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I ½½½ÂÂÂ1.1 �Y ÚX = (X1, . . . ,Xn)T´þ��", �
�k���ÅCþ(�þ). XJa ∈ Rn¦�é?Û
�b ∈ Rn, k

E(Y − aTX)2 ≤ E(Y − bTX)2.

K¡aTX´^X1,X2, . . . ,XnéY?1ýÿ����ZZZ���555
ýýýÿÿÿ, P�L(Y |X)½Ŷ . u´

Ŷ = L(Y |X) = aTX. (1.2)

I ½½½ÂÂÂ1.2 XJEY = b,EX = µ, ½Â

L(Y |X) = L(Y − b|X− µ) + b, (1.3)

¿¡L(Y |X) ´^X1,X2, · · · ,XnéY?1ýÿ���
Z�5ýÿ.
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5�1

I 555���1. XJa ∈ Rn, ¦�

Γa = ΣXY , (1.5)

K
L(Y |X) = aTX,

¿�k

E (Y − L(Y |X))2 = EY 2 − E [L(Y |X)]2 = EY 2 − aTΓa.
(1.6)

XJΓÚΣXY®�, ±a ���ê��5�§|(1.5)�
¡�ýýýÿÿÿ���§§§.
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5�1—II
yyy²²²µµµ é?Ûb ∈ Rn,

E (Y − bTX)2

=E [Y − aTX + (aT − bT )X]2

=E (Y − aTX)2 + E [(aT − bT )X]2 + 2E [(aT − bT )X(Y − aTX)]

=E (Y − aTX)2 + E [(aT − bT )X]2

+ 2(aT − bT )[E (XY )− E (XXT )a]

=E (Y − aTX)2 + E [(aT − bT )X]2

≥E (Y − aTX)2.

¤±, aTX´Y��Z�5ýÿ. |^(1.5)��

E [Y − L(Y |X)]2 = E (Y − aTX)2

=EY 2 + aTE (XXT )a− 2aTE (XY )

=EY 2 + aTΓa− 2aTΓa

=EY 2 − aTΓa.
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5�1—III

I 5¿µa´ýÿ�§�)�du

E((Y − aTX)X) = ΣXY − Γa = 0

=Y − aTX�X��"(5¿aTX´Iþ)

I 5�`²Y − aTX�X��KaTX = L(Y |X)"
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I 555���2.
(1) XJΓ = E (XXT )�_, Ka = Γ−1E (XY ) ¦
�L(Y |X) = aTX"

(2) ýÿ�§Γa = E (XY )ok).
(3) XJdet(Γ) = 0§���Ý
A¦�

AΓAT = diag(λ1, λ2, · · · , λr , 0, . . . , 0), λj > 0, j = 1, . . . , r .

½ÂZ = AX = (Z1,Z2, . . . ,Zn)T =
(Z1,Z2, . . . ,Zr , 0, . . . , 0)T Úξ = (Z1,Z2,
· · · ,Zr )

T ,KE (ξξT )�½, ¿���

α = [E (ξξT )]−1E (ξY ) (1.7)

�,L(Y |X) = L(Y |ξ) = αTξ.
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I 5�2�1�^`²�Z�5ýÿo�3§
�o�
±dýÿ�§�)L«"

I 5�2�1n^`²�1�^Ø¤á�§L(Y |X)�±
ÏLX �ÄL«"
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yyy²²²: =Iy²det(Γ) = 0�1nÚ1�^¤á"

E(ZZT ) =E(AXXTAT ) = AΓAT

=diag(λ1, λ2, . . . , λr , 0, . . . , 0)

�Zr+1 = · · · = Zn = 0"�E(ξξT ) = diag(λ1, . . . , λr ) ´�
½
"�αU(1.7)½Â�,k λ1 · · · 0

. . .

