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∣

∣
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∣
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!�
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¶
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§2 �
�����
2.1  �!
�
�����

( {O; e1, e2, e3} E {O′; e′1, e
′

2, e
′

3}
{
�
�4�+! � <�"�#
B
&
 
6�}
��4�+*
,

P
�
B
&
 

{O; e1, e2, e3} z !
B
& (x, y, z)
��$ )

−−→
OP = xe1 + ye2 + ze3 = (e1, e2, e3)X, X =





x
y
z



 ; (2.1.1)

¨
P
��%
*
<
B
&
 

{O′; e′1, e
′

2, e
′

3} z !
B
& (x′, y′, z′)
��$ )

−−→
O′P = x′e′1 + ye′2 + z′e′3 = (e′1, e

′

2, e
′

3)X
′, X ′ =





x′

y′

z′



 . (2.1.2)

| ) {e1, e2, e3} E {e′1, e′2, e′3} =M) 3Z5M�M� V
!MyM- Û ÎM� u�&�'�( Aj
l

(e′1, e
′

2, e
′

3) = (e1, e2, e3)A, A =





a11 a12 a13

a21 a22 a23

a31 a32 a33



 . (2.1.3)

.
0
J
−−→
OO′ = c1e1 + c2e2 + c3e3 = (e1, e2, e3)C, C =





c1

c2

c3



 . (2.1.4)

| ) −−→
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−−→
O′P +

−−→
OO′,

� � �
�
� Ú
î
(e1, e2, e3)X = (e′1, e

′

2, e
′

3)X
′ + (e1, e2, e3)C = (e1, e2, e3)(AX ′ + C).

��Q
{e1, e2, e3}

{�����!�*�Õ�y�-/}�m
X = AX ′ + C ]  �- Û m�B�&)�* �
�





x
y
z



 =





a11 a12 a13

a21 a22 a23

a31 a32 a33









x′

y′

z′



 +





c1

c2

c3



 . (2.1.5)

. 0 1
(2.1.3)

��! '+( A ) ë B &  {O; e1, e2, e3} î B &  {O′ ; e′1, e
′
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′

3}!-,�.�/�0
..
0
J





c′1
c′2
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
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



a11 a12 a13

a21 a22 a23

a31 a32 a33





−1 



c1

c2

c3



 ,
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B
&
Ï�2
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
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y′

z′



 =





a11 a12 a13

a21 a22 a23

a31 a32 a33





−1 



x
y
z



 +





c′1
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c′3


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′

3)B,
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m

(e1, e2, e3) = (e′1, e
′
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′
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2.1 ( A

{ ë B�&� 
{O; e1, e2, e3} î B�&� {O′; e′1, e
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2, e
′

3}
!
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{ ë B�&� 

{O′; e′1, e
′

2, e
′

3} î B�&� {O′′; e′′1 , e′′2 , e′′3}
!�8

5 '�( 6/} A−1
{ ë B
&
 

{O′; e′1, e
′

2, e
′

3} î B
&
 {O; e1, e2, e3}
!
8

5 '�(
X AB
{ ë B
&
 

{O; e1, e2, e3} î B
&
 {O′′; e′′1 , e′′2 , e′′3}
!
8�5

'�( 6Ã�Ä
2.2 ( {O; e1, e2, e3}

{�*�<����� �!�"�#�$�%�&�'�-
A
{�*

<�a�6 '�( 6 Ê (e′1, e
′

2, e
′

3) = (e1, e2, e3)A.
}

{O′; e′1, e
′

2, e
′

3}
{����� �!

"
#
$
%
&
'
µ
N ¼ µ A ) P�7
� ) 1
!
$
% '�( 6Å
Æ | ) {O; e1, e2, e3}

{
*
<
�
�
 
!
"
#
$
%
&
'
-/� � m




e1

e2

e3



 · (e1, e2, e3) = I, [e1, e2, e3] = 1.

�
(e′1, e

′

2, e
′

3) = (e1, e2, e3)A,
.
0 Ú
î





e′1
e′2
e′3



 · (e′1, e′2, e′3) = A′





e1

e2

e3



 · (e1, e2, e3)A = A′A;

[e′1, e
′

2, e
′

3] = [e1, e2, e3]|A| = |A|.

