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1 ��

���������� [1]: ������ �������$%!��
����&�Æ��'��"�( ���)
!"� 1, a, b (# b ≥ a ≥ 1) ��"�*'+& x, y, z  !�$%,

��"�$%'"#&#��� - a, b$�Æ��'.$$�%&%&'
(%)&)

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

h1 = x2 + y2 − xy − 1 = 0,
h2 = y2 + z2 − yz − a2 = 0,
h3 = z2 + x2 − zx − b2 = 0,
x > 0, y > 0, z > 0, a − 1 ≥ 0, b − a ≥ 0, a + 1 − b > 0.

'�/& DISCOVERER,"��(0&)����1*+&"��*- 1

tofind ([h1, h2, h3], [x, y, z, a − 1, b − a, a + 1 − b], [x, y, z, a + 1 − b], [x, y, z, a, b], 1..n);

DISCOVERER'�, k6/233 PC �- Maple V.3 �+&() 26 , .2-
∗!"*3#4+Æ$,%& (G1998030602)5--. 95 *6#4+Æ'&��/.
17/ tofind ( Tofind 80)*+/ A.
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FINAL RESULT :
The system has required real solution(s) IF AND ONLY IF

[0 < R1, 0 < R2]
or

[0 < R1, R2 < 0, 0 < R3]

where
R1 = a2 + a + 1 − b2

R2 = a2 − 1 + b − b2

R3 = 1 − 8

3
a2 − 8

3
b2 +

16

9
a8 − 68

27
b6a2 +

241

81
b4a4 − 68

27
b2a6

−68

27
b4a2 − 68

27
b2a4 − 2

9
b6 +

16

9
b8 − 2

9
a6 +

46

9
b2a2

+
16

9
b4 +

16

9
a4 +

46

9
b2a8 +

46

9
b8a2 − 68

27
b6a4 − 68

27
b4a6

+
16

9
b4a8 − 8

3
b10a2 +

16

9
b8a4 − 2

9
b6a6 − 8

3
b2a10 − 8

3
b10

+b12 − 8

3
a10 + a12.

01 [1] 0,��-2'.�$�2��"'(�� > 60◦. 1122&
�9.2 [R1 > 0, R2 > 0 ].

:;3 a, b<'*3 (/&R1 = 0, R2 = 0, R3 = 0, a− 1 = 0, b− a = 0)-4
3%&%-=,'$�452.$'6 (0> 5 1� 2).  647 a, b '*
3-'89&"�?4>201@%$5A;3 a, b '*3 R1-'89&
#�*-

Tofind ([h1, h2, h3, R1], [x, y, z, a − 1, b − a, a + 1 − b],

[x, y, z, a + 1 − b], [x, y, z], [a, b], 1..n);

DISCOVERER '.22-
FINAL RESULT:

There is no required solution(s)!

?��6Æ34�7565'76&"��8=,'.$$�2-

[0 < R1, 0 < R2, R3 ≤ 0, 0 < a − 1, 0 ≤ b − a, 0 < a + 1 − b]

8

[0 < R1, 0 ≤ R3, 0 ≤ a − 1, 0 ≤ b − a, 0 < a + 1 − b].
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7)-&B����"�'639/&::9=,;8:'<=1%=
"��C�*-

tofind ([h1, h2, h3], [x, y, z, a − 1, b − a, a + 1 − b], [x, y, z, a + 1 − b], [x, y, z, a, b], 1);

tofind ([h1, h2, h3], [x, y, z, a − 1, b − a, a + 1 − b], [x, y, z, a + 1 − b], [x, y, z, a, b], 2);

tofind ([h1, h2, h3], [x, y, z, a − 1, b − a, a + 1 − b], [x, y, z, a + 1 − b], [x, y, z, a, b], 3);

#>�C=,'( ?% 1 �8 2 �8 3 �)&'.$$�1;D3&"
�=,6����')&'9;�<10: 1.

=E [2], Vincent Cloffari<B������-26&F1G�'<=H;�
�@I1J01 [2]'AK><=&"�<<�?L�'<=2B @82
B!"�'9.1G"�'Æ3%(�A='>%->�&>?B�<��
CD����M>2&>?�2@A')&�<��1@2� DISCOVERER
&)';N)B&0EC B.

2 BC��DD

O0="�@AE'�<��2-
F;3 u @$�'.$$�&9E=%&'( TS G% n(≥ 0) �<F)

& (8%)&):

TS :

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

f1(u, x1) = 0,
f2(u, x1, x2) = 0,
· · · · · ·
fs(u, x1, x2, · · · , xs) = 0,
g1(u, X) ≥ 0, g2(u, X) ≥ 0, · · · , gt(u, X) ≥ 0,

(1)

�=
u = (u1, u2, · · · , ud), X = (x1, x2, · · · , xs),

fi ∈ Z(u)[x1, · · · , xi], 1 ≤ i ≤ s,

gj ∈ Z(u)[x1, · · · , xs], 1 ≤ j ≤ t.

{f1, f2, · · · , fs}2 “ PGH”[3,4] (<0O0LB 2.3). (1)='I7<95:9
2CF'1
LB 2.1. (?C5)

-LNH5 g(x),E g! g′
xG2 x' Sylvester<5&/ resultant(g, g′

x, x), 
g(x)G2 x '?C51H Discrim(g, x)8'DBJQ%AH Discrim(g).