0 · · · λr

α = E (ξY ).
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5�2—IV
5¿AΓAT�λ1, . . . , λr�'X§�±�Ñ

AΓAT

(
α
0

)
=diag(λ1, . . . , λr , 0, . . . , 0)

(
α
0

)
=

(
E(ξY )

0

)
= E

((
ξ
0

)
Y

)
=E(ZY ) = E(AXY ) = AE(XY ) = AΣXY

ü>Ó¦±AT , Pa = AT

(
α
0

)
k

Γa = ΣXY

d5�1�

L(Y |X) = aTX = (αT , 0, . . . , 0)AX = αTξ

ù3y²
1n^�Ó��y²
1�^"



A^�mS�©Û
�§0�

ÌùP�µRaR

���ÄuoÀº
P���?U

�Z�5ýÿ�Ä
�5�

�Z�5ýÿ

Hilbert�m¥�ÝK

�Zýÿ

5�3

I 555���3. ¦+adΓa = E (XY )û½��±Ø��,
�L(Y |X)o´(a.s.)���.

I yyy²²²: ýÿ�§ok)§�a�ýÿ�§���)§
Kd5�1é∀b ∈ Rnk

E(Y − bTX)2 = E(Y − aTX)2 + E((a− b)TX)2

e�kb¦
�L(Y |X) = bTXKE(Y − bTX)2 = E(Y − aTX)2§u
´E((a− b)TX)2 = 0, =bTX = aTX§a.s.
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I 555���3. ¦+adΓa = E (XY )û½��±Ø��,
�L(Y |X)o´(a.s.)���.

I yyy²²²: ýÿ�§ok)§�a�ýÿ�§���)§
Kd5�1é∀b ∈ Rnk

E(Y − bTX)2 = E(Y − aTX)2 + E((a− b)TX)2
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5�4

I 555���4.
(1) XJE (XY ) = 0,KL(Y |X) = 0.
(2) XJY =

∑n
j=1 bjXj ,KL(Y |X) = Y .

I ù´�5ýÿ�ü�4àµÏCþÚgCþØ�'�
�5ýÿÃ�¶ÏCþ�gCþ�5|Ü��±��
�5ýÿ"

I y²µ

(1) ∀b

E(Y − bTX)2 =EY 2 + bTΓb− 2bTE(XY )

=EY 2 + bTΓb ≥ EY 2 = E(Y − 0)2

¤±L(Y |X ) = 0"
(2) ù�Y = bTX, E(Y − bX)2 = 0§¤
±L(Y |X) = bTX = Y"
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I �Y1,Y2, · · · ,Ym´�ÅCþ, bj´~ê. X
JY =

∑m
i=1 biYi , K

L(Y |X) =
m∑
j=1

bjL(Yj |X).

I 5�5`²¦�Z�5ýÿ�$�L(·|X)´�«�5$
�.
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I yyy²²²: �ai�Γai = E(XYi )�)(i = 1, 2, . . . ,m)§
KL(Yi |X) = aTi X"�a =

∑m
i=1 biai§K

Γa =Γ

(
m∑
i=1

biai

)
=

m∑
i=1

bi (Γai ) =
m∑
i=1

biE(XYi )

=E

(
X

m∑
i=1

biYi

)
= E(XY )

d5�1=�

L(Y |X) =aTX =
m∑
i=1

bia
T
i X =

m∑
i=1

biL(Yi |X)
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I 555���6. �X = (X1,X2, · · · ,Xn)T ,
Z = (Z1,Z2, · · · ,Zm)T . XJE (XZT ) = 0(X�ZØ�
'), Kk

L(Y |X,Z) = L(Y |X) + L(Y |Z).
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I yyy²²²: Pξ =

(
X
Z

)
§PΣXX = E(XXT ), ΣZZ = E(ZZT ),

K

Σ
4
=E(ξξT ) =

(
ΣXX 0
0 ΣZZ

)
�a, b¦�ΣXXa = E(XY ), ΣZZb = E(ZY ),

KL(Y |X) = aTX§L(Y |Z) = bTZ, �c =

(
a
b

)
§K

Σc =

(
ΣXXa
ΣZZb

)
=

(
E(XY )
E(ZY )

)
=E

((
X
Z

)
Y

)
= E(ξY )

d5�1

L(Y |X,Z) =L(Y |ξ) = cTξ

=aTX + bTZ = L(Y |X) + L(Y |Z)
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I 555���7 �Ỹ = bTX´X��5|Ü, KỸ = L(Y |X)�
¿©7�^�´

E (Xj(Y − Ỹ )) = 0, 1 ≤ j ≤ n. (1.8)

=

E(X(Y − bTX)) = 0

I L(Y |X)�±w¤Y3XÜ¤��mþ�ÝK§d5�
=ÝKA÷v�5�"

I 5¿

E(X(Y − bTX)) =E(XY )− Γb.