Û {O′; e′1, e
′

2, e
′

3}
{M�M�M M!M"M#M$M%
&M'Mµ
N ¼ µ A ) P�7M� ) 1

!
$
% '�( 6 �Ò
Ó

2.1 ( �
�4�+*
, P
� � <
�
�
 
!
"
#
$
%
&
' z !
B
&9
T ) (x, y, z) E (x′, y′, z′).
}
B
& )�* �
� u v ]





x
y
z



 =





a11 a12 a13

a21 a22 a23

a31 a32 a33









x′

y′

z′



 +





c1

c2

c3



 , (2.1.7)

12



© � 



a11 a12 a13

a21 a22 a23

a31 a32 a33



 ) P�7
� ) 1
!
$
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2.2 �
�
�
�����
( {O; e1, e2} E {O′; e′1, e

′
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{
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^
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�
! � <�"�#
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{O; e1, e2} z !
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& (x, y)
��$ )

−−→
OP = xe1 + ye2 = (e1, e2)X, X =

(

x
y

)

; (2.2.1)

¨
P
��%
*
<
B
&
 

{O′; e′1, e
′

2} z !
B
& (x′, y′)
��$ )

−−→
O′P = x′e′1 + ye′2 = (e′1, e

′

2)X
′, X ′ =

(

x′

y′

)

. (2.2.2)

| ) {e1, e2} E {e′1, e′2} =
) O
^ Σ
� � Õ
Ö
×
S
!43+5
- Û Î
� u�&

2
6 '�( A
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l

(e′1, e
′

2) = (e1, e2)A, A =

(

a11 a12

a21 a22

)

. (2.2.3)

.
0
J
−−→
OO′ = c1e1 + c2e2 = (e1, e2)C, C =

(

c1

c2

)

. (2.2.4)

| ) −−→
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−−→
O′P +

−−→
OO′,

� � �
�
� Ú
î
(e1, e2)X = (e′1, e

′

2)X
′ + (e1, e2)C = (e1, e2)(AX ′ + C).

�+Q
{e1, e2}

{
�
�
!
*
Õ
y
- }
m
X = AX ′ + C ]  
- Û m
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& )�*�
�

(

x
y

)

=

(

a11 a12

a21 a22

) (

x′

y′

)

+

(

c1

c2

)

. (2.2.5)

.�0�1
(2.2.3)

��! '�( A ) ë B�&� {O; e1, e2} î B�&� {O′; e′1, e
′

2}!-,�.�/�0
..
0
J

(

c′1
c′2
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=

(

a11 a12

a21 a22
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)

,

}
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Ï�2
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�
(
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)

=

(

a11 a12

a21 a22

)
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y
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+

(

c′1
c′2
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. (2.2.6)
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.
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)�� Q � <Y�ZÁ γ E γ′ Ì ��qMS�	M!���NM- _M<���NMÏ P x�y - {MC¥
6
(2)
{

(3.1.1)
!/á
â
6

(3) ( O
^ Σ m �\l Ú * i �+S Γ.
�4�\l

� z [
94�\��L
*
<����
!
� � 6é_ � <
� � 9
T
Ï
O
^ Σ
k
Q � ,

F E F ′(
1 )�i �+S
!�Y
, ), ê 9
T
Ï4�\l
%
Q � <4�+Á γ E γ′.

È
�
Γ
�
!
*
,

P ,
J�q
S

PQ
Ï

γ, γ′

!
%
, ) T E T ′(
¤�� c

3.4b).
| )�
�
*
, î �
^
!�k
S���N
à F - Û

d(P, F ′) − d(P, F ) = d(P, T ′) − d(P, T ) = d(T, T ′)
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)�� Q � <Y�ZÁ γ E γ′ Ì ��qMS�	M!���NM- _M<���NMÏ P x�y - {MC¥
6
�

�
z .
0����4�\l4�+S
�
j
l
!
§
¥
[
�
6

c
3.5a

c
3.5b

c
3.5c

( Γ
{
O
^
�
*
< a �+-/A
! � Y
, ) F E F ′.