E:F2&C'?C5'LBR2 resultant(g, g′
x, x)S9 g(x)'T'3&

"�'LBI%<F1
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LB 2.2. (G2��H'<59JG5)

-LNH5 g 4��H {f1, f2, ..., fs}, 

rs := g, rs−i := resultant(rs−i+1, fs−i+1, xs−i+1), i = 1, 2, ..., s;

qs := g, qs−i := prem(qs−i+1, fs−i+1, xs−i+1), i = 1, 2, ..., s.

� res(g, fs, ..., fi) 9 prem(g, fs, ..., fi) �CH ri−1 9 qi−1 (1 ≤ i ≤ s), H�CE
H g G2��H {fi, fi+1, ..., fs} '<59JG51
LB 2.3.[3,4] ( PGH)

� Ii (i = 1, 2, ..., s)H��H {f1, f2, ..., fs} = fi G2 xi 'T'3&!

I1 �= 0, res(Ii, fi−1, ..., f1) �= 0, i = 2, ..., s,

#E {f1, f2, ..., fs} 2�� PGH1
LB 2.4. ('( TS 'K3NH5I)

-L'( TS. BL� fi,  

R1 = Discrim(f1, x1),
Ri = res (Discrim(fi, xi), fi−1, fi−2, · · · , f1), i ≥ 2.

BL� gj,  
Rgj = res (gj, fs, fs−1, · · · , f1).

LB
BPs = {Ri|1 ≤ i ≤ s}⋃{Rgj|1 ≤ j ≤ t},

HEH '( TS 'K3NH5I1
LB 2.5. ( #'()

-L'( TS. !>'K3NH5I=<UJ 0,/ 0 �∈ BPs,#E TS 2�
� #'(&8E TS 2 #'1

3 VK��MW�IN

 9JO0&O1K<%GNH5?C'('�7LP9HM1@2N
H5?C'(Æ��K'QL9E�&001 [5-9].

LB 3.1.[10] (?CRM)

-LNM'3NH5

f(x) = a0x
n + a1x

n−1 + · · ·+ an,
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�'3O(' 2n × 2n PRM
⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

a0 a1 a2 · · · an

0 na0 (n − 1)a1 · · · an−1

a0 a1 · · · an−1 an

0 na0 · · · 2an−2 an−1

· · · · · ·
· · · · · ·
a0 a1 a2 · · · an

0 na0 (n − 1)a1 · · · an−1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

E	 f(x) '?CRM&H Discr (f). � dk 8 dk(f) (k = 1, 2, · · · , 2n.) HN
Discr (f) 'S k ) k HO('
RM')H51
LB 3.2.[10] (?C5&H)

 D0 = 1, Dk = d2k, k = 1, · · · , n, E
[D0, D1, D2, · · · , Dn]

 f(x) '?C5&H&H DiscrList (f).

=T& Dn 02 Discrim(f, x).

LB 3.3.[10] (NMI)

E
[sign(A0), sign(A1), sign(A2), · · · , sign(An)]

 -L&H A0, A1, A2, · · · , An 'NMI&�=

sign(x) =

⎧⎪⎨
⎪⎩

1, x > 0,
0, x = 0,

−1, x < 0.

LB 3.4.[10] (NMOXI)

-LNMI [s1, s2, · · · , sn], �NMOXI
[t1, t2, · · · , tn]

Y%&Q#OP-
• %= [si, si+1, · · · , si+j ]2@-NMI='�Z&HU

si �= 0, si+1 = · · · = si+j−1 = 0, si+j �= 0,

#�DZ=N 0 O('&H
[si+1, · · · , si+j−1]

LR &H [−si,−si, si, si,−si,−si, si, si, · · ·]='S j − 1 �&<02 
ti+r = (−1)[(r+1)/2] · si, r = 1, 2, · · · , j − 1.
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• SDHM& tk = sk,/&�GSH[\<]1

LV 3.1.[10] -L)'3NH5

f(x) = a0x
n + a1x

n−1 + · · ·+ an,

%=?C5&H
[D0, D1(f), D2(f), · · · , Dn(f)]

'NMOXI']M32 ν,# f(x)'6QT�RUB'3W2 ν. CU&%
=,NMOXI=DXS'�32 l,# f(x)'NQ)U'3W2 l− 1− 2ν.

LB 3.5. (VB?CRM)

-LNH5
f(x) = a0x

n + a1x
n−1 + · · ·+ an,

9!�NH5 g(x), Y

r(x) = rem(f ′g, f, x) = b0x
n−1 + b1x

n−2 + · · ·+ bn−1.

E%&' 2n × 2n PRM
⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

a0 a1 a2 · · · an

0 b0 b1 · · · bn−1

a0 a1 · · · an−1 an

0 b0 · · · bn−2 bn−1

· · · · · ·
· · · · · ·
a0 a1 a2 · · · an

0 b0 b1 · · · bn−1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

 f(x)G2 g(x) 'VB?CRM&H Discr (f, g).

LB 3.6. (VB?C5&H)

-LNH5 f(x) 9 g(x), D0 = 1. �

D1(f, g), D2(f, g), · · · , Dn(f, g)

H Discr (f, g) 'Z3P�
51E

[D0, D1(f, g), D2(f, g), · · · , Dn(f, g)]

 f(x) G2 g(x) 'VB?C5&H&H GDL(f, g). =T& GDL(f, 1) =
DiscrList (f).
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LV 3.2. -LNH5 f(x)9 g(x),%= GDL(f, g)'NMOXI']M3
2 ν, DXS'3W2 l, #

l − 1 − 2ν = c(f, g+) − c(f, g−),

�=
c(f, g+) = card({x ∈ R|f(x) = 0, g(x) > 0}),
c(f, g−) = card({x ∈ R|f(x) = 0, g(x) < 0}).