=í��gCþ���duXêb÷výÿ�§"
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I yyy²²²:
I 777���555: �Ỹ�L(Y |X)§d5�2��3a÷výÿ�
§§d5�1Ú5�3�L(Y |X) = aTX = bTX"ü>
m¦±XT�Ï"�

aTΓ = bTΓ

5¿Γa = E(XY )¤±dþª�Γb = E(XY ), =^�¤
á"

I ¿¿¿©©©555: ^�¤á�b´ýÿ�§�)§d5�1=
�Ỹ = bTX´�Z�5ýÿ"



A^�mS�©Û
�§0�

ÌùP�µRaR

���ÄuoÀº
P���?U

�Z�5ýÿ�Ä
�5�

�Z�5ýÿ

Hilbert�m¥�ÝK

�Zýÿ

5�7—II

I yyy²²²:
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I 777���555: �Ỹ�L(Y |X)§d5�2��3a÷výÿ�
§§d5�1Ú5�3�L(Y |X) = aTX = bTX"ü>
m¦±XT�Ï"�

aTΓ = bTΓ

5¿Γa = E(XY )¤±dþª�Γb = E(XY ), =^�¤
á"

I ¿¿¿©©©555: ^�¤á�b´ýÿ�§�)§d5�1=
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5�8

I 555���8. XJ

Ŷ =L(Y |X1,X2, · · · ,Xn),

Ỹ =L(Y |X1,X2, · · · ,Xn−1),

Kk
L(Ŷ |X1,X2, · · · ,Xn−1) = Ỹ ,

¿�k

E (Y − Ŷ )2 ≤ E (Y − Ỹ )2. (1.9)

I (1.9)L²3�����¿Âe, Ŷ 'Ỹ �Ð. ù´d
uX1,X2, · · · ,Xn¥�¹�&E'X1,X2, · · · ,Xn−1¥
�¹�&Eõ��Ï.
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E (Y − Ŷ )2 ≤ E (Y − Ỹ )2. (1.9)

I (1.9)L²3�����¿Âe, Ŷ 'Ỹ �Ð. ù´d
uX1,X2, · · · ,Xn¥�¹�&E'X1,X2, · · · ,Xn−1¥
�¹�&Eõ��Ï.
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5�8—II

I yyy²²² Y0
4
= L(Ŷ |X1,X2, . . . ,Xn−1)

´X1,X2, . . . ,Xn−1��5|Ü, |^Y − Ŷ , Ŷ − Y0Ñ
ÚX1, . . . ,Xn−1��, ��

Y − Y0 = (Y − Ŷ ) + (Ŷ − Y0)

ÚX1, . . . ,Xn−1��. |^5�7=
�Y0 = L(Y |X1, . . . ,Xn−1) = Ỹ .

I Ŷ´X1, . . . ,XnéY��Z�5ýÿ

Ỹ´X1, . . . ,Xn−1����5|Ü¤±k(1.9)¤á"

I ù�5�¢S´ÝK�5�"
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I 555���9.(�"þ���Z�5ýÿ�¿Â) XJEY = b,
EX = µ, U½ÂL(Y |X) = b + L(Y − b|X− µ)"¯¢þé?
Ûc0 ∈ R, c ∈ Rn,

E [Y − L(Y |X)]2 ≤ E [Y − (c0 + cTX)]2. (1.10)

I yyy²²² �L(Y |X) = b + aT (X− µ), K

E
{
Y − c0 − cTX

}2

=E
{
Y − b − aT (X− µ) + b + aT (X− µ)

−
[
c0 + cTµ + cT (X− µ)

]}2

=E
{

[Y − b − aT (X− µ)] + (b − c0 − cTµ) + (a− c)T (X− µ)
}2

=E[Y − b − aT (X− µ)]2 + (b − c0 − cTµ)2 + (a− c)TΓ(a− c)

≥E[Y − b − aT (X− µ)]2 = E[Y − L(Y |X)]2



A^�mS�©Û
�§0�

ÌùP�µRaR

���ÄuoÀº
P���?U

�Z�5ýÿ�Ä
�5�

�Z�5ýÿ

Hilbert�m¥�ÝK

�Zýÿ

5�9

I 555���9.(�"þ���Z�5ýÿ�¿Â) XJEY = b,
EX = µ, U½ÂL(Y |X) = b + L(Y − b|X− µ)"¯¢þé?
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5�10

I 555���10. �X ÚZ ©O´mÚn��þ, XJk¢Ý

A, B¦�X = AZ, Z = BX, KL(Y |X) = L(Y |Z).