b
c
3.5a,

.
0
�
O
^
���
 
�
�
$
%
B
&
 
- Ù
Ú F = (c, 0), F ′ = (−c, 0). ( P = (x, y)

)�a �+�
È
É
,
6tJ d(P, F ) + d(P, F ′) ) C
¥ 2a.
�+a
¶
Ö F � ã 2c =

d(F, F ′) < 2a.
Ê

b =
√

a2 − c2.
}4�

d(P, F ) + d(P, F ′) =
√

(x − c)2 + y2 +
√

(x + c)2 + y2 = 2a

á�A
(x − c)2 + y2 = 4a2 − 4a

√

(x + c)2 + y2 + (x + c)2 + y2,
√

(x + c)2 + y2 = a +
c

a
x.

� ¢ Ú
î�a �+!
&
ï
[
�
x2

a2
+

y2

b2
− 1 = 0. (3.1.2)

(�a �+ï
S
!
[
� ) x = p.
�+Q a �+�
È
É P

, î Y
, F = (c, 0) Eï
S
x = p

!����<� ) C
¥ e,
9
T Ê

P = (a, 0) � P = (−a, 0),
.
0 Ú

î
a + c

p + a
=

a − c

p − a
= e.

ë � Ú
î e = c/a E p = a2/c. Û�a � (3.1.2)
!
ï
S
[
� ) x = a2/c. G� - a �+!�%
*
<�Y
, F ′ = (−c, 0)

?
@
m�%
*
�
ï
S
x = −a2/c.

( Γ
{
O
^
�
*
< e�f S
- A
!�Y
, ) F ,

ï
S ) F ′.
b
c

3.5b,
.

0
�
O
^
���
 
�
�
$
%
B
&
 
- Ù
Ú F = (0, c),
ï
S
[
� ) y = −c.
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( P = (x, y) )�e�f S
�
È
É
,
6ñ�+Q
y + c = d(P, F ) =

√

x2 + (y − c)2,

.
0 Ú
î�e�f S
!
&
ï
[
�
x2 − 4cy = 0. (3.1.3)

( Γ
{MOM^M�M*M< i �ZSM- AM! � YM, ) F E F ′.

bMc
3.5c,

.M0M�
O
^
���
 
�
�
$
%
B
&
 
- Ù
Ú F = (c, 0), F ′ = (−c, 0). ( P = (x, y)

)�a �`�xÈxÉx,x6/J |d(P, F ) − d(P, F ′)| ) Cx¥ 2a.
�`ax¶xÖ F � ã

2c = d(F, F ′) > 2a.
Ê

b =
√

c2 − a2.
}
m

d(P, F ) − d(P, F ′) =
√

(x − c)2 + y2 −
√

(x + c)2 + y2 = ±2a.

� ¢ Ú
î�i �+S
!
&
ï
[
�
x2

a2
− y2

b2
− 1 = 0. (3.1.4)

G � ��Ú - i ��S (3.1.4)
!���� }

e = c/a,
N � <�Y�, F = (c, 0) E

F ′ = (−c, 0)
�
?
@
! � �
ï
S
[
�
9
T )
) x = a2/c E x = −a2/c.

3.2 C�D�E
�
Â����������ë §M¥M���M- ��lY�ZSM!M[M�
F (x,y) = 0

{M*M< ?�� !M§M¥M[M�M6 ����4�+-/.
0�� � �\l4�+S
!
½
¾
³
´�u�v I �
 
�
�
R
¶
B
&
 
-
Ú
î V a �+- e�f S E�i �+S
&
ï
[
�
6
�
b .
0
��V © A
!
�
�
R
¶
B
&
 
-/}
m
B
& )�* �
�

(

x
y

)

=

(

cos θ sin θ
− sin θ cos θ

) (

x′

y′

)

+

(

c1

c2

)

. (3.2.1)