,LV2 L. Yang, X.R. Hou4 M. Chen'��H;��@I'<=1�T
A!01 [10] =LV 1 'TAWX9;�: (<0 M. Chen '^O70 [11]).

,LV'!�6I<001 [12].

4 ��
U��

O1=&"�-2��LV4��V763&>�@[6&�1=')
�63'8VW1
#

ps = {pi|1 ≤ j ≤ n}
2NH5'��D[%PI1LB

mset(ps) = {1} ∪ {pi1pi2 · · · pik |1 ≤ k ≤ n, 1 ≤ i1 < i2 < · · · < ik ≤ n}.

B% ps = {p1, p2, p3}, #
mset(ps) = {1, p1, p2, p3, p1p2, p1p3, p2p3, p1p2p3}.

-L>21=><''( TS. LB

Ps+1 = {g1, g2, · · · , gt};
Ui =

⋃
q∈mset(Pi+1)

GDL(fi, q),

Pi = {h(u, x1, · · · , xi−1)|h ∈ Ui}, for i = s, s − 1, · · · , 2;

P1(g1, g2, · · · , gt) = {h(u)|h ∈ U1},

�= Ui IQL��&H GDL(fi, q) (q ∈ mset(Pi+1))='@%NH5O('I
Y1F�'&:9LB P1(g1, · · · , gj) (1 ≤ j ≤ t). =C10&'( TS 'K3
NH5IJ2 P1(g1, g2, · · · , gt),/& BPs ⊆ P1(g1, g2, · · · , gt).

LV 4.1. '( TSG%FL3W'NQ)&'.$$�:9N P1(g1, g2, · · · , gt)

=NH5'NMI21
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TA1*+&� fs 9L� gi 2	 xs 'NH51NLV 3.1 9 3.2 5&'
XR$� gi ≥ 0, 1 ≤ i ≤ t && fs = 0 'NQ)&3:N Ps =NH5'NM
)LM# hj(1 ≤ j ≤ l)2 Ps ='NH5&Y�L� hj 9 fs−1 2	 xs−1 'N
H5&ZK-�B fs 9@% gi '47=&'XR$� gi ≥ 0, 1 ≤ i ≤ t &&
{fs = 0, fs−1 = 0} 'NQ)&3:N Ps−1 =NH5'NM)LMZK��'
47[, P1(g1, g2, · · · , gt) V1\ 9-L�0='$�R2.$'&LV
=T1
V7-S\&T'"�:9Y%&0]=,'( TS % ( ? n�) )&

'.$$�-
Step 1 B-L'( TS, 76;3NH5'IY P1(g1, g2, · · · , gt).

Step 2 =_�'�"`3�&63 PCAD[13,14], F;3[Z Rd ' P1- NM
<]'�"`3�& D 4� �"`3�O S.[15] abcS& D N%P
�d]O(&P1 ='NH5'L�d]-<]MMC S 2JL��d
]=@U^4��% (E	�O%) CO('%P%I1

Step 3 B D ='L�d] c 4�-'�O% sc ∈ S, ` sc *'( TS (H 
TS(sc)). �DD% TS(sc)='NH5R2P'3'176 TS(sc)'NQ
)&3 mc9 P1(g1, g2, · · · , gt)='NH5'd] c-'NM1%= mc = n

(8 mc > 0 ,%=2F TS %)&'$�), #HC& P1(g1, g2, · · · , gt)=N
H5',d]-'NM&=T&>�O(���P�5&H Φc.

Step 4 %=' step 3 =&"�HC'@%�52 Φc1, · · · ,Φck
, # Φ = Φc1 ∨

· · · ∨ Φck
 @F1

5 _`VW

>�1='63'[N89&R2<)�'&\ P1(g1, · · · , gt) =XP
J%YN'NH51!M&N2�"`3�&63'eVfZd] (*3)

%[Ka&�b^<2[f'1@9& 6-2)�'63&"�?4%&
\_1*+&"�Y�LQ#J P1(g1, · · · , gt)=�0[^2�9Ig@F$
�'`7NH5M�h&'E� PCAD63%&�2]a “*3”,C�;3
'*3-43'89ij�� (0>b1).

LV 5.1. -L'( TS. %= PolySet 2;3 u 'NH5'D[%PI
Y&@%&

PolySet = {qi(u) ∈ Z[u1, · · · , ud]|1 ≤ i ≤ k},
`�&"�:9� PCAD63=,;3[Z Rd '�� PolySet-NM<]'
�"`3�& D 4��"`3�O1^% PolySet$�-
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1. 'F��d]-'( TS 'NQ)&3<]M

2. ∀qi(u) ∈ PolySet, %= qi(u) 'd] C1 9 C2 -%NF'NM&#'(
TS ' C1 9 C2 -'NQ)&3NF1

`�&'( TS G% n�NQ)&'.$$�:9N PolySet=NH5'N
MI21%= PolySetc$�-<>�$&`�'( TS G% n�NQ)&
'k$$�:9N PolySet=NH5'NMI21
TA1�'( TS =';3 u�C��O%'3`*1\ D2 PolySet-

NM<]'CU PolySet$�>�$&22&"�:9HC&'( TS 'L
�d]-'NQ)&34 PolySet ='@%NH5'NEd]-'NM1
�`7 TS '�-G% n �NQ)&'d][2\1'L����'d]
-& PolySet=NH5'NMO(6���P�5&@% Φi. �@%��'
�P�5'845H -

Φ = Φ1 ∨ Φ2 ∨ · · · ∨ Φl.

