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§1 Möbius y��~� 1.1 _�� E2 �=.J<℄ σ �℄A4 O ��e4 r. ` σX&J<S� σ : E

2\{O} → E
2\{O} �

(i) {O, P, σ(P )} >=�
(ii) d(O, σ(P ))d(O, P ) = r2.6~VaC�� E

2

= E2 ∪ {∞}, �D. σ(O) = ∞, σ(∞) = O �`
σ : E

2

→ E
2 4aC���*J<JJ3Q��4℄ σ *6G�L�


� 1.1 � σ ����J<℄�
(i) 6G�L σ {q σ2 = id, �	� σ �*}<,�/�
(ii) 6G�L σ \}<F℄A O *i=��*p��
(iii) 6G�L σ \}<F℄A O *℄l���F℄A O *i=�
(iv) 6G�L σ \}<�F℄A O *i= l ��F℄A O *℄ σ′,�� σ′ _ O ,*�=[ l �C�
(v) 6G�L σ \}<[ σ f^*℄��*p��
(vi) 6G�L σ \�F℄A O *J<℄ σ1 ��J<℄ σ2;

(vii) 6G�L σ �6.?*�L�
1



���*J,i= σ lLj���e47�#*℄�*F ∞ ,�d�6~D.**6G�L σ : E
2

→ E
2 4AY σ *i=6����

σ(∞) = ∞. *�6.?*�L�Y��aC���*℄U���*℄Gi=r��aC���*}<℄ σ i3Q6G�L σ : E
2

→ E
2

.
� 1.2 6G�L σ \℄��℄��	�>^℄*^_���

~� 1.2 6~.OaC�� E
2 �* Möbius 
4

M2 = {φ = σ1 ◦ σ2 · · · ◦ σr : E
2

→ E
2

},�k {σ1, σ2, · · · , σr}4℄*6G�L�6~�M2 k*\&4 Möbius�L�
� 1.3 ���*i=6���KGFni4+�* Möbius �L�*~iL∞ 4�/,�Y�����*+g�L
4Möebius 
*J<o
�
� 1.4 ���J<, O �*�(�L4 Möbius �L�*L OG ∞ 4�/,�~� 1.3 6~_ E2 k[sW�*$5i_u�8 Oxy. `���}<, (x, y) 3QJ<;! z = x + iy. Y�� (x,−y) 3Q>v;!
z̄, (−y, x) 3Q;! iz. 6~V

C = C ∪ {∞} = E
2

.
� 1.5 ���*i=lL��
ᾱz + αz̄ + c = 0, α ∈ C\{0}, c ∈ R.
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� 1.6 ���*kA_ z0, �e4 r *℄lL��
|z − z0|

2 = r2;MlL��
zz̄ + ᾱz + αz̄ + c = 0, α = −z0, c = |z0|

2 − r2.
� 1.7

(i) ���*+g�LlL�� w = eiθz + z0, M w = eiθ z̄ + z0;

(ii)���_ z0 ,�*�(�Ll�� w = λz+(1−λ)z0,�k λ 6= 04�(�!�
(iii) ���AYi= ᾱz + αz̄ + c = 0 *6�lL��

w = −
1

ᾱ
(αz̄ + c).

(iv) � σ 4kA_ z0 ,��e4 r *℄l�`6G�L σ : C → ClL��
w = z0 +

r2

z̄ − z̄0

.~� 1.1

(i) aC�� C �*	.?* Möbius �L φ lL��:�=D�L
w = φ(z) =

αz + β

γz + δ
, αδ − βγ 6= 0.