Q
{
-ñ�\l4�+S
!
[
� ) ]
F (cos θx′ + sin θy′ + c1,− sin θx′ + cos θy′ + c2) = 0,

A
o
ç
{
*
< ?�� !
[
�
6K
L
3.1

O
^
�4�+*
< ?�� [
�
F (x, y) = Ax2 + 2Bxy + Cy2 + 2Dx + 2Ey + F = 0

�
��$
! c
�
Γ
1 )�?�� �+S
- © � A,B, C

Ö�� )
² 6
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.M0M!�� !M{�s�t ?�� �ZS Γ
�Mm u�� ! ��� 6 ) VM[���s�t
-ÿ.0 D ���
[
� Ý
]�'�( � �

(x, y, 1)





A B D
B C E
D E F









x
y
1



 = 0. (3.2.2)

æ
ç
-/µ ?�� �+S F (x, y) = 0
!
�
m
 
¥��
�
*
< ±
² C
¥
¹
-/A
���$
! c
�

Γ
Ö ) 6 �
z .
0�� c 7
8/Þ�1��
�
�
�
R
¶
B
&
 
- Ù

Ú�?�� [
� Ú
����� - ê ë ��� !
[
�4�+9�� ?�� �+S
! ��� 6/µ
.0
��1
!
�
�
R
¶
B
&
 � 
-/}
B
& )�* �
�
(3.2.1) u
�
Ý
]





x
y
1



 =





cos θ sin θ c1

− sin θ cos θ c2

0 0 1









x′

y′

1



 , (3.2.3)

© �
θ E c1, c2 )�¡ �
!
C
¥
6 D [
� (3.2.3)

§�

[
�
(3.2.2), Ú
î�?

� �+S Γ
��1
B
&
 z !
[
�

(x′, y′, 1)





A′ B′ D′

B′ C′ E′

D′ E′ F ′









x′

y′

1



 = 0, (3.2.4)

© �




A′ B′ D′

B′ C′ E′

D′ E′ F ′



 =





cos θ − sin θ 0
sin θ cos θ 0
c1 c2 1









A B D
B C E
D E F









cos θ sin θ c1

− sin θ cos θ c2

0 0 1



.

� ¢ Ú
î
(

A′ B′

B′ C′

)

=

(

cos θ − sin θ
sin θ cos θ

) (

A B
B C

)(

cos θ sin θ
− sin θ cos θ

)

. (3.2.5)

ë
(3.2.5)

R�¢ Ú
î
A′ = A cos2 θ − 2B cos θ sin θ + C sin2 θ; (3.2.6)

C′ = A sin2 θ + 2B sin θ cos θ + C cos2 θ; (3.2.7)

B′ =
1

2
(B cos 2θ + (A − C) sin 2θ). (3.2.8)

�
(3.2.6), (3.2.7) E
� � � < '�( [
�
-/.
0 Ú
î

A′ + C′ = A + C;
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∣

∣

∣

∣

A′ B′

B′ C′

∣

∣

∣

∣

=

∣

∣

∣

∣

A B
B C

∣

∣

∣

∣

;

∣

∣

∣

∣

∣

∣

A′ B′ D′

B′ C′ E′

D′ E′ F ′

∣

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∣

A B D
B C E
D E F

∣

∣

∣

∣

∣

∣

.

K
L
3.2 ( Γ

{
O
^
�4� ?�� [
�
F (x, y) = Ax2 + 2Bxy + Cy2 + 2Dx + 2Ey + F = 0

��$
! ?�� �+S
6/.
0
��$
A
!
a
<
§
¥
Ö ) 5 I1, I2, I3

9
T )
I1 = A + C, I2 =

∣

∣

∣

∣

A B
B C

∣

∣

∣

∣

, I3 =

∣

∣

∣

∣

∣

∣

A B D
B C E
D E F

∣

∣

∣

∣

∣

∣

. (3.2.9)

| ) A,B, C
Ö�� )
² -/�
m I1, I2

Ö�� )
² 6Q
{
.
0
m
K�~

3.3

O
^
� ?�� �+S Γ
!
§
¥
Ö ) 5

I1, I2 E I3

�
B
& )�*
z Ö ) 6

3.3 C�D�E
�
Â�F�G
(�?�� �+S Γ

!
[
� )
Ax2 + 2Bxy + Cy2 + 2Dx + 2Ey + F = 0.