# Φ / @F$�1
-L;3% a = (a1, · · · , ad), >kL\2 D 'I��d]1%= TS(a) G

% n�NQ)&&`�&a kL\2"�[2\'I�d]&/&a kL$
�I��5 Φi;_`\&%= a$�I��5 Φi,`�&\ TS 'N Φi I
Q'I�d]-G% n �NQ)&U PolySet$��#>2$&@9& TS

' a @\d]-<G% n �NQ)&1LV'>�_�=T&C>2_�
'TA4ca'-�'47=1Tl1
LV 5.2. -L #'( TS,/& 0 �∈ BPs. %='E� PCAD63%&"

�d��Fd2 Rd 'd]C<��Fd2 Rk (k < d)'`7&`� BPs$
�LV 5.1 '>��$�&\D&%="�<��Fd2 Rk (k < d) 'd]
-';3%%&'( TS G% n �NQ)&'k$$�:9� BPs =NH
5'NMI21
TA1N PCAD63&:9OP;3[Z Rd '�� BPs-NM<]'�

"`3�&4��"`3�O1\ "�d��Fd2 Rd 'd]&@9&
-Ld] C,L� Ri 9 Rgj ' C -'NMR<]U< 0.

*+&N R1 'LB& R1 ' C -<]MSA f1(u, x1)' C -')&3<
]Mb&\&] f2(u, x1, x2) x2 'NH51\ ' C -%&

f1(u, x1) = 0, R2 = res(Discrim(f2, x2), f1, x1) �= 0,

@9' C -& Discrim(f2, x2) �= 0,/&%=� f1 ')& x1 `* f2,# f2 G2
x2 ')&3<]1<02S&R1 9 R2 ' C -<]MD^� {f1 = 0, f2 = 0}

9



' C -')&3<]Mce��'4710& R1, · · · , Rs ' C -<]MD
^� {f1 = 0, · · · , fs = 0} ' C -')&3<]1
�h&N Rgj 'LB5&' C - Rgj �= 0D^�&%=� {f1 = 0, · · · , fs = 0}

')& x1, · · · , xs `* gj, # gj ' C -<]M1Tl1
=LV 5.2,B #'( TS,"�-2��J BPs2@�0[^2.$$

�'631

Step 1  PolySet = BPs, i = 1.

Step 2 = PCAD63 [13,14],76;3[Z Rd '�� PolySet-NM<]'�
"`3�& D 4��"`3�O S.[15] 76=&c��Fd2 Rd C<
��Fd2 Rk (k < d)'d]&/& D ='L�d]dFd2 Rd C S

'�O%d4� D ='d]1

Step 3 B D ='L�d] c 4�-'�O% sc ∈ S, ` sc *'( TS (H 
TS(sc)). 76'( TS(sc) 'NQ)&3 mc 9 PolySet='NH5'd
] c-'NM1=T& PolySet ='NH5'd] c-'NMO(��
�P�5&H Φc. :BL�d]�%-m	 & 

set1 = {Φc| mc = n}

set0 = {Φc| mc �= n}.

Step 4 =LV 5.19 5.2,N set1 ∩ set0 2B [I\?L@HC' Φc 2B:
9O(.$$�1%= set1 ∩ set0 = Ø,� Step 5;%= set1 ∩ set0 �= Ø, 

PolySet = PolySet ∪ P1(g1, · · · , gi), i = i + 1,

� Step 2.

Step 5 %= set1 = {Φc1, · · · ,Φcm}, `� Φ = Φc1 ∨ · · · ∨ Φcm / @F1

� 1. -<63'8VWNLV 4.1 @[1
� 2.  E63eb)�&'E� PCAD %&"�e%�� “*3”. @

9&:;3<'*3-43%&,63=,'$�2.$'1
7)-&'[N89&&ffHDCF'.$$�&-<63=,'$

�<�9 g$D6&\ "�H;noYN'f_1&�W1=&"�
�eV*3-'89!D #'(&JC9p"�'631

10



6 g_`VW

O1'�$hh2 WR 63 [3,4]. &�2NG'LP9<=1
LB 6.1.[3,4] (iq)

 PGH {f1, f2, ..., fs}E NB2NH5 giq'&%=$� prem(g, fs, ..., f1) =

0 $� res(g, fs, ..., f1) �= 0.

LV 6.1.[3,4] -L��H AS : {f1, f2, ..., fs} 4NH5 g, r'��OPW
'63�� AS �& %P� PGH ASi : {fi1, fi2, ..., fis}, �='L�G
HNB2 g R2iq'1CU���&:$� Zero(AS) =

⋃
Zero(ASi).

,�&sE AS NB2 g ' WR �&&NE'63E WR 631=
LV 6.1.,"��^#>21'( (1)='��H {f1, f2, ..., fs}2 PGHC
<`�tW1
-LNM'3NH5 f(x), �?CRMH Discr (f) C�?C5&HH

 
[D0, D1, D2, · · · , Dn]

8 DiscrList (f) (0LB 3.1, 3.2).

LB 6.2.[4] (�
<5)

 Dt
k 2NRM Discr (f)'S 2n−2k )&S 2n−2k−1H9> (2n−2k + t)

HO('
RM&�= 0 ≤ k ≤ n − 1, 0 ≤ t ≤ 2k.  |Dt
k| = det(Dt

k). E
|D0

k| (0 ≤ k ≤ n − 1) f(x) '> k ��
<51
=T& |D0

k| = Dn−k (0 ≤ k ≤ n − 1).

