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1. Introduction

In this paper, we extend the scope of so-called “convexity arguments” to the case where estimators are obtained as
stochastic processes. Suppose we have random functions f, (x, 7) and f (x, 7) defined on R¢ x T that are convex in x. Here,
t € Tisaparameterand T C RYis acompact set. We call these functions parametrized convex objective functions. Suppose
fa(-, ©) and foo (-, T) take minimum values at x,(7) and x,(t) for each t, respectively. The problem to be addressed is, if f,
converges to f,, in some sense, under what conditions does x,(-) converge weakly to X, (-) as a process?

A canonical example appears in quantile regression [ 1], where the coefficient estimator is indexed by a quantile and called
the regression quantile process. Another example appears in threshold regression with an unknown threshold parameter
[2,3]. Consider testing the null hypothesis of no threshold under which the threshold parameter is not identified. In such a
situation, we typically construct test statistics which may depend on the threshold parameter and reject the null hypothesis
if the supremum of the test statistics is larger than a pre-specified value [4,5]. When we construct the Wald-type test
statistics, we need to derive the asymptotic null distribution of the coefficient estimator as a stochastic process indexed
by the threshold parameter, in order to calculate approximate critical values of the supremum of the test statistics.

The asymptotics of convex optimization has been studied by several authors including Pollard [6], Hjort and Pollard [7]
and Geyer [8], whose convexity arguments appear attractive due to their simplicity. Let us explain a version of the convexity
arguments briefly. Let g,(x) and g, (x) be random convex functions taking minimum values at x, and x.., respectively.
If all finite dimensional distributions of g, converge weakly to those of g, and x., is the unique minimum point of g,
with probability one, then x,, converges weakly to x... It seems now that the convexity arguments are basic tools for
investigating asymptotic behavior of M-estimators with non-differentiable convex objective functions. For example, based
on Geyer’s [8] result, Knight [9] investigated the asymptotic behavior of the least absolute deviation (LAD) estimator under
fairly general conditions; Knight and Fu [10] investigated the asymptotic properties of the Lasso [11]. However, to the
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author’s best knowledge, existing literature on convexity arguments only deals with the case where objective functions
are not parametrized and estimators are random vectors. It is thus a challenge to construct an asymptotic theory for argmin
processes of parametrized convex objective functions.

One of the main theorems (Theorem 1) goes as follows. The notations will be explained later. Suppose (i) f, (x, T)(n > 1)
and f,(x, T) are convex in x for each T and continuous in t for each x; (ii) Xo(7) is the unique minimum point of
foo (-, T) for each v e T; (iii) x,(-) € (£°(T))? and x5 (-) € (C(T))4. Then, x5 (-) is a random element of (C(T))¢ and if
(fa(x1, ), fa(xay ), .o, fa(xk, ) converges weakly to (fso (X1, -y foo (X2, ), - - -, foo (Xk, -)) in (C(T))* for each k > 1 where
{X1, X2, . ..} is a countable dense subset of R, x,,(-) converges weakly to X, (-) in (£2°(T))<.

This theorem makes no assumption on the preliminary asymptotic behavior of x,(-). Showing the weak convergence
of (fu(x1, ), fn(X2, ), ..., fu(Xk, -)) for k > 1 is the only substantially difficult point to check the conditions of Theorem 1.
Moreover, it does not require that the limit process x,,(-) is Gaussian. If fy, (x, T) is not quadratic in X, X, (-) may be non-
Gaussian.

In usual, when we show the weak convergence of a sequence of stochastic processes, we have to show the convergence
of finite dimensional distributions and the asymptotic tightness of the sequence. However, when we do not know explicit
forms of these stochastic processes, it is difficult to implement this procedure, especially to show the asymptotic tightness.
By the usual convexity argument stated above, the convergence of finite dimensional distributions of {x,(-)} is deduced from
the convergence of finite dimensional distributions of {(f;,(x1, -), fu(x2, -), ..., fa(Xk, -))} for k > 1. So roughly speaking, the
essential implication of Theorem 1 is “the asymptotic tightness of {(f,(x1, -), fu(x2, -), ..., fu(Xk, -))} for k > 1 implies the
asymptotic tightness of {x,(-)}”. In addition to the above result, Theorem 2 shows that if f, (x, 7) is asymptotically quadratic
in X, we can derive an asymptotic representation of x,(-). Theorem 2 is valid even when f; (x, t) is discontinuous in 7. So it
is rather useful in some cases.

The organization of this paper is as follows. In Section 2, we present a general asymptotic theory for argmin processes
of parametrized convex objective functions. In Section 3, we apply our techniques to some examples. Section 3.2 deals with
the case where the limit process is non-Gaussian.

Here we explain some notations used in the present paper. Let (§2, #, P) be the underlying probability space, P* be the
outer probability and E* be the outer expectation. For details of outer probability and outer expectation, consult Pollard [12]
or van der Vaart and Wellner [13]. Let ~» denote “weak convergence” and 2 denote “convergence in probability” with
respect to the outer probability. For any compact set T C RY, C(T) denotes the space of real-valued continuous functions
on T endowed with the uniform topology; £°°(T) is the space of real-valued bounded functions on T endowed with the
uniform topology; C(R? x T) is the space of real-valued continuous functions on R? x T endowed with the topology of
locally uniform convergence. For any a < b, let D[a, b] denote the space of cadlag functions endowed with the Skorohod
topology [14]. The spaces C(T), C(R? x T) and D[a, b] endowed with the above topologies are Polish. For any topological
space S, S¥ denotes the k-fold product space endowed with the product topology. Let S¢~ denote the set of d-dimensional
unit vectors: S = {x e R? : ||x|| = 1}.