) V�s�t Γ
�
m u�� ! ��� -�.
0�� c 7
8
B
& )�* - D ���
[
� )

) � � "
! � �
6b�]
B 6= 0,

.
0
�
θ
j
l

cot 2θ = −A − C

B
.

�
(3.2.8) Ú B′ = 0.

Q
{
-/7
8
B
& )�*
(

x
y

)

=

(

cos θ sin θ
− sin θ cos θ

)(

x′

y′

)

,

.
0�£ u
� D ?�� �+S
!
[
� ���
]
A′x′2 + C′y′2 + 2D′x′ + 2E′y′ + F ′ = 0 (3.3.1)
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! � �
6/_
¹
-/.
0
m
I1 = A′ + C′ E I2 = A′C′..
0�¤�¥�¦�§

I2 6= 0
!
¿ � 6 _
¹

A′, C′ =
±
² - (3.3.1) u
�
Ý
]
A′(x′ +

D′

A′
)2 + C′(y′ +

E′

C′
)2 + F ′ − D′2

A′
− E′2

C′
= 0. (3.3.2)

.
0�¨��
B
& )�*
x∗ = x′ +

D′

A′
, y∗ = y′ +

E′

C′
,

ê Ê
λ = A′, µ = C′, F ∗ = F ′ − D′2

A′
− E′2

C′
,

Ú
î 1
[
�
λx∗2

+ µy∗2
+ F ∗ = 0. (3.3.3)�+Q
Ö ) 5

I1, I2, I3

�
B
& )�* z Ö ) -ñ� (3.3.3) Ú
î
I1 = λ + µ, I2 = λµ, I3 = λµF ∗.

Û λ, µ
{ ?�� [
�

t2 − 2I1t + I2 = 0 (3.3.4)!�©
-/N
F ∗ = I3/I2.

_�B
[
�
(3.3.3)

) ]
λx∗2

+ µy∗2
+

I3

I2

= 0. (3.3.5)

µ
I2 < 0

¹
-
λ E µ ÷�ª 6 b�] I3 6= 0,

�
(3.3.5) ã - ?�� �+S )

i ��S�6 b�] I3 = 0,
}�[��

(3.3.5)
) ] λx∗2 + µy∗2 = 0,

A�! c�� {
� � à
%
R
S

√

|λ|x∗ +
√

|µ|y∗ = 0,
√

|λ|x∗ −
√

|µ|y∗ = 0�
!
�
m
,
Õ ] 6µ
I2 > 0

¹�-
λ, µ E I1 =�G�ª 6 b�] I3 6= 0,

N�Ï
I1 ÷�ª -/}��

(3.3.5) ã - ?�� �+S )�a � X b�] I3 6= 0,
N
Ï

I1 G�ª -/}
[
� (3.3.5)

x :
- ?�� �+S
{
��«
6 b�] I3 = 0,
}

(3.3.5)
!
: ) (x∗, y∗) = (0, 0),

) O
^
�
*
,
6
¬
�
���
-/.
0 Ú
îK�~

3.4 (�?�� �+S Γ
!
[
� )

Ax2 + 2Bxy + Cy2 + 2Dx + 2Ey + F = 0.

I1, I2 E I3 ) Γ
!
§
¥
Ö ) 5
-/N

I2 6= 0.
}
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(1)
µ

I2 < 0 E I3 6= 0
¹
-

Γ )�i �+S X
(2)
µ

I2 < 0 E I3 = 0
¹
-

Γ )
� �
à
%
!
R
S X
(3)
µ

I2 > 0 E I1I3 < 0
¹
-

Γ )�a � X
(4)
µ

I2 > 0 E I1I3 > 0
¹
-

Γ ) ��« X
(5)
µ

I2 > 0 E I3 = 0
¹
-

Γ ) O
^
�
*
<
, X
�
z .
0�¦�§ I2 = 0

!
¿ � 6ñ�
(3.3.1) Ú I2 = A′C′ = 0,

ä
A′ = 0ú

C′ = 0.
.
0
Ö�­ ( C′ = 0.

_
¹
A′ 6= 0.