(ii) aC�� C �*6.?* Möbius �L φ lL��>v:�=D�L
w = φ(z) =

αz̄ + β

γz̄ + δ
, αδ − βγ 6= 0.
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~� 1.2

(i) aC�� C �*:�=D�L
w = φ(z) =

αz + β

γz + δ
, αδ − βγ 6= 0M�f�(�LG	.?+g�L*;I�M�J<6G�LG6.?+g�L*;I�

(ii) aC�� C �*>v:�=D�L
w = φ(z) =

αz̄ + β

γz̄ + δ
, αδ − βγ 6= 0M�6.?*+g�L�M�f�(�LGi=6�*;I�M�J<6G�LG	.?+g�L*;I��	�6~:g� (i). �E γ = 0, l�7� δ = 1. V α = |α|eiθ. `V

φ(z) = αz + β = φ1 ◦ φ2(z),�k φ1(z) = |α|z 4f�(�5 φ2(z) = eiθz + β
|α| 4	.?*+g�L��E γ 6= 0, l�7� αδ − βγ = 1. 6~x z0 = φ(∞) = α/γ,

r = 1/|γ|. x σ �kA_ z0, �e4 r *℄�`V
σ ◦ φ(z) = z0 +

r2

φ(z) − z̄0

= −
γ̄

γ
z̄ +

α − δ̄

γ
,Y�� σ ◦ φ = φ1 �J<6.?*+g�L�� φ = σ ◦ φ1 �J<6G�LG6.?+g�L*;I�4 Möbius �L�L9g� (ii). �E γ = 0, l�7� δ = 1. Y� φ(z) = αz̄ + β. %

|α| = 1 ��*�J<6.?*+g�L�% |α| 6= 1 ��V α = |α|eiθ,�x φ1 4kA_ z0 = β/(1 − |α|) ��(�!4 |α| *�(�5 σ 4i= (−ie−iθ/2)z + (ieiθ/2)z̄ = 0 *6��L�`V
φ1(z) = |α|z + β, σ(z) = eiθ z̄.�MHg φ = φ1 ◦ σ �4J<f�(GJ<i=6�*;I��E

γ 6= 0, l�7� αδ − βγ = 1. 6~x z0 = φ(∞) = α/γ, r = 1/|γ|. x
σ �kA_ z0, �e4 r *℄�`V

σ ◦ φ(z) = z0 +
r2

φ(z) − z̄0

= −
γ̄

γ
z +

α − δ̄

γ
,
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4	.?*+g�L�Y��φ�6G�LG	.?+g�L*;I�
2 ~� 1.4 aC�� C �*)V:�=D�LG>v:�=D�L?� Möbius �L
�~� 1.5 ÆN Möbius �LlL��j4$<6G�L*;I�~� 1.4 L ∞ 4�/,* Möbius �L�4���*>%�L����)V>%�L?�J<
��4>%�L
�*� Möbius
*J<o
�~� 1.6 ���*>%�LlL��f�(G+g�L*;I�
� 1.8 � {z1, z2, z3} 4aC�� C �*�<�.,�`
(i)!_3JJ<	.?* Möbius�L φ��) φ(z1) = 0, φ(z2) = 1,

φ(z3) = ∞;

(ii)!_3JJ<6	.?* Möbius�L φ��) φ(z1) = 0, φ(z2) =
1, φ(z3) = ∞.�	 (i) G (ii) k* φ :�lL3J��

φ(z) =
z2 − z3

z2 − z1

·
z − z1

z − z3

; φ(z) =
z̄2 − z̄3

z̄2 − z̄1

·
z̄ − z̄1

z̄ − z̄3

.~� 1.7 Æ=aC���t<�,r {z1, z2, z3}G {w1, w2, w3}�!_3J*	.? Möbius �L φ(6.?* Möbius �L φ) ��)
w1 = φ(z1), w2 = φ(z2), w2 = φ(z2).~� 1.5 _mY E3 �=.J<	� σ �	A4 O ��e4 r. `

σ X&J<S� σ : E3 ∪ {∞} → E3 ∪ {∞} �{q,Z
(i) {O, P, σ(P )} >=�
(ii) d(O, σ(P ))d(O, P ) = r2;