I XJXÚZUp��5L«KÙý�YU���e.´
�Ó�§ý�´���"

I y²�SK"
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ýÿO�~f

I �®�ARMA(4,2)�ëê"*ÿ
�xn = (x1, . . . , xn)T§n = 14"

I ^xnýÿxn+k , k = 1, 2, . . . ,m, m = 7"

I ýÿ�§¥Γ�²­S��Γn"

I ýÿ�§¥ΣXY�Y = Xn+k��

gk = E(XnXn+k) = (γn+k−1, γn+k−2, . . . , γk)T

I �Z�5ýÿ�

X̂n+k
4
= L(Xn+k |Xn) = (Γ−1n gk)TXn = gTk Γ−1n Xn

I ýÿ���

σ2(k) = γ0 − (Γ−1n gk)TΓn(Γ−1n gk) = γ0 − gTk Γ−1n gk
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I �{Xt}���²­�§KXn+k − X̂n+k��k��5
|Ü�´��©Ù�"Xn+k − X̂n+k ∼ N(0, σ2(k)),

I �±�EXn+k��&«m(ýÿ«m)µ

Pr(|Xn+k − X̂n+k |/σ(k) ≤ 1.96) = 0.95, k = 1, 2, . . . ,m

I �ü«"

I éý¢êâI�^x1, x2, . . . , xN�Oγ̂k , ,�^
-xn = (xN−n+1, xN−n+2, . . . , xN)T , ^xný�XN+k ,
k = 1, 2, . . ."

I êâk~�þ�2�O¿ýÿ§ýÿ��rþ�\£
�"
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I e¡`²�Z�5ýÿ¢Sþ´Hilbert �m¥�ÝK.

I ^L2L«�N��k���ÅCþ�¤�Hilbert �
m(ë�§1.6).

I �H´L2�4f�m, YáuL2. �±y²H¥�3�
��Ŷ¦�

E(Y − Ŷ )2 = inf
ξ∈H

E(Y − ξ)2 (1.11)

I ½½½ÂÂÂ1.3 XJH´L2�4f�m, Y ∈ L2, Ŷ ∈ H¦
�(1.11)¤á, K¡Ŷ´Y3Hþ�ÝK. P�PH(Y ),
¿�¡PH´ÝK�f.

I ½½½ÂÂÂ1.4 �Y ∈ L2, XJéH¥�?Ûξ, E (Y ξ) = 0,
K¡Y R�uH.
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ÝK�3���y²

I �Yn ∈ H¦

d = inf
ξ∈H

E(Y − ξ)2 = lim
n→∞

E(Y − Yn)2

K(Yn + Ym)/2 ∈ H, ¿��n,m→∞
I

E (Yn − Ym)2

=E [(Yn − Y )− (Ym − Y )]2

+ E [(Yn − Y ) + (Ym − Y )]2

− E [(Yn + Ym)− 2Y ]2

=2E (Yn − Y )2 + 2E (Ym − Y )2 − 4E [(Yn + Ym)/2− Y ]2

≤2E (Yn − Y )2 + 2E (Ym − Y )2 − 4d

→2d + 2d − 4d = 0. (1.12)
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I u´, {Yn}´H ¥�Ä��, l
kŶ ∈ H ¦�Ynþ
�Âñ�Ŷ .

I dSÈ�ëY5��

E (Y − Ŷ )2 = lim
n→∞

E (Y − Yn)2 = d .

u´, Ŷ÷v(1.11).
I XJqkξ̂ ∈ H �¦�(1.11)¤á, �ì(1.12)�í�
��

E (Ŷ − ξ̂)2

=E [(Ŷ − Y )− (ξ̂ − Y )]2

+ E [(Ŷ − Y ) + (ξ̂ − Y )]2 − E [(Ŷ + ξ̂)− 2Y ]2

=2E (Ŷ − Y )2 + 2E (ξ̂ − Y )2 − 4E [(Ŷ + ξ̂)/2− Y ]2

≤2d + 2d − 4d = 0.

