�

Wold½n�y²—IV(Y2)
I 5¿Ut,n´Xt�ÝK¤±‖Ut,n‖2 ≤ ‖Xt‖2 = γ0§¤±
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a2j ≤ γ0 <∞

I �
∑∞

j=0 a
2
j <∞§

∑n
j=0 ajεt−jþ�Âñ

�
∑∞

j=0 ajεt−j"
I d½n2.4�Ut,nþ�Âñ�Ut = L(Xt |Hε(t))§¤±

Ut =
∞∑
j=0

ajεt−j (*)

I {Ut}´�5²�§ÙÌ�Ýá=��((Ø(4)�1
�Ü©)"

I du{εt}�{Vt}��¤±Vs ⊥ Hε(t), ∀s, t ∈ Z§
Ut ∈ Hε(t)¤±Vs ⊥ Ut , {Vt}�{Ut}��"

I d{Ut}Ú{Vt}��§Xt = Ut + Vt , {Xt}Ú{Ut}²�
�Vt = Xt − Ut�´²�"

I �d½n�(1)(2)®y²"
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I 5y²1(3)^(Ø"½ÂHU(t) = s̄p{Us : s ≤ t}, 5y
²HU(t) = Hε(t)"

I w,Ut ∈ Hε(t)¤±HU(t) ⊂ Hε(t)"��y
²Hε(t) ⊂ HU(t)"

I 5¿εt ∈ Ht ⊂ s̄p{Us ,Vs : s ≤ t}, dÚn2.2§�
3ξm ∈ L{Vt ,Vt−1, . . . ,Vt−m},
ηm ∈ L{Ut ,Ut−1, . . . ,Ut−m}, ¦

‖ξm + ηm − εt‖2 → 0

I �c¡®y²{Vt}�{εt}��§��{Ut}��§¤±

‖ξm + ηm − εt‖2

=‖ξm‖2 + ‖ηm − εt‖2

≥‖ηm − εt‖2

I -m→∞�‖ηm − εt‖2 → 0§dÚn2.2�εt ∈ HU(t)"
I ¤±Hε(t) ⊂ HU(t), Hε(t) = HU(t)"(Ø(3)y."
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∞∑
j=k
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I u´
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j=0

ajεt+k−j‖2

=σ2
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j=0

a2j → σ2
∞∑
j=0

a2j = EU2
t
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I 5¿µù�y²é��ü>�5S�Ø·^"
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j=1

ajεt−j

=L(Xt |Ht−1)−
∞∑
j=1

ajεt−j

I Ù¥L(Xt |Ht−1) ∈ Ht−1§
∑∞

j=1 ajεt−j ∈ Hε(t − 1) ⊂
Ht−1§¤±Vt ∈ Ht−1"
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n2.2�Vt ∈ HV (t − 1) = s̄p{Vs : s ≤ t − 1}"

I d½n2.5�{Vt}�û½5�§
�HV (t) = HV (t − j), j ∈ Z§¤
±Vt ∈ HV (t − j), t, j ∈ Z"
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'u#E�?Ø

I εt = Xt − L(Xt |Ht−1)´XtJø�'Xt−1,Xt−2, . . .õ�&
E(�5¿Âe)"

I �±y²

Ht = s̄p(εt)⊕ Ht−1 (*)

I ù�

Ht =
∞
⊕
j=0

s̄p(εt−j)⊕ H−∞

Ù¥H−∞ = ∩
t
Ht"Vt ∈ H−∞"
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¤±Xt´{εt} ∪ Ht−1¥����5|Ü"

I Ïd

Ht = H̃t = s̄p({εt} ∪ Ht−1)

I 2dεt⊥Ht−1��Ht = s̄p(εt)⊕ Ht−1"



A^�mS�©Û
�§0�

ÌùP�µRaR

���ÄuoÀº
P���?U

�û½5²S�
9ÙWoldL«

�û½5²S�

WoldL«½n

Kolmogorovúª

�ZýÿÚ�Z�5ýÿ�

��^�

'u#E�?Ø(Y)

I ¯¢þ§(*)mýü����ÑáuHt§
PH̃t = s̄p({εt} ∪ Ht−1), KH̃t ⊂ Ht§5yHt ⊂ H̃t"

I dÚn2.2��y²Xs ∈ H̃t , s ≤ t"�s < t�w,§
éXt§Ï�

Xt = εt + L(Xt |Ht−1)

¤±Xt´{εt} ∪ Ht−1¥����5|Ü"

I Ïd

Ht = H̃t = s̄p({εt} ∪ Ht−1)

I 2dεt⊥Ht−1��Ht = s̄p(εt)⊕ Ht−1"



A^�mS�©Û
�§0�

ÌùP�µRaR

���ÄuoÀº
P���?U

�û½5²S�
9ÙWoldL«

�û½5²S�

WoldL«½n

Kolmogorovúª

�ZýÿÚ�Z�5ýÿ�

��^�

'u#E�?Ø(Y)

I ¯¢þ§(*)mýü����ÑáuHt§
PH̃t = s̄p({εt} ∪ Ht−1), KH̃t ⊂ Ht§5yHt ⊂ H̃t"

