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Abstract DISCOVERER, developed under Maple, is a package aiming at discovering
and proving inequality-type theorems. It can discover new inequalities automatically,
without requiring us to put forward any conjectures beforehand. It is also applied to
the classification of the real physical solutions of geometric constraint problems. Many
inequalities with various backgrounds have been discovered or re-discovered by the package.
Furthermore, DISCOVERER also has many other functions for solving problems related to
real algebra and geometry such as, computing the number of distinct real solutions of
a system of polynomial equations and inequalities and, determining whether or not a
polynomial is semi-definite under some constraints of polynomial inequalities.

1 Introduction

Automated reasoning in real algebra and real geometry has become one of the most challenging
topics in the area of automated reasoning and any new approach on those problems in this fields is
welcome. In the past two decades, substantial efforts have been made on this aspect. Many algorithms
such as those in [1, 2, 4, 5, 7, 9, 11, 14, 16, 18, 19, 20, 21], to name a few, have been developed.
Among them, for example, there are several implemented quantifier elimination algorithms such as
QEPCAD, QERRC and REDLOG [9]. There is also a very powerful tool for automatic theorem proving
for problems involving inequalities, which is dimension-decreasing algorithm implemented in MAPLE-
program BOTTEMA[18].

DISCOVERER is a package implemented under Maple. Although it aims at discovering and proving
inequality-type theorems, it has many other functions. In this report, we will demonstrate how to
use it for various purposes. You will find it is very easy to use and is very efficient for some kinds of
problems. Maybe you can find some applications of DISCOVERER to the problems in your fields. For
the detail of the algorithms covered by DISCOVERER, see references [7, 16, 17, 19, 20, 21, 22, 23, 24].

2 Functions: tofind and Tofind

These two functions aiming at discovering and proving inequality-type theorems are main functions
in DISCOVERER. A description and a proof to the algorithm for these two functions can be found in
[19, 20].

Example 1 Give the necessary and sufficient condition for the existence of a triangle with elements
s,7, R, where s,r, R are the half perimeter, inradius and circumradius, respectively.
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Let a, b, ¢ be the lengths of sides and, without loss of generality, let s = 1, we have

p=a+b+c—2=0,

P2 =12 — (1—a)(1-b)(1—c) =0,

p3s =4rR — abc =0,
0<a<1l,0<b<1,0<ec<1,0<r,0<R,

PS’:

where a,b,c are the variables, r, R the parameters. What we need to do is to find the condition
satisfied by r, R, under which PSS’ has real solution(s).
With our program DISCOVERER, we attack the problem by two steps. First of all, we call

tofind ([p1, p2,ps3), [a,b,¢,1 —a,1 —b,1 — ¢, 7, R],[a,b,¢,r, R],1..n);
DISCOVERER runs 0.8 second on a Pentium/450 PC with Maple V.4, and outputs

FINAL RESULT :
The system has required real solution(s) IF AND ONLY IF

[Rl < 0]

where
Ri=142r>—4R?>—-20rR+12r3R + 48 r’R? + r* + 64rR>.

Now, if parameters r, R are not on the boundary (that is, Ry = 0), the condition obtained above
is already a necessary and sufficient one (see the Remark in Section 5 of reference [19]). If we do want
to know whether or not there exists a triangle with elements s,r, R when R; = 0, take the second
step by typing in

Tofind ([p1, p2, p3, R1], [a,b,¢,1 —a,1 —b,1 — ¢, 7, R, [a,b, ], [r, R],1..n);

DISCOVERER runs 350 seconds and outputs

FINAL RESULT:
There is always required real solution(s).