¤±ξ̂ = Ŷ , a.s..
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E (Ŷ − ξ̂)2
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I ½½½nnn1.1 �Y ∈ L2, Ŷ ∈ H, KŶ = PH(Y )�¿©7
�^�´(Y − Ŷ )R�uH.

I �Z�5ýÿ5�7´½n1.1�A~"

I yyy²²² ky7�5. �Ŷ = PH(Y ). é∀ξ ∈ H, ·�
y²

a
4
= E [(Y − Ŷ )ξ] = 0.

Ã��Eξ2 = 1, ù�

d
4
=E (Y − Ŷ )2 ≤ E (Y − Ŷ − aξ)2

=E (Y − Ŷ )2 + E (aξ)2 − 2aE [(Y − Ŷ )ξ]

=d + a2 − 2a2 = d − a2

dd��a = 0.
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= E [(Y − Ŷ )ξ] = 0.

Ã��Eξ2 = 1, ù�

d
4
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≥E(Y − Ŷ )2
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I =Ŷ = PH(Y )"



A^�mS�©Û
�§0�

ÌùP�µRaR

���ÄuoÀº
P���?U

�Z�5ýÿ�Ä
�5�

�Z�5ýÿ

Hilbert�m¥�ÝK

�Zýÿ

ÝK�R�5(��5)II
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¤�Hilbert�m. §´X1,X2, ..,XnÚ~ê1��5|Ü
��N(ë�11 Ù, SK6.5).
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Ŷ = L(Y |X) d(1.3)ª½Â. Kk
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=��(Y − Ŷ )R�uH
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I Äuþã�Ï, �H´{Xj : j ∈ T}Ú~ê1)¤
�Hilbert�m, ·��^

L(Y |1,Xj , j ∈ T ) ½ L(Y |H)

L«PH(Y ), ùpT´������I8.

I e¡P‖ξ‖ =
√

Eξ2, ∀ξ ∈ L2"‖ξ‖´ξ��Ý"
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ÝK�f�5�

½½½nnn1.2 �H, M´L2�4f�m, X ,Y ∈ L2, a, b´~ê.

1. L(aX + bY |H) = aL(X |H) + bL(Y |H). (éAu�Z�
5ýÿ5�5)

2. ‖Y ‖2 = ‖L(Y |H)‖2 + ‖Y − L(Y |H)‖2. (éAu�Z�
5ýÿ5�1�(1.6)ª)

3. ‖L(Y |H)‖ ≤ ‖Y ‖.
4. Y ∈ H �¿©7�^�´L(Y |H) = Y . (éAu�Z
�5ýÿ5�41(2)^)

5. YR�uH�¿©7�^�´L(Y |H) = 0, (éAu�
Z�5ýÿ5�41(1)^)

6. XJH´M�f�m, KPHPM = PMPH = PH , ¿�
éY ∈ L2,

‖Y − L(Y |M)‖ ≤ ‖Y − L(Y |H)‖.

(éAu�Z�5ýÿ5�8)
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I (1) �Z = aL(X |H) + bL(Y |H)KZ ∈ H"d

(aX + bY )− Z = a[X − L(X |H)] + b[Y − L(Y |H)]

wÑ(aX + bY )− Z ⊥ H"¤±

L(aX + bY |H) = Z = aL(X |H) + bL(Y |H)

ù`²ÝK´�5�f"

I (2) duL(Y |H) ∈ H
Y − L(Y |H) ⊥ H¤±

‖Y ‖2 =E[(Y − L(Y |H)) + L(Y |H)]2

=E[Y − L(Y |H)]2 + E[L(Y |H)]2

+ 2E[(Y − L(Y |H))L(Y |H)]

=E[Y − L(Y |H)]2 + E[L(Y |H)]2

=‖Y − L(Y |H)‖2 + ‖L(Y |H)‖2
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½n1.2y²II

I (3) d(2)����"

I (4) 7�5µY ∈ H��L(Y |H) = Y��þ�Ø�
�0"
¿©5: eL(Y |H) = YKduÝK7LáuH¤
±Y ∈ H"