(iii) �D. σ(O) = ∞ G σ(∞) = O.6~VaCmY E
3

= E3 ∪ {∞}, �� σ : E
3

→ E
3 4	� σ *6G�L�
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� 1.9 � σ �mYk*J<	��
(i) 6G�L σ {q σ2 = id, �	�	� σ �*}<,�/�
(ii) 6G�L σ \}<F	A O *i= (��) ��*p��
(iii) 6G�L σ \}<F	A O *	� (℄l) ���F℄A O *�� (i=) �
(iv) 6G�L σ \}<�F	A O *�� Σ(i= l) ��F℄A O*	� (℄)σ′, �� σ′ _ O ,*��� (�=) [ Σ(l) �C�
(v) 6G�L σ \}<[ σ f^*	� (℄) ��*p��
(vi) 6G�L σ \�F	A O *J<	� (℄)σ1 ��J<	�

(℄)σ2;

(vii) 6G�L σ �6.?*�L�~� 1.6�	P/R�� S2 4mYkJ<	��Σ�mYk*Jb���O ∈ S2�	�'�� Σ*s^,�
P,��3ÆH P ∈ S2\{O}!_3J P ′ ∈ Σ �) {O, P, P ′} >=�6~� 1-1 3Q
σ : S2 → Σ ∪ {∞} = E

2

, P → P ′, σ(O) = ∞4	� S2 '�� Σ *	P/R�
� 1.10 !_mYL O 4kA*J<	� σ, �)AY σ *mY6G�L σ : E
3

→ E
3 =�	P/R σ : S2 → E

2

.
� 1.11 	P/R σ : S2 → E
2 \ S2 �F O ,*℄S�i=�\ S2 ��F O ,*℄S�℄��	�t℄*^_���
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§2 ��xk���Ri= RP 1, *��� E2 �)VF O ,*i=?�*QI�-F_ E2 �[su�8 Oxy, `V
RP 1 = {[(x, y)] | x, y ∈ R, (x, y) 6= (0, 0)}.�R�L Φ : RP 1 → RP 1 3QJ< 2 a91Kfe A, �)

[(

x′

y′

)]

= Φ([(x, y)]) =

[

A

(

x
y

)]

=

[(

a b
c d

) (

x
y

)]

.6~� ℓ1 = {(x, 1) | x ∈ R} ��V ∞ = [(1, 0)]. `V
RP 1 = ℓ1 ∪ {∞}._ ℓ1 �t�R�L Φ, 6~)'

[(

x
1

)]

→

[(

x′

1

)]

=

[(

a b
c d

) (

x
1

)]

=

[(

ax + b
cx + d

)]

,Y��_�m�*�R�LlL��
x′ =

ax + b

cx + d
, A =

(

a b
c d

)

∈ GL(2, R).�R�L*N���u4$,*^�
(x1x2; x3x4) =

(x3 − x1)(x4 − x2)

(x3 − x2)(x4 − x1)
.6~\aC�� C +.Y;�Ri= CP 1 = C ∪ {∞}. `	.?* Möbius �L
Æ+.Y CP 1 �*�R�L

w =
az + b

cz + d
, A =

(

a b
c d

)

∈ GL(2, C).~� 2.1 � {z1, z2, z3, z4} 4aC�� C �$,�6~.O*~*;^�4
(z1z2; z3z4) =

(z3 − z1)(z4 − z2)

(z3 − z2)(z4 − z1)
.~� 2.1 � φ : C → C 4 Möbius �L� {z1, z2, z3, z4} 4 C �$,�
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(i) �E φ 	.?�` (φ(z1)φ(z2); φ(z3)φ(z4)) = (z1z2; z3z4);

(ii) �E φ 6.?�` (φ(z1)φ(z2); φ(z3)φ(z4)) = (z1z2; z3z4).P4}<℄li[�m Möbius +X��V~� 2.2 aC��� {z1, z2, z3, z4}$,>℄*�I,Z� (z1z2; z3z4)4�!�
§3 �
��| Poincare ��~� 3.1 � D = {z | |z| < 1} 4���*$5℄��**
b℄

∂D = {z | |z| = 1}. 6~.O�
(i) "
��U D k*)V,?��
(ii) "
��k*"
i=�[ ∂D f^*℄l (Mi=) [ D *^Qr��~� 3.2 }<[ ∂D f^*℄ (Mi=)σ *6G (6�) X&�L