2. Asymptotics for argmin processes

2.1. Continuous mapping theorem for argmin processes

Let f(x, T, ) : RI X T x 2 - R(n> 1) and fou (%, 7, ®) : R x T x £ — R be random functions, i.e., f,(x, 7, -) and
foo (%, T, -) are random variables for each (x, T) € R? x T.For each (t, w), we define x,(t, ) and X (7, w) by
Xn (T, w) € argmin fr(x, T, ), X0 (T, w) € argmin foo (X, T, ).
xeRrd xeRd

For simplicity, we assume that each argmin set is nonempty. We do not assume the measurability of the map w +— x,(t, w)
for each t. Usually, we omit the argument w.

We present the first main theorem, which may be considered as a suitably modified form of the continuous mapping
theorem. The proof of this theorem uses the notion of a “perfect map”. Take an arbitrary probability space (2, , P) different
from (£2, ¥, P). A measurable map ¢ : 2 — 2 is called perfect if

E*[H] = E*[H 0 ¢]
for every bounded function H on 2.

Theorem 1. Suppose(i) f,(x, T) (n > 1) and fs (X, T) are convex in x for each t and continuous in t for each x;(ii) X, (7) is the
unique minimum point of f- (-, 7) for each v € T;(iii) x,(-) € LX(T)? (n > 1) and xsx (-) € (C(T))". Then, x5, (-) is a random
element of (C(T))? and if

(fn(xl"),fn(xl»')w-wfn(xk’ )) ~ (foo(xh')’fOO(X27')5°~'vaO(Xk5 )) in (C(T))k (])

for each k > 1 where {x1, X3, . ..} is a countable dense subset of RY, we have

Xn () ~ Xoo () in (€2(T))%. (2)
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Before proving the theorem, we add some remarks.

Remark 1. Ifa function g(x, 7) : R? x T — R s convex in x and continuous in 7, then g(x, 7) lS_]Oll‘ltly continuous in (x, 7)
([15], Theorem 10.7). Thus, the condition (i) implies that f, and f., are random elements of C(R? x T).

Remark 2. Since x,,(7) is the unique minimum point of f,, (-, 7) for each 7, Corollary 1 of Niemiro [16] shows that the map
® — Xo0(T, @) is measurable for each 7. Combined with (ii), it is shown that X, (-) is a random element of (C(T))".

Remark 3. Let (C(T))* be the countable product of C(T) endowed with the product topology. The space (C(T))* is Polish
([14], Appendix M6). Let 7y : (C(T))>® — (C(T))* be the natural projection. Then, by Theorem 2.4 of Billingsley [14], it is
shown that the collection of every set of the form 7, 1(A) for Borel measurable A C (C(T))* and k > 1 is a convergence-
determining class in (C(T))°°; see also Problem 3.7 in the 1st edition of Billingsley [14]. Therefore, the weak convergence
(1) for every k > 1 is equivalent to

(a1, ) falxz, ), o)~ (foo (X1, ), foo (X2, ), - ) I (C(T)™. (3)

We are now in position to prove Theorem 1.

Proof of Theorem 1. Applymg Dudley’s [17] form of representation theorem to (3), there exist another probability space
(2,F.,P), perfect maps ¢, : 2 — £2 and ¢ : 2 — £2 such that

sup Ifa(Xi, 7) — foo(xi, T)| — O (4)

teT

almost surely for each i, Wheref,1 andfOo are defined asfn(-, 5 @) = fu(, -, dp(@)) andfoo(-, -+, @) = foo (o, -, Poo(@)) for each
& € £2. By the definition of a perfect map,fn andf are random elements of C(RY x T) whose distributions are same as those
of f, and f., respectively. Moreover, Lemma 3 in Appendix A.1 strengthens the almost sure convergence (4) for each i to the
almost convergence offn tofOO inCR? x T).

Define X, (-, @) = x,(-, ¢n(®)) and X (-, @) = Xoo (-, Poo(@)). It is straightforward to see that

%,(1) € argminf,(x, 1), Xoo(T) € arg min foo (x, )
xeRrd xeRd

for each t. To show the weak convergence (2), it suffices to show

lim P* <sup 1% (1) — Xoo(T) || > 5) =0

n—oo teT

forevery 6 > 0.
Fix any § > 0. Define

i =inf inf {fooReo(T) + 8U, T) — fooRoo(T), T)}.

7€T yesd-1

Since (x, T) > foo (x, T) is continuous, so is themap R x T 5 (u, 7) > foo(xoo(r) +éu, 1) foo(xoo(r) 7). Because of the
compactness of the set S9! x T and (ii), 7 is a positive random variable on (£2, ¥, P).
Smcefn (x, 7) is convex in x, for every u € S¢~' and every | > §,

<1 - ?)fn(ioo(f)a )+ ?fn(ioo(f) + 11, 7) > fuRoo(T) + 8u, T).
Let Ap(x, T) = fu(X, T) — foo (X, 7). Then
% {fn(ioo(f) + 1, T) — foRoo (7)), r)} > FoGoo () 48U, 7) — faGoo (7). T)
= ifw(&w(r) + 68U, T) — foo (Roo (T), z)} + {AnRoo (T) 4 8u, T) — Ap(Zoo(T), D)} . (5)
Therefore, foreveryu € S"',1 > §and 7 €T,
? (G (®) + 10, 7) = Faos(0), D = 1 — 22, (6)

where A, = SUD; T SUDy: |x—fno ()| <5 | An(x, T)].If %, () lies outside the set {x : ||x — X« (7)|| < 8} for some 7, the right-hand
side (henceforth, rhs) of (6) must be non-positive since %,(z) is a minimum point of f,(-, 7). This implies

p* (SUIJ %0 () = Roo (D)l > 5) < P(A, = 71/2).