Therefore, by homogenization, we conclude that there exists a triangle with elements s, r, R if and
only if
s*+27%52 —4R%?s® —20rRs®> + 1213 R+ 48 R%2 +r* + 64rR> < 0,
which is called the “Fundamental Inequality” [13] for triangles.
Now, we give a detail description on the usage of tofind and Tofind. These two functions are
applicable to all those problems which can be formulated into:

Give the necessary and sufficient condition which the parameters w must satisfy for following
system PS to have (exactly n distinct) real solution(s),

PS - hi(u, X) =0,ho(u, X)=0,---, hs(u, X) =0, (1)
' gl(u>X)ZOa92(u7X)207"'agt(u>X)ZOa
where u means uy, us, - - -, uq, treated as parameters and X means 1, xo, - - -, Ty, treated as variables,
ie.

hzvgj 6Z(ul,---,ud)[ml,---,stl glésaléjgtv

and we always assume that {hy(u, X) =0, ha(u, X) =0, -+, hs(u, X) = 0} has only zero-dimensional
solutions.

Usually, for system PS, we call tofind first to find a satisfactory condition, which means the
condition is already a necessary and sufficient one if parameters are not on the “boundaries” ( also see
the Remark in Section 5 of reference [19]), and then, if necessary, call Tofind to find further results
when parameters are on boundaries.



The calling sequence in DISCOVERER for system P.S has following three forms:

1)t0ﬁnd([h1a"'ah8}7 [gla"'mgt]a [g%'"agt}a[xlv"Wx&ul;"'aud]aa);
2)t0ﬁnd([hla"'ahs}7 [917"'7gt]3 [1’1,'",ZZZs,ul,"',Ud],OZ);
S)tOﬁnd([hla”'vhs}v [.’El,'"71'S,U1,"',Ud],06); .

These three forms correspond respectively to systems

PS1 - hl(uﬂX):O>h2(qu):07>hs(u>X):03 (2)
' gl(uaX) 2 07"'agr71(uaX) Z ng’r‘(uaX) > 07'”7gt(uaX) > 07

fhi(u, X)=0,h2(u, X)=0,---,hs(u, X) =0,
a2 {m(u,X) >0, gu(u, X) > 0, ®)
and
. hl(uaX):Oth(uaX):07"'7hs(u7X):07
PSS'{xl>O,-~,xs>0,u1>0,~~,ud>0, @)
where u means ui,us, - - -, uq, treated as parameters; X means z1, xs, ---, &g, treated as variables.

In all three cases, a has following three kind of choices:

e a non-negative integer b which means to get the condition for P.S to have exactly b distinct real
solution(s);

e a range b..c (b, ¢ are non-negative integers, b < ¢) which means to get the condition for PS to
have b or b+ 1 or --- or ¢ distinct real solutions;

e arange b..n (b is a non-negative integer, n a name) which means to get the condition for PS to
have more than or equal to b distinct real solutions.

Similarly, Tofind also has following three calling sequences:

l)TOﬁnd([h’lv"'7h87R1a"'aRm]a [917"'7gt]7 [97“7" '7gt] [1’1,'“,(135]7 [ula"'aud]ﬂa);
2)T0ﬁnd([h17"'7hsz1a"'aRm]a[glv"‘vgt]v[xla” ] [ulv"‘aud}va);
3)T0ﬁnd([h1,--~7h57R1,-~-,Rm],[x1,~--,xs]7[u1, ] Oé),

where each R; is a “boundary” which is a polynomial in parameters obtained by tofind or some
constraint polynomial (g;) in parameters.

Remark In the calling sequences of tofind and Tofind, there is a little difference between the in-
put lists of variables and parameters. In the calling sequences of tofind, we input [x1,- -, Zs, u1, -, Uqg]
where the first s elements are regarded as variables (in system PS, we have as many equations as
variables) and the others parameters. On the other hand, when using Tofind, we input [z1,---,zs]
and [uq, - - -, uq] where the elements in the first list are regarded as variables and that in the second list
parameters. Certainly, the order of variables (or parameters) may have effects on the computational
complexity but not on the results.

Example 2[10] Which triangles can occur as sections of a regular tetrahedron by planes which
separate one vertex from the other three?

