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Summary In this paper, a new class of Zienkiewicz-type nonconforming finite e ement,
in n spatial dimensions with n > 2, is proposed. The new finite element is proved to be
convergent for the biharmonic equation.
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1 Introduction

In this paper, we will propose anew class of Zienkiewicz-type nonconforming simplex finite
element for n-dimensional fourth order partial differential equations with n > 2. It usesthe
values of function and first order derivatives at vertices as degrees of freedom, that is, it uses
the same degrees of freedom with the Zienkiewicz element [2 or 6]. But its shape function
space is different from the one of the Zienkiewicz element.

As a nonconforming finite element for fourth order partial differential equations, the
Zienkiewicz element is attractive. The first thing is its convergent property. In two dimen-
sional case, the Zienkiewicz element is only convergent under the paralléel line condition,
and is divergent in general grids. The numerical experiments were given in [7] and the
mathematical proof can be found in [10]. Another attractive thing is the degrees of freedom
of the Zienkiewicz element. It is convenient for numerical computations to take values of
function and derivatives at vertices as degrees of freedom. Although on each single element
the number of degrees of freedom of the Zienkiewicz element is not the least, the global
number is.
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** This work was supported in part by NSF DMS-0209497 and NSF DM S-0215392 and the Changjiang
Professorship through Peking University
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There are some modified triangular elements, with the same degrees of freedom of the
Zienkiewicz element, proposed by different ways, such as, the TQC9 element by the quasi-
conforming method [18,5], the generalized conforming element by the generalized con-
forming method [9], the TRUNC element by the free formula method [1,4] and the Bergan
element by the energy orthogonal method [3]. We call these elements are of Zienkiewicz-
type, Z-type for short. Their convergence analysis were given in [20,13,11,14] respectively.
It is alittle surprise that there were no convergent Z-type element proposed directly from
the nonconforming element method in two dimensions.

In three dimensiona case, two convergent Z-type elements were proposed in [19]. One
is constructed by the quasi-conforming method, and another is a non C° nonconforming
element which is reduced from a cubic tetrahedral nonconforming element proposed aso in
[19]. For this cubic element, the number of the degrees of freedom is just the dimension of
the cubic polynomial space. It does not occur in other dimensional cases when the similar
degrees of freedom are used.

The new Z-type element proposed in this paper is a nonconforming C° element, and it
is constructed in acanonical fashion for two and higher dimensions.

The rest of the paper is organized as follows. Section 2 recalls the nonconforming el-
ement method. Section 3 gives a detailed descriptions of a new Z-type nonconforming el-
ement. Section 4 shows the convergence of the new element. The last section gives some
concluding remarks.

2 Preliminaries

Let {2 be a bounded polyhedroid domain in R* (n > 2) with boundary 0f2. For a nonneg-
ative integer s, Let H*(2), H3(12), || - ||s,» and | - |, > denote the usual Sobolev spaces,
norm and semi-norm respectively. Let (-, -) denote the inner product of I?(12).

For f € L?(£2), we consider the following fourth order boundary value problem:

A%y = f, in £2,
_ Ou B D
uloe = 5‘69 N
wherev = (v, vs,--- ,1,,) | istheunit outer normal to 912 and A isthe standard Laplacian
operator.
= o 0 o N\T
V=G am A
Define
9% Pw 9
CL(’U,’U)) = /;2 ‘ mm, Vv,w c H (Q) (2)
i,7=1

The weak form of problem (1) is: find u € H3(2) such that
a(“?”) = (fvv)v Vo € Hg(Q) (3)
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For asubset B C R™ and anonnegative integer r, let P.(B) be the space of al polyno-
mials with degree not greater than r.

Let (T, Pr, @7) be afinite element where T is the geometric shape, Pr the shape func-
tion space and @ the vector of degrees of freedom, and let ¢ be Pr-unisolvent (see [6]).
Let 75, be atriangulation of 2 with mesh size h. For each element T' € 7;,, let h be the di-
ameter of the smallest ball containing T' and pr be the diameter of the largest ball contained
inT.

Let {77} be afamily of triangulations with ~ — 0. Throughout the paper, we assume
that {77,} is quasi-uniform, namely it satisfied that Ay < h < npr, VT € T3, for apositive
constant n independent of h.

For each 73, let V}, and Vo be the corresponding finite element spaces associated with
(T, Pr,®r) for the discretization of H?(£2) and HZ((2) respectively. In the case of non-
conforming element, Vi, ¢ H2(£2) and Vj,o ¢ H3(£2).