Tel
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Since 7 is a positive random variable, it suffices to show A, Ao
For any € > 0, take M > 0 such that

P (sup %o (D) || > M) <e.
T€eT

The existence of such M is guaranteed since %o () is a random element of (C(T))? on (£2, ¥, 13). Define K = {x: [|[x —y| <
8, Iyl <M} = {x: ||Ix]| <&+ M}.Clearly, K is a compact set in RY. Then for any & > 0,

P(An > &) = P(Ay > &, sup R0 ()| < M) + P(4, > &, sup [Xoo (T) || > M)

teT T

IA

P (sup sup Ifa (X, 7) — foo(x, T)| > s) + €. (7)

teT xeK

Since the first term of the rhs of (7) converges to 0, we obtain

limsup P(A, > &) < e.

n—oo
Because € > 0is arbitrary, the proof ends. O

The key probabilistic tool in the above proofis the representation theorem. Applications of the representation theorem to
the asymptotics of M-estimators are found in Kim and Pollard [18], Davis et al. [ 19], Geyer [8]. For an exposition of Dudley’s
form of representation theorem, see also Pollard [20] or van der Vaart and Wellner [13].

It should be noted that there is a notable difference between Theorem 1 of the present paper and the argmax theorem in
[13]. Theorem 3.2.2 of van der Vaart and Wellner [13] allows the case that the estimator is a stochastic process; however,
this theorem states the weak convergence of the stochastic process that maximizes the objective function. Under our
formulation, x,, () does not minimize any objective function as a stochastic process; x, (t) does minimize f, (x, ) withrespect
to x for each 7.

In Theorem 1, we assume the existence of a process x,(-) such that x,(t) is a minimum point of f,(-, t) for each t and
T > Xy(7) is bounded. In examples below (see Sections 3.1-3.3), it is possible to show explicitly the existence of such a
process. In general, this condition can be checked in the course of proving consistency: Assume f, is non-stochastic and the

conditions (i)-(iii) of Theorem 1 except for the condition on x,(-) are satisfied. If f,(x, -) & foo(x, ) in C(T) for each x, then
it can be shown that there exists a sequence of bounded stochastic processes x,(-) uniformly converging in probability to
X0 (+) such that with probability approaching one, x,,(t) is a minimum point of f,, (-, ) for each 7. This result can be deduced
from the proof of Theorem 1. Then, Theorem 1 is typically applied to the local objective function

g1 (%, 1) = Mlfu(Xoo (7) + @, %, T) = fuXoo (7), 7))

to obtain the asymptotic distribution of the normalized process a, (x,(-) — X (+)), where a,, is the convergence rate of the
process and r,, is determined according to aj.

Finally, we remark that the conditions of Theorem 1 are high-level and more primitive conditions could be derived in
concrete examples.

2.2. Asymptotic representation of argmin processes

In many applications, f;(x, t) is asymptotically quadratic in x. In this situation, we can derive an asymptotic
representation of x,(-) under suitable regularity conditions. We follow the notations used in the previous section. The next
lemma is a slight generalization of the famous “CONVEXITY LEMMA” in Pollard [6].

Lemma 1. Suppose f, (x, t) and fo (X, T) are convex in x for each t and bounded in t for each x. Furthermore, we assume that
foo (X, T) is a non-stochastic function. If

sup fu(®, 7) — fao (x, T)| 5> 0 )
teTl
for each x, then

sup sup [fy(x, 7) — fao(X, T)] 2> 0 9)

tel xeK
for every compact set K in R%.
Proof. From the proof of Lemma 3 in Appendix A.1, there exists a constant ¢ > 0 such that
foe W, T) — fooX, )| = ally —xIl, Vx,y €K,VT eT.
Using this property, a slight modification of the proof of CONVEXITY LEMMA in Pollard [6] yields the desired result. O
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Remark 4. Under a suitable measurability assumption, the assertion of Lemma 1 is true for a stochastic limit function. This
can be shown by combining the diagonal argument and Lemma 3 in Appendix A.1.

The second main theorem goes as follows.
Theorem 2. Suppose f,(x, T) (n > 1) are convex in x for each T and bounded in t for each x. Let g,(x, 7) = —X'W,(7) +
%X/Q(T)X, where {W,(-)} is a sequence of bounded stochastic processes and Q (t) is a d x d non-stochastic symmetric positive

definite matrix for each t. Furthermore, we assume that the maximum eigenvalue of Q(t) is bounded from above and the
minimum eigenvalue of Q(t) is bounded away from 0 over T € T. If

sup [fu (%, 7) — ga(x, T)] 5> 0 (10)

Tel

for each x and if for every n > 0, there exists a constant M > 0 such that

lim sup P*(sup [[Wn (D) || > M) <7, (11)
T

n—-oo TE

then
X (1) = {Q(D)} ' Wi (1) + 1 (),

where sup, 1 |12 ()]l = 0p(1).

Proof. Let y,(t) = {Q(v)}~'W,(r), which is the unique minimum point of g,(-, 7) for each t. Then a simple calculation
shows that

1
& 7) = &nyn(0), 7) = S (X = ¥n(0)' QD) (X = ya(7))

clix = ya(@|? (12)

A%

for some constant ¢ > 0. _ _
Let § > 0 be an arbitrary positive constant. Taking f,(x, T) = fu(X, T), foo (X, T) = ga(x, T) and X (t) = y,(7) in (5) and
applying (12) to the first term of the rhs of (5), we have foreveryu € S¢~!,1 > §and t € T,

8
7 {n@n(r) +1u, 1) — fr(ya(r), 1)} = c8? — 24,
where A, = sup, o SUPyjx—y, ())<s Ufa (X, T) — (X, T)|. Therefore letting r,(t) = x(7) — yn(7), we have

P*(sup [|ra(0) || > 8) < P*(4, = (c8%)/2).