σ : D → D, �4AY"
i= σ *i=6��V<<"
i=*6�?�*
�4"
�L
�
� 3.1 Æ=9w* a ∈ D,!_3JJ<i=6� σ,�) σ(a) =

0. d<6GV�"�
σ(z) =

a

ā
·

(

z̄ − ā

az̄ − 1

)

.
� 3.2

(i) =.t, a, b ∈ D, !_3JF�t,*J,"
i=�
(ii) F"
i= l 2J,�!_7�4,[ l �^�S�C�*"
i=�
� 3.3 Æ=J,"
i= l �!_J<"
�L φ : D → D, �) φ(l) � D k*�i=�
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~� 3.1 Æ="
��kt, z1, z2 ∈ D ��VJ,F�t,*i= σ �*[ ∂D ^Yt, ξ1, ξ2 ��k ξ1 [ z1 >v� ξ2 [ z2 >v�6~.O z1 j z2 *"
gp4
d(z1, z2) = − log(z1z2; ξ1ξ2) = log

|z2 − ξ1||z1 − ξ2|

|z1 − ξ1||z2 − ξ2|
.
� 3.4

(i) d(z1, z2) ≥ 0, �� d(z1, z2) = 0 %�
% z1 = z2;

(ii) d(z1, z2) = d(z2, z1);

(iii) � z2 z_ {z1, z3} )h.*"
=1��`V
d(z1, z2) + d(z2, z3) = d(z1, z3);

(iv) "
�L4+g�L�
� 3.5

(i) 3ÆN z ∈ D V
d(0, z) = log

1 + |z|

1 − |z|
;

(ii) 3ÆNt, a, z ∈ D V
d(a, z) = log

|āz − 1| + |z − a|

|āz − 1| − |z − a|
.~� 3.1 �"
�_B ABC �<_4 A, B G C, *~*3Q
�0:�4 a, b G c, `V

(i) f;.q�
sinh a

sin A
=

sinh b

sin B
=

sinh c

sin C
;

(ii) Z;.q�
cosh c = cosha cosh b − sinh a sinh b cosC;
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(iii)

cosh c =
cosA cosB + cosC

sinA sin B
.�	 �:6~g�� Z;.q I. -FJ<"
�L�6~�7��_B ABC *-,:�3Q;! z = ρeiC �! r, 0 G�Y��

a = log
1 + r

1 − r
, b = log

1 + ρ

1 − ρ
, c = log

1 + δ

1 − δ
, δ =

|z − r|

|rz − 1|
.U�)'

r = tanh
a

2
, ρ = tanh

b

2
, δ = tanh

c

2
;

δ2

1 − δ2
=

|z − r|2

(1 − r2)(1 − ρ2)
=

r2 + ρ2 − 2rρ cosC

(1 − r2)(1 − ρ2)
.�V

cosh c = 2
δ2

1 − δ2
+ 1 = cosha cosh b − sinh a sinh b cosC.��6~rTZ;.q I ng�f;.q�UY

cosC =
cosha cosh b − cosh c

sinh a sinh b
,6~)'

sin2 C

sinh2 c
=

1 − cosh2 a − cosh2 b − cosh2 c + 2 cosha cosh b cosh c

sinh2 a sinh2 b sinh2 c
,U3�D0�f;.q�sJ�6~x

R2 = 1 − cosh2 a − cosh2 b − cosh2 c + 2 cosha cosh b cosh c > 0, R > 0,`V
sin A =

R

sinh b sinh c
, sin B =

R

sinh a sinh c
, sin C =

R

sinha sinh b
.Y��rTZ;.qi`U'�6~)'

cosA cosB + cosC

sin A sinB
=

1

R2
(sinh a sinh b sinh2 c)(cosA cosB + cosC) = cosh c.
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6~�t<�_B ABC G�_B A′B′C′ �+��E!_"
�L φ : D → D, �)
A′ = φ(A), B′ = φ(B), C′ = φ(C).~� 3.2 "
��kt<�_B�+%�
%

(i) 