For v,w € L%($2) that v|p,w|r € H*(T),VT € 75, we define

4
n(v,w) Z / Z 81'16%] Gac Gx] “)
TeT

The finite element method for problem (3) corresponding to the element (T, Fr, &7) is
find uy, € V},9 such that

ah(uhvvh) = (fv Uh)v V’Uh c VhO' (5)

For any v € L?(02) that v|r € H™(£2), VT € 7, we define the following mesh-
dependent norm || - {|,,,,5, and semi-norm | - |,,, p:

ol = (32 0lr) " b = (3 o)

TETh TeT)

1/2

For nonconforming elements, the basic mathematical theory has been established (see
[6,8,15-17]). We will use them to discuss the convergence of the new element.

3 A New Z-Type Nonconforming Element

In this section, we give a detailed description of our new Z-type nonconforming element in
n-dimensions (n > 2).
Given an n-smplex 7" with verticesa;, 1 <i < n+1,denoteby F; (1 <i < n+1)the
(n — 1)-dimensiona subsimplex of 7" without ¢; asits vertex, and by A\i, Aa, - -+ , A1 the
barycentric coordinates of T'. Denote by |T'| and | F;| the measures of 7" and F; respectively.
Define

P(T) = Py(T) + span {\}\; — \AS [ 1<i<j<n+1}

Then the shape function space of the n-dimensional Zienkiewicz element isjust (7).
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Now let gy be the bubble function defined by
qo = A1A2 -+ Apt-
Forl1 <i<j<n+1,wedefine
Gij = NN — )\Z-A?

n—1)! ( (n—1)n VAi—=VA;) TV
F O (el g+ YD IRy 1)) O

1<k<n+1
k#i,k#j

A new Z-type nonconforming element, NZT element for short, isdefined by (T, Fr, &7)
with
1) T isan n-simplex.
2) PT:PQ(T)—i—Span{qij |1<i<j<n+1}
3) The components of & are:

v(a;), 1<j<n+1, (4j—a;) Vo(a), 1<i#j<n+1, YvelY(T).

The degrees of freedom of the NZT element are just the same with the n-dimensional
Zienkiewicz element (see Fig. 1).

as ® a3

ay a2

n=2
Fig. 1

Let »() denote the unit out normal of (n — 1)-subsimplex F of T (1 < i < n + 1). By
certain computation, we can obtain that

1 Op 1 Op .
|E| F; 81/(Z) n 1<kt 8V(z)
ki

Lemma 1 For NZT element, @ is Pr-unisolvent.
Proof Letp € Pr and
plaj)=0,1<j<n+1; (a;—a;) Vpla;)=0,1<i#j<n+1.
We only need to show that p = 0. Let ¢, - - - , ¢; beabasisof (7). Then p can be wriiten

e l
p= Z ¢iq; + Z Cijqij
i=1

1<i<j<n+1
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where ¢; and ¢;; are constants. Set G;; = A\2\; — AM? and

l
P=) g+ > ciyii
=1

1<i<j<n+1

Then

p=p+ . cylay— )
1<i<j<n+1

It can be verified that
(4ij—Gij)(ax) = 0, 1 < k <n+1; (am—ar) ' V(g —Gij)(ar) =0, 1 <k #m < n+1.
Thus, p satisfies
Plaj) =0, 1<j<n+1; (a¢5—a;) Vp(a;)=0,1<i#j<n+1
On the other hand, p € P;(T'). Thusp = 0, that is,
¢;=0,1<i<l; ¢;=0,1<i<j<n+1
It followsthat p = 0.

Forl <i#j<n+1wedefine
1
pij = 5)%)\](1"_)\1_)\])7

2n—1)! { (n—1)n VAi—VX;)TVA
O (-0 30 AR - 1)
1<k<n+1 (8)
ki, k#j

pi=X+2 > pi
1<j<n+1
L i#i

Let 6;; be the Kronecker delta. It can be verifiedthatfor 1 < i # j <n+1land1l <k #
[ <n+1,

(ax) = Oi, (ag — ag) " Vpilag) =
{pz( k) = Oik, (g — ax) Vpi(ax) =0, ©

pij(ar) =0, (a;—ax)' Vpii(ar) = Sirdji.