TeT

So it suffices to show A, 2.
Let n > 0 be an arbitrary positive constant. Take M > 0 such that

lim sup P*(sup [ly»(0)[| > M) <.
eT

n—oo T

Define K = {x: |lx — y|| <6, |lyll <M} ={x: ||x|| <8+ M}. Then for every ¢ > 0,
P*(An > €) < P*(supsup [fa(x, T) — ga(x, T)| > €) + P*(sup llyn ()| > M).
tel

teT xeK
Since, by Lemma 1,
, 1
sup sup [fu(X, T) — ga(X, T)| = supsup [{fu(x, T) + X Wa(0)} — ~X'Q(0)x| 5> 0,
teT xeK teT xeK 2

we conclude that

limsup P*(4, > ¢) < n.

n—oo
Since n > 0 is arbitrary, the proof ends. O
If Wo(-) ~ W(-) in (£2°(T))? for some tight random element W (-) of (£>°(T))¢, then (11) is satisfied by the continuous

mapping theorem. In this case, we have X,(-) ~ {Q(-)}"'W(-) in (£%°(T))%, where &, (-, ®) = x,(-, @) if X, (-, w) € (L®(T))4
and 0 otherwise.
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3. Examples

3.1. Quantile regression

We first consider the asymptotic distribution of regression quantile processes. Quantile regression was originally
proposed in Koenker and Bassett [ 1] and has been used in many areas. For a comprehensive treatment of quantile regression,
see Koenker [21].

We here consider the following linear location-scale model as in Gutenbrunner and Jureckova [22]:

Yin =X, B+ X )e, i=1,2,....n,
where x;, are non-stochastic covariates with x;,y = 1, 8 € RP and y € RP are unknown coefficient vectors and ¢; are i.i.d.
random variables with a common distribution function F. Let X, = [X1y - - - Xan]” be the design matrix. The term xj,y (> 0)
corresponds to the scale function of y;,. A regression quantile process {8(t), t € (0, 1)} is defined by

R I ,
p(r) € argmin - ;pf(ym — X,b),

for each 7, where p,(r) = t(r)y + (1 — 7)(—r)4 and (t); = max{0, t}. As indicated in Gutenbrunner and Jureckova [22],
it is possible to select B(-) such that the path t — B(7) is cadlag.

Let B(t) = B+F~'(1)y.Since P(y;, < X, B(r)) =P(& < F~1(1)) = 1, (1) is actually the “true” value of the regression
t-quantile. Observe that

Yin = Xipb = X, B + (%, 7)€ — Xj,b

Xy (B(D) = F ' (D)y) + (X )ei — Xiyb
Xp(B(T) = b) + (%, ¥) (& — F ' (1)).
Then, the local objective function may be defined as

n

Zo(w, 1) =Y {pe (Kpy)(ei — F' (@) = n72Xu) — pr (K1) (6 — F (1)}, (13)

i=1
foru € RP and 7 € (0, 1). The normalized estimator n'/2(B(t) — B(r)) satisfies

n'2(B(r) — B(z)) € argminZ,(u, t)
ueRrpP

for each t. It is not difficult to show that u — Z,(u, t) is convex for each 7 and T — Z,(u, t) is continuous for each u under
the condition (i) stated below. Hence, we can apply both Theorems 1 and 2 to this example.

We impose the following conditions, which seem to be standard in quantile regression. Put o3, = xj,¥ and X, =
diag{on, ..., om}.

Assumption 1. (i) F has continuous Lebesgue density f, which is positiveon {t : 0 < F(t) < 1}.
(ii) max<i<y x| = o(n'/?).

(iii) There exists a symmetric positive definite matrix Q such that n”X,QXn — Q.

(iv) There exists a symmetric positive definite matrix D such that n”X,Q zr X, — D.

(v) There exist positive constants o; < oy suchthato;, < oy, <oy forall1 <i<nandn > 1.

The next theorem is concerned with the asymptotic behavior of Z,(u, 7). As a corollary to the theorem, we obtain the
asymptotic distribution of the regression quantile process. Gutenbrunner and Jureckova [22] originally established the
asymptotic distribution of the regression quantile process under the same setting. The proof below is actually another proof
of their result. They showed in advance that ﬁ(t) —B(t) = 0,(n~V?) uniformlyint € [e, 1—a]foranya € (0, 1/2). Then,
they used the computational property of regression quantile processes to derive the uniform asymptotic representation
of n/? (B(-) — B(-)). The asymptotic theory of regression quantile processes has been an important subject and studied
by several authors including Koenker and Portnoy [23], Portnoy [24], Gutenbrunner et al. [25], Koul and Saleh [26] and
Koltchinskii [27]. More recently, based on the empirical process theory, Angrist et al. [28] developed a novel proof to this
subject for a quantile regression model with stochastic covariates. They first showed the uniform consistency of regression
quantile processes. Then, they used the computational property of regression quantile processes and the fact that the
functional class {g(y,x) = (r —I(y < X¥'B))x;, 8 € B, € [@, 1 —«], 1 < j < p} for any compact B C R” is P-Donsker to
derive the asymptotic distribution of regression quantile processes.

The contribution of this paper is to bridge the gap between the proof for the vector case and the proof for the process
case. The proof below shows that the asymptotic distribution of the regression quantile process can be obtained by merely
showing the asymptotic tightness of the objective function as a stochastic process with index t in addition to Knight's [9]
proof for the vector case. This proof does not use, for example, the uniform consistency of ﬁ(r). For reference, we make the
proof as self-contained as possible.
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Theorem 3. Under Assumption 1, for any o € (0, 1/2),
~1/2 al 1 -1 u'Du
Zo(u,v) = =172y Kl — I < P @)} H+FF (@)= + An(u, 1),
i=1

where sup.¢(y.1—q) | An(U, )| = 0,(1) for each u and

2N xin{r — (e < FTEDY~ QUPWHC) i (€], 1—al)’. (14)
i=1

Here W* is a vector of p independent Brownian bridges in C[O0, 1].