LB 6.3.[4] (
<5NH5i)

B k = 0, 1, ..., n − 1,  

Qn+1(f, x) = f(x), Qn(f, x) = f ′(x),

Qk(f, x) =
k∑

t=0

|Dt
k|xk−t = |D0

k|xk + |D1
k|xk−1 + · · ·+ |Dk

k|.

E {Q0(f, x), Q1(f, x), ..., Qn+1(f, x)}  f(x) '
<5NH5i1
LV 6.2.[4] #

{f1, f2, ..., fj}
2 PGH&�= fi ∈ K[x1, ..., xi], i = 1, 2, ..., j. g

f(y) = a0y
n + a1y

n−1 + · · ·+ an−1y + an

11



2 K[x1, ..., xi][y]-'NH5&H

PDk = prem(|D0
k|, fj, ..., f1) = prem(Dn−k, fj , ..., f1), 0 ≤ k ≤ n − 1.

%=BI� k0 ≥ 0 %-
res(a0, fj, ..., f1) �= 0

PD0 = · · · = PDk0−1 = 0, res(|D0
k0
|, fj, ..., f1) �= 0,

`�&' K[x1, ..., xj ]/(f1, ..., fj)-& gcd(f, f ′
x) = Qk0(f, x).

&�&"�eVD #'( TS, /& 0 ∈ BPs = {Ri|1 ≤ i ≤ s}⋃{Rgj|1 ≤
j ≤ t}. iOab2-� WR 63���& %P� #'(&9uE�>
c1')�631

• %= 0 ∈ {Rgj|1 ≤ j ≤ t}, dj#I� Rgj = 0. �GH {f1, f2, ..., fs} NB
2 gj 'iq�&1<`�tW&̂ #=,(�K'GH {A1, A2, ..., As}9
{C1, C2, ..., Cs}, �= prem(gj , As, ..., A1) = 0 C res(gj, Cs..., C1) �= 0. %='
( TS =2CF<95 gj > 0,`�&� {C1, C2, ..., Cs}LR {f1, f2, ..., fs}
/:M%='( TS =2DCF<95 gj ≥ 0,`�&+� {C1, C2, ..., Cs}
LR TS =' {f1, f2, ..., fs} =,'( TS1, Y� {A1, A2, ..., As} LR TS

=' {f1, f2, ..., fs} HjoXR$� gj ≥ 0 C=,'( TS2.

• %= 0 ∈ {Ri|1 ≤ i ≤ s},dj#I� Ri = 0. # {D0, D1, · · · , Dni
}2 fiG2

xi '?C5&H1*+&�GH {f1, ..., fi−1} NB2 Dni
' WR �&1

<`�tW&^#=,(�K'GH {A1, A2, ..., As} 9 {C1, C2, ..., Cs},
�= prem(gj, As, ..., A1) = 0 C res(gj , Cs..., C1) �= 0. � {C1, ..., Ci−1} L
R {f1, ..., fi−1} =,''(42 #'M"�47� {A1, ..., Ai−1} LR
{f1, ..., fi−1}C='K'(1�� {D0, D1, · · · , Dni

}= Dni
'S�H Dni−1.

%= res(Dni−1, Ai−1, ..., A1) = 0, #� {A1, ..., Ai−1} NB2 Dni−1 ' WR �
&1[,I�0&BI� Di09GH {Ā1, ..., Āi−1},"�% res(Di0 , Āi−1, ..., Ā1) �=
0 U ∀j (i0 < j ≤ ni), prem(Dj , Āi−1, ..., Ā1) = 0. D%&=LV 6.2, '
K[x1, ..., xi−1]/(Ā1, ..., Āi−1)-& gcd(fi, f

′
i) = Qni−i0(fi, xi). `�& f̄i 2 fi

S9 gcd(fi, f
′
i) 'Je&� {Ā1, ..., Āi−1, f̄i} LR TS =' {f1, ..., fi−1, fi}

/:1

• %=X`%-(6eV&� TS�& %P�'( TSi,CBI(� i1, i2,

%G' Zero(TSi1) ⊆ Zero(TSi2), #fS'( TSi1.

LV 6.3. BD #'( TS, %��OPW'63����& %P�
 #'( TSi. 9 NZero(·) H��-L'('NQ)&3&#,�&$�
NZero(TS) =

∑
NZero(TSi).

12



7 �����Æ

O1=&*+-2��v.63�9eV;3' “*3”-43'89&
>!>c1='63YO\( ��9p'631T &,63�Tcg
V,eV'( PS.

-L'( TS. ^#X`>c1'63&'=,'�2Ig TS % ? n

�NQ)&'.$$�'NH5=&%��;3NH5 R(u1, ..., ud). T'&
"�b5A:;3432 R -%& TS % ? n�NQ)&'$�1

Step 1 � R = 0 k*'( TS, HHH TSR. ] (u1, X)  ]S& (u2, ..., ud)

 ;3&#'( TSR9'( TS \F�<h1%= TSRD #&NL
V 6.3.,�:9�>�&  #'1@9& i<Al&dj# TSR2
 #'(1

Step 2  PolySet = BPs(TSR), i = 1.

Step 3 = PCAD63&76;3[Z Rd−1 '�� PolySet-NM<]'�"
`3�& D 4��"`3�O S.