That is, p; and p;; are the nodal basis functions respect to the degrees of freedom. The
corresponding interpolation operator 17 can be written by,

v = Z piv(a;) + Z pij(a; — ;) Vo(a;), Yve CYT). (10)
1<i<n+1 1<i#j<n+1

For NZT element, we can define the corresponding finite element spaces Vj, and Vg as
follows: Vj, = {v € L*(2) | v|r € Pr,VT € T}, v and Vv are continuous at all vertices
of elementsin 73 }. Vo = {v € V3 | v and Vu vanish at al vertices belonging to 042}.
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We claim that V;, ¢ H'(2) and Vj,y C H($2). Let v, € V},, and let ' be a common
(n — 1)-dimensional subsimplex of T',7" € 7j,. By definition, the restrictions of v,| and
vp| on Fareal in P{(F), and they and their first order derivatives are equal at all vertices
of F respectively. Thus vy|r = vp,|7» on F, that is, v, € C°(2), and this leads to that
v, € HY(£2). Using similar argument, we can show v, € H}(£2) when vy, € V.

Given any (n — 1)-dimensional subsimplex F' and v, € V}, let us define the jump of
Vuy, across I as follows:

[Vvh] = V’Uh’T — V’Uh’T/

if F=TnNT forsomeT,T' € 75, and
[Vvh] = Vvh\T

if F=TnNos.
The following lemmais a direct consequence of equality (7) and the definitions of 1/,
and V.

Lemma 2 Let V}, and V}, be the finite element spaces corresponding to NZT element. If
isa common (n — 1)-dimensional subsimplex of T, 7" € 73, then
/ [V’Uh] =0, VYo, € V. (11)
F
If an (n — 1)-dimensional subssmplex F' of T' € 73, ison 942 then

/ [Vvh] =0, Yo, € Vp. (12
F

Remark. LetV}, and V} be the finite element spaces corresponding to NZT element. By
Lemma 2 and Green's formula, we can obtain directly that

ap(p,vp) =0, Vp e Py(82), Yo € V.
We know from [15] that the NZT element passes the patch test on triangulation7;,.

4 Convergence Analysis

In this section, we discuss the convergence property of NZT element. Let 1, and Vo bethe
finite element spaces corresponding to NZT element. First, we consider the error estimates
for finite element spaces.

Theorem 1 Let V;, and Vo be the finite element spaces corresponding to NZT element.
Then there exists a constant C' independent of & such that

3

inf W™ v — oplp < Ch3 , Yo e H3 ()N HZ(0), 13

Uhlgvh%;) [v = vplmn < Ch%|[3.0, YV (£2) N Hy(£2) (13)
3

inf Y " B0 = vplmn < CRJols., Yo € HY(R). (14)

vREV]
n&Vh
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Proof Forv € H3(2) N HE(R2), let wy, € L?(2) suchthat VT € 7y, wy|r € Po(T) and

/qwhdaz:/qum, Vg € Py(T).
T T

By the interpolation theory, we have
|v — wp|mn < Ch37m|v|3,g, 0<m<3. (15)

Givenaset B C R", let 7;,(B) = {T € T, | BNT # 0 } and N,,(B) be the number
of the elementsin 7;,(B).
Now we define v, € V¢ asfollows: for any T' € 73, if vertex a; of T isin 2 then

1 1
vn(a;) = mp; Conlrfad), Voule) = s D V(e
h(az) T ETh(az)
Obviously, vy, iswell-defined. We will show that
[ — Vlmn < CR* " ™|v|30, 0<m<3. (16)

Let T € 7p,, by astandard scaling argument, we have

n+1
Pz < Ch" =23 (Iplan)? + B2 Vp(a)[?), 0<m<3 ¥pePr. (A7)
=1
Set O = wp, — vy, Obviously, (bh‘T € Pr.
If vertex a; of T isin (2, the definition of v, leads to that

(Galr)a) = S0 ((unle)(@) — (wnle)(an)).

Ni(ai) T'eT1,(ai)

For 7 € 7p,(a;) there exist Ty, -+ , Ty € Tp(a;) suchthaa Ty = 7,7y = T’ and F] =

T; N Tj41 is acommon (n — 1)-dimensional subsimplex of 7; and T, and a; € Fj,

1 < j < J. By theinverse inequality, we have
J—1

T2 |3 (k) — (nlry @)

J=1

:

(wnlr)(ai) = (wnl7)(a:)

2

J-1
<O |(wnl) (@) = (whl ) (@)
j=1

J-1

2

17
<Ch "E ‘wh|Tj—wh|Tj+1 .
0.5,

j=1
J—1

<Ch'™ Z ( "U — wh|T; ?