Proof. Using Knight's [9] identity

1
pr(X=y) = pr () = —y{t = I(x < 0)} +y/ {I(x = ys) —I(x < 0)}ds, (15)
0

we decompose Z,(u, t) as
Zo(u, 1) =Z"(u, 1) + 22 (u. 7).

where

n
Z0 w7y =—n""?Y " Kulr — (e < F7' (1)),
i=1

n 1
ZPu, 7ty =n"" Zx;nu/ n'{I(e; < F~1(z) + n 20 '%, us) — I(e; < F~'(1))}ds.
i=1 0

We further decompose Z,Ez) (u, t)as
zZPu,t) = EZ? w, 0] + {27 (u, 1) — EIZ? (u, D)1},
= Zw, ) +Z* (u, 7).

First, we show the weak convergence (14). Koul [29] establishes the weak convergence of weighted empirical distribution
functions under more general conditions. In this case, (14) can be shown as follows: Use the Lindeberg-Feller central limit
theorem to show the finite dimensional convergence. Then, check the condition of Theorem 13.5 in Billingsley [ 14] to show
the asymptotic tightness in (D[c, 1 — o])P. In fact, it can be shown that E[{Z,(u, T) — Z,(u, 71)}*{Z. (4, T2) — Z,(u, 7)}?] <
3n~ 'YL (X)) (t, — T)? forany 1y < T < 1, and u € RP (see Billingsley [14], p. 150). This proves the asymptotic
tightness in (D[«, 1 — «])P. Since the limit process is continuous, we obtain the weak convergence in ({*°[«, 1 — a])*.

Next, consider the asymptotic behavior of Z*" (u, 7). Let G(t, T) = n/*{F(F~'(t) + n~ 20, 'x] t) — 7). Since

n

d

L0 D = O Klf F7 (1) + 1720, 'K, t5)
and G(0, t) = 0, we have

1
G(t,7) = Uiglx,fnt/ fEN () +n 20, X ts)ds,
0

which implies

1
G(t, T) — 0y "X tf FH (@) < loy, 'Xiut] f If F'(2) +n~ 20, "X, ts) — f(F~' (7)) ]ds.
0

We note [n™"20;'x,,t] < n~ 20, "||t| max;<i<y I|Xin|l and n™/2 max;<i<y |Xin|l = 0(1). Since f is uniformly continuous on
each bounded interval,

1

max sup  sup / IF(F~'(z) +n~ 20, X, ts) — f(F'(z))|ds — O,
1=izn refo,1—a] t:|t]| <M Jo

for each M > 0. Therefore we have

sup
tela,1—a]

zZP(u, 1) —f(F‘l(r))uzDu‘ — 0,

for each u.
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Finally, we show sup, (4 1_q) |Z,§22) (u, )| = 0p(1) for each u. Suppose for a moment that u is arbitrarily fixed. Define

n
Wit 7) =n""2 Y " xull(e; < F'(t) +n~ oy, X, t) — F(F (1) +n~ oy, ', 0}
i=1

fort e RPand v € (0, 1). Then,

1
27w 0) = [ Wy(ws. 0~ W0, ).
0
Therefore it is enough to show that

sup  sup [Wa(t, T) — Wy(0, 7)] 5 0, (16)
refa, 1—al t:|t| <M

for each M > 0. A proof of (16) is found in Appendix of Koul [30] (see also [31], Theorem 1.2). For reference, we derive its
direct proof in Appendix A.2. O

Combining Theorems 2 and 3, we obtain the next corollary.

Corollary 1. Under Assumption 1, forany o € (0, 1/2),
n2(B(x) — B(@) = FE @Y D2 xinft — I(er < F () + 1a(0),
i=1

where sup. ¢y 1-4) [ITn (T) | = 0,(1). Especially,

n'2(B() — BC) ~ FE(NY'DIQVPWH() in (€¥[ar, 1—al)?,
where W* is a vector of p independent Brownian bridges in C[0, 1].

It is worthwhile to see how the conditions of this example relate to the conditions of Theorem 2. The conditions (i)-(iii)
of Assumption 1 guarantee the weak convergence (14), which satisfies the condition (11). The condition (i) and the positive
definiteness of D are used to satisfy the condition on Q (7) in Theorem 2, where in this case Q (7) corresponds to f (F~'(z))D.
To guarantee the condition (10), all the conditions of Assumption 1 are used.

3.2, Quantile regression with £ penalization

Since the Lasso was proposed by Tibshirani [11], the £; penalization has attracted much attention as it enables us to
implement simultaneous estimation and variable selection. Asymptotic properties of the Lasso are studied in Knight and
Fu [10] based on Geyer’s [8] convexity argument. In this subsection we investigate asymptotic properties of £, penalized
regression quantile processes.

For simplicity, consider the following linear model:

yi:X;,B-f—fi, i=1,2,...,n

where x; are non-stochastic covariates, 8 € RP is an unknown coefficient vector and ¢; are i.i.d. random variables with a
common distribution function F. Without loss of generality, we assume that the covariates are centered and the intercept
term is not included in the above linear model. For each T € (0, 1), we consider the estimator (a(z), ,3(1)) that minimizes
the £, penalized objective function:

@), B(r) € argmm—Zp,(y, iy + 2 Zlbl

acR,berp N
As well as regression quantile processes, it is possible to select (a(t), ,8 (7)) such that it has cadlag paths. Suppose A, /n'/? —
Ao € [0, 00). Under the conditions (i) and (iii) of Assumption 1 with x;; = x;, combining Theorems 1 and 3 of the present
paper and Theorem 2 of Knight and Fu [10], it can be shown that n'/?(a(-) — F~'(-)) converges weakly in £*[e, 1 — o] to
a {f(F~1(-))}"" multiple of a Brownian bridge on [0, 1] and n'/2(8(-) — B) converges weakly in (¢*°[e, 1 — a])? to U(-),
where U(t) uniquely minimizes

ZOO(u7 T) = _u/Q

u'Qu
5 i sgn(BI(B; # 0) + [y |I(B; = 0)},

with respect tou € RP foreach T € [, 1 —«] [note: n'/2(a(-) —F~1(-)) and n"/2(B(-) — B) are asymptotically independent].
Here o € (0, 1/2) is arbitrary, sgn(-) is the sign function and W* is a vector of p independent Brownian bridges on [0, 1].
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The continuity of the map r — U(r) can be shown by combining the fact that inf; ¢[y,1-4] Zoo (U, T) — o0 as |lul| - oo
and Berge’s [32] maximum theorem. In the simplest case where Q = I,

FET@NY W (1) — rosgn(By)), if j # 0,
{FET @)Y sgn(W (@) (W} (0)| — Ro)4, if B =0.