Step 4  S ′ = {}. BL��O% sc ∈ S, ` sc * R = 0. %= R(sc) = 0 'N
Q)&2 a1 < ... < ak,`�&�L� (sc, ai) (1 ≤ i ≤ k) k* S ′ =1

Step 5 BL��O% (sc, aj) ∈ S ′, `H*'( TS (H TS(sc, aj)). 76'
( TS(sc, aj) 'NQ)&3 m(c,j) 4 PolySet =NH5' sc e'NM1
=T&PolySet=NH5' sc e'NMO(���P�5&H Φc. B
(sc, aj),� (Φc, j)L` Φc.  

set1 = {(Φc, j)| m(c,j) = n},

set0 = {(Φc, j)| m(c,j) �= n}.

Step 6 N set1∩set02B [I\?L set12B:O(.$$�1%= set1∩
set0 = Ø,� Step 7; %= set1 ∩ set0 �= Ø,  

PolySet = PolySet ∪ P1(g1, · · · , gi), i = i + 1,

� Step 3,�= P1(g1, · · · , gi)2NB2'( TSR LB'1

Step 7 %= set1 = {(Φc1, j1), · · · , (Φcm, jm)}, `�& Φ = (Φc1, j1) ∨ · · · ∨ (Φcm, jm)

/ @F&�= (Φci
, ji) IQ PolySet =;3NH5$� Φci

U;34
3' R = 0 '> ji � (Jh,w) Ue1

13



�1' Step 3 =E� PCAD %&%"�'>c1=��&d��Fd2
Rd−1 C<��Fd2 Rk (k < d − 1) 'd]1@9&%= S(u2, ..., ud) 2�8
'IY PolySet ='��NH5&C"�b5A;3F%432 R 9 S '
89&dj� S = 0 k* TSR,ZK-<63/:1
��%&��-
F;3 u kk$�'.$$�&9E%&'( PS % ( ? n�NQ) )

&-
PS :

{
h1(u, X) = 0, h2(u, X) = 0, · · · , hs(u, X) = 0,
g1(u, X) ≥ 0, g2(u, X) ≥ 0, · · · , gt(u, X) ≥ 0,

(2)

�= u `I u1, u2, · · · , ud, ] ;3M X `I x1, x2, · · · , xs, ] ]S1<0
2S&

hi, gj ∈ Z(u1, · · · , ud)[x1, · · · , xs], 1 ≤ i ≤ s, 1 ≤ j ≤ t.

!M&"��^# {h1(u, X) = 0, h2(u, X) = 0, · · · , hs(u, X) = 0} c%XZ&1
*+&NijS3 [16,17], :9� h1(u, X) = 0, h2(u, X) = 0, · · · , hs(u, X) = 0

 %P���H1T &%=k$'m&� WR 63��7��H�& 
 PGHUG2�='L� gj (1 ≤ j ≤ t) R2iq'1��&'I7Dk
�$�&&:9�'( PS � %P�'( TS. C�7Dk�$�H<-
"�'63x\K'Pl&\ Ek�$�(k';33 ?l2 “*3”

-&C"�'� PCAD %&2<��*3'1
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uw A: tofind v Tofind �w�

�(��2@T9TA<95hLV'/&2 DISCOVERER '�$w�1
���2�� "%'( PS (0>b1) '��1B'( PS \S&XP"
�+|� tofind\@T�� “�x$D” '$� (0>c1� 2),T &%=
j$'m&Y|� Tofind \eV;3432*3'891

DISCOVERER=B'( PS %%&�<|�Æ5-
1) tofind ([h1, · · · , hs], [g1, · · · , gt], [gr, · · · , gt], [x1, · · · , xs, u1, · · · , ud], α);
2) tofind ([h1, · · · , hs], [g1, · · · , gt], [x1, · · · , xs, u1, · · · , ud], α);
3) tofind ([h1, · · · , hs], [x1, · · · , xs, u1, · · · , ud], α); .

>��CBE2%&�<'(-

PS1 :
{

h1(u, X) = 0, h2(u, X) = 0, · · · , hs(u, X) = 0,
g1(u, X) ≥ 0, · · · , gr−1(u, X) ≥ 0, gr(u, X) > 0, · · · , gt(u, X) > 0,

(3)

PS2 :
{

h1(u, X) = 0, h2(u, X) = 0, · · · , hs(u, X) = 0,
g1(u, X) > 0, · · · , gt(u, X) > 0,

(4)

9
PS3 :

{
h1(u, X) = 0, h2(u, X) = 0, · · · , hs(u, X) = 0,
x1 > 0, · · · , xs > 0, u1 > 0, · · · , ud > 0,

(5)

�= u IQ u1, u2, · · · , ud,] ;3M X IQ x1, x2, · · · , xs, ] ]S1
�6|�Æ5=& α R%%&�6^x-
• ��DyJ3 b, IQF PS G% b �NQ)&'.$$�M

• ��zw b..c (b, c dDyJ3U b < c), IQF PS G% b �8 b + 1 �
· · ·[, c �NQ)&'.$$�M

• ��zw b..n (b2DyJ3& n2��e%3'xE), IQF PS % b

�9-NQ)&'.$$�1

F�& Tofind <%%&�6|�Æ5-
1) Tofind ([h1, · · · , hs, R1, · · · , Rm], [g1, · · · , gt], [gr, · · · , gt], [x1, · · · , xs], [u1, · · · , ud], α);
2) Tofind ([h1, · · · , hs, R1, · · · , Rm], [g1, · · · , gt], [x1, · · · , xs], [u1, · · · , ud], α);
3) Tofind ([h1, · · · , hs, R1, · · · , Rm], [x1, · · · , xs], [u1, · · · , ud], α);

�=L� Ri R2��N tofind=,' “*3”82cJ;3'XRNH51
|� tofind9 Tofind%&]S9;3'.*a%<F1|� tofind%&.