If we let 1,a,b (assume b > a > 1) be the lengths of three sides of the triangle, and z,y, z the
distances from the vertex to the three vertexes of the triangle respectively, then, the problem is reduced
to finding the necessary and sufficient condition that a,b should satisfy for the following system to
have real solution(s),

h=x2+y?>—2y—1=0,
hy =y?+ 22 —yz—a? =0,
hy =224+ 2% — 22 — b =0,
z>0,y>0,2>0,a—1>0,b—a>0,a+1—-5b>0.



With our program DISCOVERER, first of all, we type in:
tofind ([h1, ha, hs], [z, y,2z,a — 1,b—a,a + 1 = b, [z,y,2,a + 1 = V], [z, vy, 2,a,b],1..n);
DISCOVERER runs 13.4 seconds on a Pentium/450 PC with Maple V.4, and outputs

FINAL RESULT :
The system has required real solution(s) IF AND ONLY IF

[0 < R1,0 < R2]
or

[0<R1,R2 <0,0<R3]

where
Ri=d’>+a+1-1?

Ry=a?—-1+4+b-10°

8 8 16 68 241 68
— 1-%,.2_%p2, 0 8 %62 2Flia 4 DO 6
R3 3a 3b—|—9a 27ba—|—81ba 27ba
68 68 2 16 2 46
_7b4 2_7()2 4-*[)6 7()8—* 6 7b2 2
DA A L R S
16 16 46 46 68 68
7b4 -V 4 7b2 8 7b8 2_7b6 4_7b4 6
Tt e gt gt mogbian mogha
+Eb4a8_§b10a2+Eb8a4_gb6a6_§b2a10_§b10
9 3 9 9 3 3
a2 galo 12

Reference [10] gave a sufficient condition that any triangle with two angles > 60° is a possible
section. It is easy to see that this condition is equivalent to [R; > 0, Ry > 0].

Now, if parameters a,b are not on the boundaries (that is, By = 0, R, = 0, R3 = 0,a—1 =
0, b — a = 0), the condition obtained above is already a necessary and sufficient one (see the Remark
in Section 5 of reference [19]). But, strictly speaking, to get a necessary and sufficient condition, we
have to give the result when a, b are on the boundaries. Thus, we take the second step. If we want to
know the result when a,b are on a certain boundary, say R;, we need only to type in

Tofind ([h1, he, k3, R1], [x,y,2,a — 1,b—a,a + 1 — b,

[xayazaa + 1- b]7 [Z‘,y,Z], [avb}v 171),

DISCOVERER outputs that
FINAL RESULT:
There is no required solution(s)!

By this way together with some interactive computations, we finally get the condition for the
system to have real solution(s):

[0<R;,0<Ry,R3<0,0<a—-1,0<b—a,0<a+1-19]
or

[0<R,0<R3,0<a—1,0<b—a0<a+1—b].

Actually, by DISCOVERER, we can do more than the request to this problem. If we type in
respectively

tofind ([h1, ha, hs], [z, y,2z,a — 1,b—a,a+ 1 = b, [z,y,2,a + 1 = b],[z,y, z,a,b],1)
tOﬁnd([h17h27h3]a [:L’,y,z,a - 17b —a,a +1- b}? [‘Tayvzaa +1- b]a [l’,y,Z,CL,b],2)
tofind ([h1, ho, hs), [z,y,z,a — 1,b—a,a+ 1 =], [z,y,2,a + 1 — b], [z,v, 2, a,]],3)

)
?
i



we will get the condition for above system to have exactly 1 or 2 or 3 real solution(s) respectively. By
this way, we get the so-called complete solution classification of this problem.

It was reported [12] that Vincent Cloffari had given an answer to this problem. But his result
has not been published formally and from the short description in reference [12], we cannot decide
whether his result is correct and equivalent to ours or not. But one thing is clear that our method
has at least two advantages: first, our method is applicable to a class of problems rather than a single
problem; second, our method is applicable to the so-called solution classification problems.