I dÚn2.2��y²Xs ∈ H̃t , s ≤ t"�s < t�w,§
éXt§Ï�

Xt = εt + L(Xt |Ht−1)

¤±Xt´{εt} ∪ Ht−1¥����5|Ü"

I Ïd

Ht = H̃t = s̄p({εt} ∪ Ht−1)

I 2dεt⊥Ht−1��Ht = s̄p(εt)⊕ Ht−1"



A^�mS�©Û
�§0�

ÌùP�µRaR

���ÄuoÀº
P���?U

�û½5²S�
9ÙWoldL«

�û½5²S�

WoldL«½n

Kolmogorovúª

�ZýÿÚ�Z�5ýÿ�

��^�

'u#E�?Ø(Y)

I ¯¢þ§(*)mýü����ÑáuHt§
PH̃t = s̄p({εt} ∪ Ht−1), KH̃t ⊂ Ht§5yHt ⊂ H̃t"

I dÚn2.2��y²Xs ∈ H̃t , s ≤ t"�s < t�w,§
éXt§Ï�

Xt = εt + L(Xt |Ht−1)

¤±Xt´{εt} ∪ Ht−1¥����5|Ü"

I Ïd

Ht = H̃t = s̄p({εt} ∪ Ht−1)

I 2dεt⊥Ht−1��Ht = s̄p(εt)⊕ Ht−1"



A^�mS�©Û
�§0�

ÌùP�µRaR

���ÄuoÀº
P���?U

�û½5²S�
9ÙWoldL«

�û½5²S�

WoldL«½n

Kolmogorovúª

�ZýÿÚ�Z�5ýÿ�

��^�
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I �{Xt}´�û½5�²�§dWoldL«½n(5)§Vt+n ∈ Ht§¤±
^Ã¡�{¤?1��Z�5ýÿ�

L(Xt+n|Ht) =L(Ut+n|Ht) + L(Vt+n|Ht)

=L(
∞∑
j=0

ajεt+n−j |Ht) + Vt+n

=
∞∑
j=n

ajεt+n−j + Vt+n (2.20)

I ¡L(Xt+n|Ht)´Xt+n�nÚý�§dWold©)úª�ý�Ø��

Xt+n − L(Xt+n|Ht) =
n−1∑
j=0

ajεt+n−j (2.21)

I ý��þ�Ø��

σ2(n) = σ2
n−1∑
j=0

a2j (2.22)

I n→∞�σ2(n)→ EU2
t .
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�ZýÿÚ�Z�5ýÿ�

��^�

Kolmogorovúª

I ½½½nnn2.7 (Kolmogorovúª[7]) �{Ut}´�û½5²
S�{Xt}�X�û½5Ü©, f (λ)´{Ut}�Ì�Ý.
Kk

σ2 = E [Xt − L(Xt |Ht−1)]2 = 2π exp

(
1

2π

∫ π

−π
ln f (λ)dλ

)
.

(2.24)

I úª(2.24)�y²I��õ)Û¼ê��£.

I �{Ut}´xD(�, úª(2.24)²w´¤á�.

I lKolmogorovúª(2.24)w�, XJ{Xt}´�û½5�,
K§�X�û½5Ü©�Ì�Ýf (λ)7´ln�È�, =∫ π

−π
ln f (λ)dλ > −∞. (2.25)
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�ZýÿÚ�Z�5ýÿ�

��^�

�Zýÿ

I �{Xt}´²S�, ^Ft = σ{Xt ,Xt−1, . . . } L«
dXt ,Xt−1, . . .)¤�σ-�ê. ¡^�êÆÏ"

E (Xt+k |Ft)

´^�N{¤{Xj : j ≤ t}éXt+k?1ýÿ���Zý
ÿ.

I �Zýÿ´þ�Ø����§ù´Ï�^�êÆÏ
"E (Xt+k |Ft)´Xt−1,Xt−2, . . .�¼ê, ��Ýk�:

E [E (Xt+k |Ft)]2 ≤ E [E (X 2
t+k |Ft)] = EX 2

t+k <∞.

dVÇØ¥êÆÏ"5��±y²é?¿��Ýk�
�Xt ,Xt−1, . . .�¼êξk

E(Xt+k − ξ)2 ≥ E[Xt+k − E(Xt+k |Ft)]2 (2.26)
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�ZýÿÚ�Z�5ýÿ���^�

I �Zýÿ��'�Z�5ýÿÐ§�´éX�û½5
S�XJÙ#E´ÕáS�K�ö�d"

I ½½½nnn2.8 �²S�{Xt}kWoldL«

Xt =
∞∑
j=0

ajεt−j , t ∈ Z. (2.27)

K

L(Xt+n|Ht) = E (Xt+n|Ft), n ≥ 1, t ∈ Z, (2.28)

¤á�¿©7�^�´

E (εt+1|εt , εt−1, . . . ) = 0, t ∈ Z. (2.29)

I (2.29)�^�¡���"
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'uARMA�.�íØ

I íííØØØ2.9 �ARMA(p, q)S�{Xt}¥�#E{εt}´Õ
áxD(, K^�N{¤{Xt ,Xt−1, . . . }éXt+n?1ý
ÿ�, �ZýÿÚ�Z�5ýÿ��.
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