I (5) 7�5: eY ⊥ HK0 ∈ H,Y − 0 ⊥ H ¤
±L(Y |H) = 0"
¿©5: eL(Y |H) = 0K
dY − L(Y |H) ⊥ H�Y ⊥ H"



A^�mS�©Û
�§0�

ÌùP�µRaR

���ÄuoÀº
P���?U

�Z�5ýÿ�Ä
�5�

�Z�5ýÿ

Hilbert�m¥�ÝK

�Zýÿ

½n1.2y²II

I (3) d(2)����"

I (4) 7�5µY ∈ H��L(Y |H) = Y��þ�Ø�
�0"
¿©5: eL(Y |H) = YKduÝK7LáuH¤
±Y ∈ H"

I (5) 7�5: eY ⊥ HK0 ∈ H,Y − 0 ⊥ H ¤
±L(Y |H) = 0"
¿©5: eL(Y |H) = 0K
dY − L(Y |H) ⊥ H�Y ⊥ H"



A^�mS�©Û
�§0�

ÌùP�µRaR

���ÄuoÀº
P���?U

�Z�5ýÿ�Ä
�5�

�Z�5ýÿ

Hilbert�m¥�ÝK

�Zýÿ

½n1.2y²II

I (3) d(2)����"

I (4) 7�5µY ∈ H��L(Y |H) = Y��þ�Ø�
�0"
¿©5: eL(Y |H) = YKduÝK7LáuH¤
±Y ∈ H"

I (5) 7�5: eY ⊥ HK0 ∈ H,Y − 0 ⊥ H ¤
±L(Y |H) = 0"
¿©5: eL(Y |H) = 0K
dY − L(Y |H) ⊥ H�Y ⊥ H"



A^�mS�©Û
�§0�

ÌùP�µRaR

���ÄuoÀº
P���?U

�Z�5ýÿ�Ä
�5�

�Z�5ýÿ

Hilbert�m¥�ÝK

�Zýÿ

½n1.2y²III

I (6) ∀Y ∈ L2§�ξ = PM(Y ), η = PH(Y )§5
yPH(ξ) = η"¯¢þ§η ∈ H�

ξ − η = (Y − η)− (Y − ξ)

Ù¥Y − ηÚY − ξÑ�HR�§¤±PH(ξ) = η§
=PHPM = PH",	, H ⊆ M¤
±η ∈ M§PM(η) = η§=PMPH = PH"
dPH(Y ) ∈ MÚPM(Y )�½Âêþ��

‖Y − PH(Y )‖2 ≥ ‖Y − PM(Y )‖2
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�Zýÿ

I �Z�5ýÿ�^
gCþ��5¼ê
��ÄÙ¦
¼ê"

I �

M = s̄p{g(X) : Eg2(X) <∞, g(·)´�ÿ¼ê}
(1.14)

I �Ä^M¥���%CY"

I ½½½ÂÂÂ1.5 �Md(1.14)½Â.
^X = (X1,X2, . . . ,Xn)TéY?1ýÿ�, ¡

L(Y |M)
4
= PM(Y ) (1.15)

�Y��Zýÿ.
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ÙN(µ,Σ), Md(1.14)½Â, K

L(Y |M) = L(Y |X1,X2, · · · ,Xn). (1.16)
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E [ξ(Y − Ŷ )] = (Eξ)E (Y − Ŷ ) = 0, =Y − ŶR�
uM. lŶ ∈ M Ú½n1.1 ��(1.16)¤á.
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I yyy²²² �Ŷ = L(Y |X1,X2, . . . ,Xn), K(Y − Ŷ )�X�
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~f

I ~~~1.2 ��ÅCþε, ηÕá, ÑÑlIO��©
ÙN(0, 1),

I KEη4 = 3.

I �X = η,Y = (3ε2 − η2)η.

I KEX = EY = 0, E (XY ) = E (3ε2η2 − η4) = 0. l

L(Y |X ) = 0.

I O�

E(Y |X ) =E(3ε2η − η3|η)

=3η − η3 = 3X − X 3

I N´�yY − (3η − η3) = 3(ε2 − 1)ηR�u

M = s̄p
{
g(X ) : Eg2(X ) <∞, g(x) ´�ÿ¼ê

}
.

I u´, l3η − η3 ∈ M ��: L(Y |M) = 3X − X 3.
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