=1 "

7
0,F;
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By the interpolation theory, we obtain

9 J
<CR™ Y ol
j=1

(whlr)(ai) = (wn|zr)(as)

Since N, (T') is bounded, we have

(Snlr) (@) < CRO™™ Y ol (18)

T'eT,(T)

If vertex a; of T ison 92 then there exists " € 7;,(a;) with an (n — 1)-dimensional
subsimplex F' of 7" on 942 and a; € F. By the definitions of wj, and v;,, we have

[(Pnlr)(as)| = [(wnl|r)(ai) = (whlr)(ai) + (w7 )(ai)]
< [(wn|7)(ai) = (wnlr)(ai)| + |(wnlzr)(as)]-
By the inverse inequality and the interpolation theory
|(whl7r)(ai) | < ChY " wplr [ = CR' ™" v — wplr[§ p < CHOT"[0ff 1.

By asimilar analysis for |(wp|7)(a;) — (wr|77)(a;)|, we conclude that (18) is also true in
this case.
Similarly, we can show that

n+1
Y IV(@nlr)(@) > < Ch* Y7 ol (19)
=1 T'eTh(T)

Combining (17), (18) and (19), we have
W™ Gnlmr < CRS > [olig
T'eTi(T)
Summing the above inequality over al T' € 7;,, we obtain that
h2m’¢h’$n,h < ChS Z Z ”U’%,T'-
TET, T'€T5,(T)

Consequently ) ) -
W |@n L n < Ch7J0I5 - (20)

Inequality (16) follows from (20) and (15).
Using similar argument, we can show (14).

Lemma 3 Let Vo be the finite element space corresponding to NZT element. Then there
exists a constant C' independent of & such that for v € H?(2)

lan (v, vp) — (A%,vh)] < Chlvls n|vnl2,n,  Yop € Vig. (22)
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Proof Letv, € Vipand ¢ € H(£2).GivenT € 7; and an (n—1)-dimensional subsimplex
Fof T,let P): L*(F) — Py(F) bethe L?-orthogonal projection.

Leti,j € {1,2,--- ,n}. By Lemma2 and Green's formula we have
vy, 8¢> vy, / vy, avh
duny _ 50 [o2m,
Z/ 0x;0x; 8:@ 8:cj> TEZTh oT 8x] 7; FgT
- % [olGE -
TeT;, FCOT
8v 8v
-3 3 [w-rho(GE - gt
TeT;, FCOT j

Using the Schwarz inequality and the interpolation theory we obtain that

> % [e-rra(GE-ragt)n

TeT, FCOT
8’Uh 8’Uh
<2 3 o Pholos| g - Pig|
l¢ — Ppollo,r Faxj oF
TeT, FCoT

<C > hlglrlonlar < Chlgholvalan-
TEeTh

Consequently, fori,j € {1,2,--- ,n},

9?2 Vh, 8¢ ovy, 1
E < 0} Vo € H (12), V Vio.-
‘ / ; Z )‘ Ch’ ‘1 Q‘Uh‘g hs € ( ), Vn € Vho (22)

Using (22) and the following equality,

an(v,vp) — (A0, vp) Z Z / 8 Uh 853:) gf;:)

i=1 T€ETy
2U 82Uh 837) 8’Uh
' / + ) (23
Z Z / 827) 82vh v avh>
ox2 2 .
1<i#j<n TET;, Oz; 89@ axiax] O

we obtain the conclusion of the lemma.

Theorem 2 Let ;o be the finite element space corresponding to NZT element, and let «
and uy, be the solutions of problems (3) and (5) respectively. Then

lim o — _ 24
hli%HU upll2,n =0, (24)
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and there exists a constant C independent of 4 such that
lu — upll2,n < Chluls o (25)
whenu € H3(2).

Proof From Lemma2 we seethat NZT element passes the F-E-M-Test in [12]. Hence NZT
element passes the generaized patch test. By Theorem 1 and the fact that H2(£2) is the
closure of C§°(§2) innorm || - ||2,12, we obtain

lim inf |lv— =0, Yve H(R).

Jim inf v —vnlle,n =0, Vv e Hy(62)
Thus (24) istrue by theresult in [16].

By the generalized Poincare-Friedrichs inequality [17] and the Strang Lemma (see [6]
or [15]), we have

lw = upllz,n < C < nf |lu —wgll2n+  sup | an(u, wp) — (f, wh)‘) -
hO

i
wp €V} wp E€Viwo wp#0 Hwh”27h

Then (25) follows from (13) and (21).

5 Concluding remarks

To construct aconvergent Z-type nonconforming element for the fourth order elliptic bound-
ary value problems, is motivated by the theoretical interest and the efficiency consideration
in practical computation. In this paper, the NZT element, a new n-dimensional C° non-
conforming simplex finite element, is constructed and analyzed. The NZT element uses the
same degrees of freedom with the Zienkiewicz element and the different shape function
space. Unlike the Zienkiewicz element, the NZT element is convergent and passes the patch
test in genera grids.
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