3 Function: nearsolve
Suppose we are given a system

p1(x1, 22, ..., x5) =0,
p2(x17372; teey -Ts) =0
PSC: ¢ ps(z1,22,..,25) =
g1(x1, T2, ..., xs) > 0,..., gr (1, T2, ..., Ts) >0,
gra1(x1, o,y ooy xs) > 0,0y gr(21, T2,y .y Ts) > 0,
hi(x1,22, .. xs) 0, ., by (21, T2, ...y xs) # 0,

where p;(1 <@ <s), g;(1 <j <t), hi(l <k < m) are all polynomials with integer coefficients and
equations {p; = 0,p2 = 0,---,ps = 0} has a finite number of common solutions. The question is how
many distinct real solutions the system has.

In DISCOVERER, function nearsolve which implements an algorithm in reference [16, 17] is de-
signed to solve the problem. For system PSC, the calling sequence of nearsolve is

nearSOIVG([plv T vps]a [glv o »gr}v [gTJrlv e vgt]v [hlv ) hm]7 [xlv T 71.5]);

Example 3 Given system

fl( ) = —50000002° + 1875000x — 6812522 +8 =0,

Fo(z,y) = (—1000 — 800023)y? + (—8000z* + 400022 + 8)y — 1172
—8000x° + 300023 = 0,

fa(x,y,2) = (8x +8y)z +8xy — 1 =0,

z+y>0y+2>0,z4+2>0,

we call
nearsolve([f1, fo, fa], [|, [* + v,y + 2,2 + 2, [], [z, y, 2]);

the output of DISCOVERER is 5.

Example 4 How many distinct real solutions does following system have?

J1(b) =0,
fg(b,c :0
f3(b7 C, ):05
f4(b () 6) =

where

f1 = 241538508382138075462768483549507937558926051383237186598921\
35143477508299833761559265231377708635407176637146131171128509762\
97616 + 635066713778840598710749498577504496793070850884097947974\
38029219177777722424790935669882905230018966867662706346221816526'



252732166400°° — 61751672968559423134724687728230891908778934060236\
33346079511963379997673499794946894262027603963333723121547282957\
28824956115726848000b284—27390034646753639766624212069599001290967\
59448312686194199639473757366983350460922339943178170551929762470\
251477314187497028082105057280b26——1437145166237554579477639351890\
59794915618143392460779148627234144024674310258895855296843282026\
2735689676445367034239551743254142648320b2447298609258728339835915\
11873209280400659942863793385889444751464527738926059859502184401\
2436391877650836905308408943702288447254625779712b224—435447287511\
29852462155896216013929270344442811835212525492551812771844033485\
662489132077458388407791801673830767006425164301268418560b20——3414\
88074367456093473004956003122708578333573667293973935929910141878\
3540565919352395939247814785296729972490057003026109068312838144b'® +
82237565552698611657570566658152443771941213949595401920250155054\
50490851490444645492294205808268848998735781764749955762521605406\
72b164718465863911534614222771407254727218540553077903981494060726\
33493473284280274236822702569461113776661096178555364273916711096
2872320b144—210458398154301515264393872128757750183426243499830192\
25945815801961543179698127213788008273551581371156105365020925245\
800841216Ob12——139786675574463317676421937828553960047493569539985\
18250677206097934122810155232883104878564803527356387141413117228\
18845540352b104—58518821530242525343370224841451531318336644453000\
07497442033037334476891210594913793124432039758371062267351116039\
560626176b84—1553901833784639522211865208589780740623802505099793\
47778214149227003875939955374111373227667330769980827373188349301\
88288b64—31399605401650712044647367132918454229000779662777456747\
422632241786296296046865042734023650341502533877789531725365248b" —
22147981528466208237751095469143763697499488557226201213514166702\
188991127101416805749416908807763189989750987554816b° + 6072087665\
34027611425076641314953202561482473671769904296105502296130677639\
9525491814383795284511167695839821824