It is seen that when B; = 0, the sample path of U; tends to be degenerate at 0.

U(r) = {

3.3. LAD inference for threshold regression

In this subsection, we consider the following threshold regression model as in Hansen [2,3]:
yi = X0V + e, ifg <,
= x;9<2> +¢, ifq > v, (17)
fori = 1,2, ..., n, where x; are stochastic covariates, 8V, §? e RP are unknown coefficient vectors and y; is an unknown

threshold parameter. We assume the parameter space of y is a bounded closed interval [y;, yy]. If we put 8 = 6® and
BP® =D — 9@ the above threshold regression model (17) can be rewritten as

yi = xB0 +1a < ¥ + e,
= z(y0)' B + €,
where z(yo) = (x{,1(q; < y0)x)" and g = (8", @Y.
We consider the statistical inference based on quantile regression, which is natural when the main purpose is to estimate

the conditional quantile instead of the conditional mean. For simplicity, we deal here with LAD estimation. Specifically, we
consider testing the null hypothesis 8% = 0 (no threshold) and derive the asymptotic null distribution of the sup-Wald

test statistic specified below. To do this, we derive the asymptotic null distribution of the process B(-) defined by (18). Chan
[33] and Hansen [2] considered testing the null of no-threshold but they used the least square estimation. We remark that
Caner [34] considered LAD estimation of the threshold parameter but did not study the testing problem considered in this
subsection.

Let B(y) be the LAD estimator of 3 for each given y € [y, w1

n
B(y) € argminy " |yi — zi(y)'bl. (18)
beR?P i/

First, we verify that 3(-) can be chosen such that it has bounded sample paths, i.e., B(-) € (£®°[y1, yu)?. Actually, 3(-) can
be chosen such that it has cadlag sample paths.

Lemma 2. There exists an optimal solution B(y) of (18) for each y € [yi, yu] such that B(-) e (DlyL, yuD?.

Proof. It suffices to show the lemma when ¢; (1 < i < n) have no tie. Let g1y < g2y < -+ < q(n) be order statistics of
gi (1 <i<n)andi; (1 <j < n) be indices such that 4 = 4g) for 1 <j < n. Define B(r) O <r<n)by

r n
b(r) € argmin Z i —x,fj(b(]) + by + Z i —x;jb(1)| .
beR? | j=1 j=r+1

Then,

. b(0), ify < dq),
Bly) = b(r), ifqy =y <qesny (A =r=n-1),
b(m), ify >qu

is an optimal solution of (18) for each y and y B(y) iscadlag. O

Consider testing the null hypothesis Hp : 8® = 0 against the alternative H; : 8%’ # 0. We consider the Wald-type test
statistic

T,(y) = nB? (y) [Avar{B? ()1 B (y)

for each y where Avar{8®@ (y)} is the asymptotic covariance matrix of n'/28® (y) under Ho. Then we reject the null
hypothesis if sup, [y, ,,,1 Tn(¥) > ¢o for some constant ¢o > 0, as suggested by Davies [4,5].
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In order to derive the asymptotic null distribution of the test statistic sup,,¢[,, ,,1 Tn(¥), we derive the asymptotic
distribution of n/? (,3 (-)—B) under Hy. As in Section 3.1, we consider the asymptotic behavior of the local objective function

1 . ,
o y) = 5 3 Mle—n"Pa)ul — lal), ueR¥.y € [y pl.
i=1

Under Hy, the normalized estimator n'/? (,B(y) — B) minimizes Z,(u, y) with respect to u for each y. Moreover, u — Z,(u, t)
is convex for each t. Since Z,(u, y) is not continuous in y, Theorem 1 does not apply to this case. However, we can use
Theorem 2.

We state some regularity conditions. Let M(y) = E[I(g; < y)x;x;] and

Assumption 2. (i) (x;, gi, €;) are independent and identically distributed. Furthermore, (x;, q;) and ¢; are independent for
eachi.
(ii) The common distribution function F of ¢; satisfies F(0) = 1/2. Furthermore, F has positive and continuous Lebesgue
density f in a neighborhood of 0.
(iii) E[[l%:[1*] < oo.
(iv) g; has continuous distribution.
(v) K(y, y) is positive definite for each y € [y, yul.

One could weaken the condition (i), for instance, allow time series data or allow that (x;, q;) and ¢; are dependent.
However, we do not pursue this since the primal object of this section is the application of the convexity arguments. The
condition (ii) is standard in LAD estimation. Note that we do not assume ¢; has any moment. The conditions (i) and (iii) imply
MaXxi<i<n [|Xil| = 0,(n'/?) and hence max; <<y SUP, c(,, 5,1 12i(¥) 1l = 0,(n'/?). We note that under the conditions (iii) and
(iv), the map y — M(y) is continuous.

Theorem 4. Under the condition (i)-(iv) of Assumption 2,

u 1 'K
Zuw,y) = =172 2y {2 — I < 0)} +f(0)u(7;7’y)” + An(, ),
i=1
where sup,,¢(y, 1,1 14n (U, )| = 0,(1) for each u and
e ;Zl’(-) {% — (e = 0)} w G()in (€®[y, yuD. (19)

Here G(-) is a zero-mean, continuous Gaussian process with covariance kernel E[G(y1)G(y2)'] = K (y1, y2) /4.