�*~3Q�
*
�>+�
(ii) ___�*~3Q�_*_0>+�
(iii) 
_
�*~*t<3Q
*
�0R�W_*_0>+�
(iii) _
_�*~*t<3QW_*_0R�>.
*
�>+�
� 3.6 3"
��kÆN�, {z1, z2, z3} V

d(z1, z2) + d(z2, z3) ≤ d(z1, z3);�+��s%�
% z2 z_ {z1, z3} )h.*"
=1��
� 3.7 3ÆH a ∈ D V
lim
z→a

d(z, a)

|z − a|
=

2

1 − |a|2
.~� 3.3 "
�e4 r *"
℄*l�4 2π sinh r.
� 3.8 Æ=℄l ∂D�*t<�,r {z1, z2, z3}G {w1, w2, w3},!_j4�<"
i=6���)*~*;I�L φ {q

φ(z1) = w1, φ(z2) = w2, φ(z3) = w3.~� 3.4 ÆHJ<"
�L φ : D → D l��
φ(z) = eiθ z − a

āz − 1
, |a| < 1M

φ(z) = eiθ z̄ − ā

az̄ − 1
, |a| < 1*B��
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�	 x a ∈ D {q φ(a) = 0. x!_3J*"
i=6�
σ(z) =

a

ā
·

(

z̄ − ā

az̄ − 1

)

,�) σ(0) = a. ` φ1 = φ ◦ σ �J<"
�L��) φ1(0) = 0. x
φ1(1) = eiϕ. P4 φ1 \"
i= (−1, 1) �� 0 G eiϕ )_*"
i=��V φ1(−1) = −eiϕ. UY φ2(z) = eiϕz̄ �6.?* Möbius�L�*\ {0, 1,−1}S� {0, eiϕ,−eiϕ}; 5 φ3(z) = eiϕz �	.?* Möbius�L�*\ {0, 1,−1}S� {0, eiϕ,−eiϕ};� φ◦σ = φ2,M
 φ◦σ = φ3.Y��

φ(z) = φ2(σ(z)) = eiθ z − a

āz − 1
, eiθ = eiϕ ā

a
;M


φ(z) = φ3(σ(z)) = eiθ z̄ − ā

az̄ − 1
, eiθ = eiϕ a

ā
.
� 3.9 o|0u

g =
4|dz|2

(1 − |z|2)2_"
�L9	����~� 3.6 ÆHt<"
P<�_B�"
+X*�"
�O*.OEIT'O:�6~y��℄�"
�L	�ÆNt,*"
gp�Y� iB�#�6~lL2.�ÆNt<"
P<�_BV>.*�O����-FU'�6~h(�P<�_B*�O4 π.
� 3.10 ��_B ABC, A 4�,� B G C 4
b,�`�_B�O
∆ = π − A.~� 3.7 �"
�_B ABC *-__04 A, B, C, `�_B�O

∆ = π − A − B − C.
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§4 �
��|w����~� 4.1 \"
THk* Poincare ℄� D *kA8_ z = −1,�� σ �kA_ z0 = −2, �e4 2 *℄�`6G�L σ : C → C \
D S�����

H = {z = x + yi ∈ C | y > 0}.
� 4.1 "
�� H k*"
i=�[�mf^*℄Mi=�
� 4.2 � z1, z2 ∈ H. � ℓ �F*~*"
i=�
(i) �E ℓ �[�mf^*i=�� Imz1 > Imz2 �`V

d(z1, z2) = log
z1

z2

.

(ii) �E ℓ �[�mf^Y ξ1 G ξ2 *℄l��k ξ1 [ z1 vd� ξ2[ z2 vd�`V
d(z1, z2) = − log(z1z2; ξ1ξ2) = log

|z2 − ξ1||z1 − ξ2|

|z1 − ξ1||z2 − ξ2|
.
� 4.3 "
�� H k*

(i) 	.?"
�Ll��
φ(z) =

az + b

cz + d
, a, b, c, d ∈ R, ad − bc > 0.

(ii) 6.?"
�Ll��
φ(z) =

az̄ + b

cz̄ + d
, a, b, c, d ∈ R, ad − bc < 0.
� 4.4 o|0u

g =
|dz|2

Imz2_"
�L9	����
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