f2 = 20756 ¢'? + 284580 b ¢'° + 357840 b"2 ¢® 4 10185588 b ¢ + 20167488 b'° ¢”
+ (212853126° — 62355744 5'%) ¢® — 99610560 b° ¢°
+ (—4855244976 b° — 361573632 b°%) ¢* + (—37158912b" — 3758980608 b°)
+ (54181472832 b° + 429235200 b") ¢* + (4897760256 b* + 488374272b7) ¢
— 123974556480 b* + 18874368 4 9432723456 b

fa =9b"d® +45b" cd® + (3507 ¢® — 486 b%) d — 108 b ¢ — 264 + 10b* &
fi =(36d*b* —8c*b? —28db%c)e+ 15b% cd® +6b* > +21b* 2 d — 144 b% ¢
+9b%d® — 120 — 6487 d.

We call
nearSO:Lve([fla f27 f?n f4]7 []7 [ba G, d? 6]7 [C - d]v [b7 c, da 6])7

and get the number of distinct real solutions is 6.



Example 5 System

Filr) = 7 + 2473 + 19472 + 4727 — 15 = 0,
fa(rya) = a® — 2a® + (r? + 8r + 1)a — 8r = 0,
f3(r,a,b) = ab® + (a® — 2a)b + 8r = 0,

fa(rya,b,c) =a+b+c—2=0,
r>0,a>0b>0,c>01-a>0,1—-06>0,1—c>0.

has 4 distinct real solutions.
The time spent for above three examples on a Pentium/450 PC with Maple V.4 are 0.6 second,
134 seconds and 98 seconds respectively.

4 More

There are many other tools in DISCOVERER such as tell, discr, nrd, wrd and so on. Their
functions are listed as follows,

tell: to determine, under some polynomial inequalities, whether a polynomial is positive (negative)
semi-definite or not;
discr: to get the discriminant sequence [21] of a given polynomial;
nrd: to get the negative discriminant sequence [22] of a given polynomial;
wrd: to get the WrR decomposition [24] of a triangular set AS w.r.t. a polynomial g;
PCAD: to get a Cylindrical Algebraic Sample [15] of a polynomial set by algorithm PCAD [7];

Example 6 The calling sequence for tell is

teu(fa [gla T 79771}7 [xla "'axn]7l 7‘/);

where f, g; (1 < i < m) are polynomials in x1, ..., x, with integer coefficients. The output is one of
positive semi-definite, negative semi-definite and indefinite which means f is positive (negative) semi-
definite or indefinite under g; > 0, ..., g, > 0. The last parameter v’ is optional. If f is indefinite, r
will be two sample points at which f has opposite signs.

We call

tell(adc — bd — be, [a, b, ¢, d,4b — a®,b + c¢d — ac — ad,a — d — c], [a, b, ¢, d]);
the answer is “negative semi-definite”. Thus, under constraints
{a>0,b>0,c>0,d>0,4b—a®>0,b+cd—ac—ad>0,a—d—c >0},

we have adc — bd — be < 0.
We call

tell(—adc + bd + be, [a, b, ¢, d, 4b — a*,b + c¢d — ac — ad, —a + d + ], [a, b, ¢, d],/ ');

the answer is “indefinite”. Because r = [[1,3/10,2,2], —1],[[1, 2, 3,1], 1], we know —adc + bd + bc < 0
at (a,b,c,d) = (1,3/10,2,2) and —adc + bd + bc > 0 at (a,b,c,d) = (1,2,3,1) (Note that these two
sample points verify all the constraints).

It’s not necessary to demonstrate the usage of all the other functions here. For the description of
the usage of a certain function (say func) in DISCOVERER, just type in howtouse(func);.
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