Proof. Most of the argument will follow the lines in the proof of Theorem 3. Using Knight's [9] identity (15) again, we obtain
n 1 n 1
Zow,y) = =07 " z(»)u {2 LGE 0)} +n7 Y "z u / n'2{I(e; < n~"?z(y)'us) — (& < 0)}ds
i=1 i=1 0

= Z0w, y) +ZP @, y)
= ZO®W, y) +EZP W, xi, ¢, 1 < i< nl+{ZP @, y) — EZP @, y)Ixi, g, 1 <i<n])
=Z"w, ) +Z W, y) + 2% @, y).

First, the weak convergence (19) is proved in Appendix of Hansen [2] under the additional condition that g; has bounded
density function (see also Hansen [3], Lemma A4). Under the conditions (i)-(iv) of Assumption 2, it is possible to show (19)
without the density of g;. Since the proof is a simple modification of the proof of Theorem 2 in Koul [29], we omit it.

Next, consider the asymptotic behavior of Z\>" (u, y). Since max; iy SUD, (41 12V = 0,(n'72),

Z@ (u, y) — f(TO)u’ {n] Zzi()/)lf(l/),} u
i=1

sup X o.

v€Elyyl

Then, Lemma 1 of Hansen [2] implies that Z\*" (u, y) converges in probability to {f (0)u'K(y, y)u}/2 uniformly in y €
[y1, yul for each u.
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The remaining task is to show sup,,¢,, 1, |Zn(22) (u, ¥)| = 0,(1) foreachu e R?P. To show this, it suffices to show that

sup

n 1
n~'/? ZXI{UI(QI‘ < J/)/ [ (e < n~*Xvs) — I(e; < 0)} — {F(n~"2X/vs) — F(0)}]ds| &> 0
veElve, vl i=1 0

and
n 1
n~12 ngv/ [{I(e; < n~?Xvs) — I(e; < 0)} — {F(n~"/*X/vs) — F(0)}]ds = 0
i=1 0
for each v € RP. Suppose for a moment that v is fixed. Define
1
e = /O [{I(e; < n™"?X[vs) — I(e; < 0)} — {F(n""*xvs) — F(0)}]ds.
We have to show W, (y) = n= 123" Xvenl(qi < y) 2 0 uniformly in y € [y, yu]. Since

1
Elez, |xi, qi] 5/ |F(n~"2x{vs) — F(0)|ds,
0
we have
1
E[W,(y)?] <E [(x;v)2/ IF(n~"2Xvs) — F(0)|ds] )
0

Then, the continuity of F at 0 and the dominated convergence theorem implies that W, (y) converges in probability to 0 for
each y. Furthermore, a simple calculation shows that forany y; <y < y»,

E[{Wa(y) — Wa(yn) P {Wa(y2) — Wa()F] < 4V {M(y2) — M(yD)}v]?,
where we have used E[eiznlxi, gi] < 2. Therefore, by Theorem 13.5 of Billingsley [14], we conclude that W, (y) converges in

i1 Xivein 2 0. Therefore we complete the proof. 0O

probability to 0 uniformly in y € [y;, y;]. It is also seen that n=1/2}"

Combining Theorems 2 and 4, we obtain the next corollary.

Corollary 2. Suppose Assumption 2 is satisfied. Then under Hy,
n'2(B() = B) ~ FO} K, )G in €[y, v,

where G(-) is a zero-mean, continuous Gaussian process with covariance kernel K (y1, y2) /4.

Again, let us see the relationship between the conditions of this example and Theorem 2. The conditions (i)—(iv) of
Assumption 2 guarantee the weak convergence (19), which satisfies the condition (11) of Theorem 2. The condition (ii)
and (v) are used to satisfy the condition on Q(7) in Theorem 2, where in this case Q(t) corresponds to f(0)K(y, y). To
guarantee the condition (10), the conditions (i)-(iv) of Assumption 2 are used.

By Corollary 2, Avar{8® (y)} is WR{K()/, ¥)} 'R where R = [0 [,]. The asymptotic null distribution of the test

statistic sup,, [y, ,,1 Tn(¥) is

sup  S(y)'[RIK(y, »)}'R17'S(y),
vElve, vl
where S(-) is a zero-mean, continuous Gaussian process with covariance kernel E[S(y1)S(2)'] = R{K(y1, ¥1)} ' K(y1, v2)
{K(y2, )} 'R.
In usual, f(0) and K (y4, y») are unknown and so they are replaced by their consistent estimators. It is natural to adopt
K(yi, ) =n~! Z?:l zi(y1)zi(y2)' as an estimator of K (31, ). For estimation of f (0), consult Section 3.4 of Koenker [21].
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Appendix

A.1. Technical appendix for Section 2

In this subsection, we derive a technical lemma which is used in the proof of Theorem 1. In Lemma 3 below, all functions
are assumed to be non-stochastic. Lemma 3 is a slight generalization of Theorem 10.8 in Rockafellar [15], which is roughly
stated as follows: If a sequence of convex functions {g,(x)} converges to some function g., (x) for each x in a dense subset of
RY, then g, converges to g, uniformly on each compact set in R?.

Lemma 3. Suppose f,(x, T) (n > 1) and f (x, T) are convex in x for each t and bounded in t for each x. If

sup [fa(x, 7) — foo (X, T)| = 0

Tel

asn — oo for each x € D where D is a dense subset of R, then,

sup sup |fp(x, 7) — f(x, T)| = 0,

tel xek
asn — oo for every compact set K C R

Proof. Take an arbitrary compact set K in R?. Since {f,(x, t) : T € T,n > 1} is bounded for each fixed x € D, applying
Theorem 10.6 of Rockafellar [15] to the collection of convex functions {f;(-, 7) : T € T,n > 1} implies that there exists a
constant o; > 0 such that

v, ) —fox, D) < ailly —x[l, Vx,y €K, VTt eT,Vn> 1.
Similarly, there exists a constant o; > 0 such that
oo, T) = foo X, D) S 2lly — xIl, VX, y € K,Vr eT.