* [x1, · · · , xs, u1, · · · , ud],�=S s�Ss] ]S (''( PS=&Æ/9]S
'�3NF), �G] ;31C|� Tofind%&.* [x1, · · · , xs]9 [u1, · · · , ud],

S��I='Ss] ]S& ��#] ;31!M&]S (8;3) '
.*x&>yy,76'y1/}&:T&H<yy<=1
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uw B: Discoverer z{�BC{|

B 1. -L 3 �}l%4�((Z'"#&Y-LJ!��@A]% (P ),
LB}l%'($[p'|�&FJ P ,��}l%'�$pZ'+1�
���\�@A'z{�Ll��&<E	 P3P ��1NE'`3Æ/'
(E	 P3P Æ/'(1
@A P3P Æ/'('&'�<2F&-2,'(�C% 0 �& 1 �& 2

�& · · · ,)&'=5$�1����'01 [19]2TS&�[2�;&)'
���� [18].

OB�� P3P��'��|B&Gao 9 Cheng[18] �<F'Æ3-2`&
F1#(��N9U��}l% A, B, C Z'"#NF1NE'Æ/'(2-

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

h1 = y2 + z2 − 2yzp − 1 = 0,
h2 = z2 + x2 − 2zxq − 1 = 0,
h3 = x2 + y2 − 2xyq − 1 = 0,
x > 0, y > 0, z > 0, 1 − p2 > 0, 1 − q2 > 0, p + 1 − 2q2 > 0,

�=&;3 p, q IQ
� BPC, � CPA (= � APB),

'G}& x, y, z IQpZ PA, PB, PC '+}1
'�/& DISCOVERER,dj�C�*-

tofind ([h1, h2, h3], [x, y, z, 1 − p2, 1 − q2, p + 1 − 2q2], [x, y, z, p, q], 0);
tofind ([h1, h2, h3], [x, y, z, 1 − p2, 1 − q2, p + 1 − 2q2], [x, y, z, p, q], 1);
tofind ([h1, h2, h3], [x, y, z, 1 − p2, 1 − q2, p + 1 − 2q2], [x, y, z, p, q], 2);
tofind ([h1, h2, h3], [x, y, z, 1 − p2, 1 − q2, p + 1 − 2q2], [x, y, z, p, q], 3);
tofind ([h1, h2, h3], [x, y, z, 1 − p2, 1 − q2, p + 1 − 2q2], [x, y, z, p, q], 4);
tofind ([h1, h2, h3], [x, y, z, 1 − p2, 1 − q2, p + 1 − 2q2], [x, y, z, p, q], 5..n);

' PII/266 PC �-& Maple V.4 �+&& 64, "�0=,6&'�< (*
3SM):

The system has 0 real solution IF AND ONLY IF

[0 < R1, 0 < R2, R3 < 0, 0 < R4]

or

[R1 < 0, 0 < R2, R3 < 0]

The system has 1 real solution IF AND ONLY IF

[R2 < 0, R3 < 0, 0 < R5]

or

[R2 < 0, R5 < 0]
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The system has 2 real solutions IF AND ONLY IF

[0 < R1, 0 < R2, R3 < 0, R4 < 0, 0 < R5]

or

[0 < R1, 0 < R2, 0 < R3, 0 < R4, 0 < R5]

or

[0 < R1, 0 < R2, R4 < 0, R5 < 0]

The system has 3 real solutions IF AND ONLY IF

[R2 < 0, 0 < R3, R4 < 0, 0 < R5]

The system has 4 real solutions IF AND ONLY IF

[0 < R1, 0 < R2, 0 < R3, R4 < 0, R5 < 0]

The system has 5..n real solutions IF AND ONLY IF

There are not 5..n real solutions in this branch.

�=
R1 = q

R2 = 2p − 1

R3 = 2q − 1

R4 = 2p − 1 − q2

R5 = 2pq2 − 3q2 + 1.

%=b5A;3'I�*3&@% R2 -&'89&dj�*-
Tofind ([h1, h2, h3, R2], [x, y, z, 1 − p2, 1 − q2, p + 1 − 2q2], [x, y, z], [p, q], 0);
Tofind ([h1, h2, h3, R2], [x, y, z, 1 − p2, 1 − q2, p + 1 − 2q2], [x, y, z], [p, q], 1);
Tofind ([h1, h2, h3, R2], [x, y, z, 1 − p2, 1 − q2, p + 1 − 2q2], [x, y, z], [p, q], 2);
Tofind ([h1, h2, h3, R2], [x, y, z, 1 − p2, 1 − q2, p + 1 − 2q2], [x, y, z], [p, q], 3);
Tofind ([h1, h2, h3, R2], [x, y, z, 1 − p2, 1 − q2, p + 1 − 2q2], [x, y, z], [p, q], 4);

��6Æ3&"�=,6OB'9J'&'�<&0: 2.