�
(3.3.1)

.
0 Ú
î
A′x′2 + 2D′x′ + 2E′y′ + F ′ = 0. (3.3.6)

ë ?�� �+S
[
� (3.3.6)
���
Ö ) 5
-/.
0 Ú
î

I1 = A′ 6= 0, I2 = 0, I3 = −A′E′2. (3.3.7)

b�]
I3 6= 0,

}4�
(3.3.7) ã E′ 6= 0, ê N I3

Ï
I1 ÷�ª 6/_
¹
-/[
�

(3.3.7) u
�
Ý
]
A′(x′ +

D′

A′
)2 + 2E′(y′ +

F ′

2E′
− D′2

2A′E′
) = 0. (3.3.8)

�
B
& )�*
x∗ = x′ +

D′

A′
, y∗ = y′ +

F ′

2E′
− D′2

2A′E′
,

ê D
I1 = A′, E′ = ±

√

−I3

I1§�

[
�
(3.3.8),

.
0 Ú
î
I1x

∗2 ±
√

−I3

I1

y∗ = 0.

_
¹
- ?�� �+S )�e�f S
6b�]
I3 = 0,

}4�
(3.3.7) ã E′ = 0.

_
¹
[
�
(3.3.6)

) ]
A′x′2 + 2D′x′ + F ′ = 0. (3.3.9)

_
{
*
< ?�� [
�
-�A
!�®
T
� ∆ = 4(D′2 − A′F ′).
µ

∆ > 0
¹
-�[
�

(3.3.9) F�¯ Q � �
O
P
R
S x′ = λ E x′ = µ,
© �

λ, µ )�?�� [
�
! �<
Ö G !
Ø�© X µ ∆ = 0
¹
-�[
�

(3.3.9) F�¯ Q
*
�
R
S x′ = λ,
© �
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λ
{ ?�� [
�
! > *
Ø�© X µ ∆ < 0

¹
- x :
-/_
¹
[
� (3.3.9)
!
:

) ��«
6
¬
�
���
-/.
0 Ú
îK�~

3.5 (�?�� �+S Γ
!
[
� )

Ax2 + 2Bxy + Cy2 + 2Dx + 2Ey + F = 0.

I1, I2 E I3 ) Γ
!
§
¥
Ö ) 5
-/N

I2 = 0.
}

(1)
µ

I3 6= 0
¹
-

Γ )�e�f S X
(2)
µ

I3 = 0
¹
-

Γ )
� �
O
P
S
-/*
�
R
S
ú
��«
6
�+� �

3.4 E � � 3.5,
.
0 Ú
î
�
z ! ?�� �+S
9 8 � � �K�~

3.6

O
^
� ?�� �+S
Ax2 + 2Bxy + Cy2 + 2Dx + 2Ey + F = 0

�
m u�� ! ��� ) � a �+- i �+S
- e�f S
- � �
R
S
-t*
�
R
S
-t*,
ú
��«
6
� � �\l4�+S
!
&
ï
[
�
-/� � 3.4 E � � 3.5

.
0 Ú
îK�~
3.7 (�?�� �+S Γ

!
[
� )
Ax2 + 2Bxy + Cy2 + 2Dx + 2Ey + F = 0.

I1, I2 E I3 ) Γ
!
§
¥
Ö ) 5
6/}

(1) Γ )�a �+µ
N ¼ µ I2 > 0 E I1I3 < 0;

(2) Γ )�i �+S
µ
N ¼ µ I2 < 0 E I3 6= 0;

(3) Γ )�e�f S
µ
N ¼ µ I2 = 0 E I3 6= 0.

� Ä
III-3

1.