The rest of the proof is a simple modification of the proof of Theorem 10.8 of Rockafellar [15]. However, since this lemma
is a key result for the proof of Theorem 1, we provide the whole proof. Define g = max{«, 3 }. Fix any € > 0. Since D is
dense in RY, there exists a finite set Dy C D N K such that each point of K lies within the distance € /(3c) of at least one
point of Dy. Since Dy is finite and f;, (x, T) converge to f,.(x, ) uniformly in 7 for each x € Dy, there exists a positive integer
ng such that

fav,s T) = fo(, T)| < €/3, VT €T,Vn > no, Vy € Dy.
Given any x € K, let y be a point of Dy such that ||x — y|| < €/(3ap). Then, for everyn > ngand every t € T,

%, ) = foo %, D = U, ©) =@, D+ o, T) = foo 0, DI+ oo (0, T) — foo (%, T
< arllx =yl + (¢/3) + azlly — x|l < e.

This proves that for every n > ny,

supsup [fu(X, T) — foo (X, T)| < €.
€T xeK

Therefore we complete the proof. O

A.2. Proof of (16)

Because of the compactness of the set {t : ||t]| < M}, it suffices to show (a) for every € > 0, there exists a constant § > 0
such that for each fixed to € {t : ||t|| < M},

lim P ( sup sup |W,(t, ) — Wy (to, T)| > e) =0;

n—00 tefa, 1—a] t:||t—tg|| <8

(b) for every € > 0 and each fixed ty € {t : ||t]| < M},
lim P( sup Wy (to, T) — WR(0, 7)| > e) =0.
=00 t€la,1—a]

We first show (a). Let

n
It T) =023 " Koul(e < F (1) + 0720 X ).
i=1
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Then, observe that

Wi(t, ) — Wa(to, T) = {Jn(t, T) — Ju(to, T)} — {Eln(t, T)] — ElJa(to, T)1}. (20)

The absolute value of the second term of rhs of (20) is bounded by a constant multiple of § uniformly in t such that ||t —tg]| < §
andint € [«, 1—a]forlarge n, where we have used max << ||xin|| = 0(n'/?), the Lipschitz continuity of F on each bounded
interval and n=! Y"1, [|xi ]| = O(1).

It remains to bound the first term of the rhs of (20). Assume first xj,u > 0 for 1 < i < n. Then,

n
In(6.T) = Jalto, T) < 02 Xl oy Kt < € — F (1) < oy (Kiyto + [1xin16))
i=1

=: Jn(z. 8)
for any t such that ||t — to|| < 8. Decompose J,(z, 8) as
Jn(z.8) = El[Ja(t, )] + Un(z. 8) — Eln(z. )1} (21)

The first term of the rhs of (21) is bounded from above by a constant multiple of § uniformly in t € [«, 1 — «] for large n.
Moreover, we show that sup,cjy.1-¢) Un(t,8) — E[u(z, &)1 2 0for any 6 > 0. First, the pointwise convergence follows
from the fact that the variance of J (z, 8) converges to zero for each fixed 7. To show the uniform convergence, it suffices to
show the asymptotic equicontinuity of {fn(r), T €la,1—al} wherefn(t) is given by

n
Jn(@) =073 " Xul(e < F7' (@) + 17 |xinllhin) — FF' (1) + 02 x| hin) ) (22)
i=1

and {h;,} is any bounded triangular sequence of constants. We establish this fact in Lemma 4 below. Hence, J,(t, 7) —

Ja(to, T) < C8 + 0p(1) for some constant C > 0 uniformly in ¢ such that ||t — | < dandint € [0, 1 — «]. The

lower bound can be handled similarly. Therefore, we have proved (a) when xj,u > 0,1 < i < n. For {x,u} with variable

sign, use the decomposition into positive and negative parts. Then, (a) follows because of linearity of J,(t, 7) in {x],u}.
Next, we show (b). The variance of W, (ty, ) — W;(0, 7) converges to 0. Furthermore, observe that

Wi (to, T) — Wa(0, 7) = {a(to, T) — ElJa(to, DI} + {n(0, 7) — E[Jn(0, 7)1} (23)

Because of Lemma 4 below, each term of the rhs of (23) is asymptotically equicontinuous in probability as a stochastic
process with index 7 € [«, 1 — «]. Therefore, (b) is established. O

Lemma 4. A sequence of stochastic processes {fn (1), 7 € [a, 1 — ]} is asymptotically equicontinuous in probability, where
Ju(7) is given by (22) and {h;,} is any bounded triangular sequence of constants.

Remark 5. We do not assume xlfnu > 0,1 <i < ninthis lemma.

Proof of Lemma 4. We show thatfn (-) converges weakly to a (u’Qu)'/? multiple of a Brownian bridge on [0, 1]in D[«, 1—«].
Since the limit process is continuous, the assertion of the lemma will follow from this result.

The finite dimensional convergence is verified by the Lindeberg-Feller central limit theorem. Furthermore, a direct
calculation (see Billingsley [14], p. 150) shows that forany 7; < 7 < 1,

E[Un () — Ju (@)Y Un(T2) — Jn(D)}?]

n 2
=3 [”1 D KWHFF ™ (72) 4+ 12 i llhin) — FF™' (1) + n”znx,-nnhm)}} :

i=1

Using maxi<i<n [[Xi|l = o(n'/?), the Lipschitz continuity of F on each bounded interval and n=! Y"1 [lxin||> = O(1), we
obtain the desired result by Theorem 13.5 of Billingsley [14]. O
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