B 2. &W}XR��2�@z�76�~�#7'(9i2XR'5
65:"'(9{Nh	'=|}�1T%63R<��-L'(2B%
)&1"�'639/&~�-2'(%)&'.$$�1B%-
-L��Dy)3 a, ha, R, �>�$�Æ�$�%&�@UOP���

�"&��*9,*-'e4Mb~~��C2 a, ha, R ?
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=T&"�j$F%&'(%)&'.$$�-
⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

f1 = a2h2
a − 4s(s − a)(s − b)(s − c) = 0,

f2 = 2Rha − bc = 0,
f3 = 2s − a − b − c = 0,
a > 0, b > 0, c > 0, a + b − c > 0, b + c − a > 0,
c + a − b > 0, R > 0, ha > 0.

�*
tofind ([f1, f2, f3], [a, b, c, a + b − c, b + c − a,

c + a − b, R, ha], [s, b, c, a, R, ha], 1..n);

DISCOVERER'�, PII/266 PC�-&Maple V.4�+&() 4.5, .2-

FINAL RESULT :
The system has required real solution(s) IF AND ONLY IF

[0 ≤ R1, 0 ≤ R3]
or

[0 ≤ R1, R2 ≤ 0, R3 ≤ 0]

where

R1 = R − 1

2
a

R2 = Rha − 1

4
a2

R3 = −1

2
h2

a + Rha − 1

8
a2.

01 [20]=-2'$�2 R1 ≥ 0 ∧R3 ≥ 0. T'"�5A&�c2.�$
�CD.$1

DISCOVERER BOB�<��DP%b1'� DISCOVERER, "�45@
T8TA6 70N�G2��"r''.$$�&HU@T601 [20]='
�e�~1
B 3.[21,22] OB\�2v��s1@A NH52F��)'3NH5&

�*H'39P3H  C�>'3Dy1 NH5'�� �&2F�
�D��'�&&�='\
R2 NH51�� NH5E	 p- <:X
'&%=><�s �&1
F NH5

f(u) = u3 + au2 + bu + c

p- <:X'$�1
 

f(u) = u3 + au2 + bu + c = (u + x)(u2 + yu + z),
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#
x + y = a, xy + z = b, xz = c.

��� F%&'(e%)&'.$$�1
⎧⎪⎪⎪⎨
⎪⎪⎪⎩

f1 = a − x − y = 0,
f2 = b − xy − z = 0,
f3 = c − xz = 0,
a ≥ 0, b ≥ 0, c > 0, x > 0, y ≥ 0.

�*
tofind ([f1, f2, f3], [a, b, c, x, y], [x, c], [x, y, z, a, b, c], 0);

DISCOVERER '�, k6/233 PC �-& Maple V.3 �+&() 2 , .2-

FINAL RESULT :
The system has required real solution(s) IF AND ONLY IF

[R1 < 0]

where
R1 = −c + ab.

�D, R1 2 f(u) ' Hurwitz )H5&\D"�=,-�h NH5 p-

<:X'.$$�2� Hurwitz )H5h2 0.

B 4. F a, b, c, d $�'$�E=

(∀x > 0) x5 + ax3 + bx2 + cx + d > 0.

�9.2F%&'(e%)&'.$$�-

f(x) = x5 + ax3 + bx2 + cx + d = 0, x > 0

�*
tofind ([f ], [x], [x, a, b, c, d], 0);

DISCOVERER '�, K6/233 PC �-& Maple V.3 �+&() 6073 , .
2-

FINAL RESULT :
The system has required real solution(s) IF AND ONLY IF

[R1 < 0, 0 < R2, R3 < 0, 0 < R4, 0 < R5, 0 < R6, 0 < R7]

or

[0 < R2, 0 < R3, R6 < 0, 0 < R7]
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or

[R1 < 0, 0 < R2, R3 < 0, 0 < R4, 0 < R6, R7 < 0]

or

[0 < R1, 0 < R2, R3 < 0, R5 < 0, R6 < 0, 0 < R7]

or

[0 < R2, 0 < R3, 0 < R4, R5 < 0, 0 < R6, 0 < R7]

or

[R1 < 0, 0 < R2, R3 < 0, 0 < R5, R6 < 0, 0 < R7]

or

[0 < R2, 0 < R3, 0 < R4, 0 < R5, 0 < R6]

where
R1 = a

R2 = d

R3 = −8

9
c a +

4

15
a3 + b2

R4 =
20

27
d a2 +

4

27
a3 b − 16

9
b a c + b3

R5 =
88

27
a2 c2 − 13

3
a c b2 − 4

9
a4 c +

4

27
a3 b2 +

40

27
b a2 d − 125

27
a d2

+b4 +
100

9
b c d − 160

27
c3

R6 = − 28

9
b c a2 d +

20

9
a3 d2 +

4

27
a3 c b2 +

4

9
b a4 d − 16

27
a4 c2

−16

3
b2 a c2 +

128

27
a2 c3 − 400

27
c a d2 + c b4 + 3 b3 a d − 25

3
d2 b2

+
80

3
b d c2 − 256

27
c4

R7 = a5 d2 +
4

27
a3 b3 d − 1

4
b4 c2 + b5 d − 1

27
a3 b2 c2 − 25

3
a3 c d2

+
500

27
a c2 d2 − 625

18
a b d3 +

275

36
a2 b2 d2 +

140

27
a2 c2 b d

+
4

3
a c3 b2 +

125

6
b2 d2 c − 400

27
b d c3 − 2

3
a4 c d b − 35

6
a c d b3

+
4

27
a4 c3 − 32

27
a2 c4 +

64

27
c5 +

3125

108
d4.
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