§4 C�D�E
��F�G
4.1 C�D�E
�
Â ��°

��°
4.1 ( l E l′

{
�
�4�+! � �
R
S
6 b�] l E l′
O
P
- }

l′
¸

l
°�±
� Ú
î !4�+^
1 )²H�³
� (

¤�� c
4.1a);

b�]
l E l′

à
%
Q
*
,
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O,
}

l′
¸

l
°�±M� ÚMî !Y�Z^M1 )M� O )�� ,M! H�IM� (

¤�� c
4.1b);b�]

l E l′ ) ô
Ö Ç R
! ÷ ^
R
S
-/} l′
¸

l
°Q±
� Ú
î !4�+^
1 )´�µ g�E
� (

¤�� c
4.1c).

c
4.1a

c
4.1b

c
4.1c. 0 � ��� ^ ! °+± U l ) z U �   B &  6 } ��� ^ � *M, (x, y, z)

î °�± U l
��!�,

(0, 0, z)
!���� ) ����^�!���� R, ) C�¥�6 Û ���^
!
[
� )

x2 + y2 = R2. (4.1.1)

.x0 � �¶lx^x! � , )�· ,x- � °�± U l ) z U �x xBx&x x6 (
P = (x, y, z) ) �ol�^���*�,�6/} P ′ = (0, 0, z)

{
P
, î °�± U l ÇR ��� ! Ç l
6 Ê θ ) �\l
^
!4�+�
¶
6/}
�
R
¶
a�¶ � OPP ′

�+m
d(P, P ′) = tan θ d(O, P ′). Û �\l
^
!
[
� )

x2 + y2 − tan2 θz2 = 0. (4.1.2)

( l E l′ )
÷ ^
R
S
-�

¶ ) θ 6= π/2.
R
S

l′
¸

l
°�± Ú
î "�¸ i�+^

S. ( O E P
9
T
{

l E l′
�
!
,
- Ù
Ú S�	 OP

{
� Ç S
6/J
R = d(O, P ).

.
0 � O )�· ,
- l ) z U - � R
S OP ) x U �
 
�
�R
¶
B
&
 
6 }
P = (R, 0, 0). ( R
S l′

!
[43
3+5 ) a.
}

a

Ï
x U
ÇR
- ê Ï z U !
%
¶ ) θ. Û
u � a = (0, sin θ, cos θ). ( Q = (x, y, z) )

S
�
È
É
,
-éA
{4�+R
S

l′
�
!
,

Q′ = (x′, y′, z′)
¸

z U °�± ¨ Ú
î 6Q
{
m
x2 + y2 = x′2 + y′2, z = z′. (4.1.3)| ) Q′

Ñ
�
l′
�
-/� � Î
�
¤
¥ t, Ù
Ú −−→

Q′P = ta,
ä

(x′, y′, z′) = (R, t sin θ, t cos θ). (4.1.4)
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D
(4.1.4)

§�

[
�
(4.1.3), Ú
î x2 + y2 = R2 + t2 sin2 θ E t = z/ cos θ. Û"�¸ i �+^
!
[
� )

x2 + y2 − tan2 θ z2 = R2. (4.1.5)

( P ) "�¸ i ��^���*�,�6ñ��Q�"�¸ i ��^�{���R�S�°�± ¨ ] -� ��¹�º m
*
<
R
S l1
7
8

P
,
6 ( Σ

{4�+°�± U l E P
,
� ] !O
^
6®�+Q
O
^ Ë # Σ : E

3 → E
3
D °�±
^�» ]½¼\¾ - ê N D R
S�» ]R
S
-/� � lP

!
O
^ Ë #�¿ l′P
Ü
{
"�¸ i �+^
�
!
*
��R�S
- ê N

lP E l′P
à
%
Q
,

P . Û "�¸ i �+^
�
;
*
, = m � �4�+^
�
!
R
S
78 ¢ ,
6
��°

4.2

D e�f S x2 = 4cy (c 6= 0)
¸ A
!
?
1 U (y U )

°�±
- Ú
î!4�+^
1 )ÁÀ�Â�b�d
� .
.
0�j
É î - b�] °�± e�f ^
�
, (x, y, z)

{
� e�f S
�
!
, (x′, y, 0)

°�± ¨ I -�}
m x2 + z2 = x′2 = 4cy. Û °�± e
f ^
!
[
� )

x2 + z2 = 4cy. (4.1.6).
0
C
�
�<Ã\Ä�Å�[�� î °�± e�f ^
6+*
<���Æ�Ç���È
2
� e�f ^
!Y
,
(0, c, 0)

�
6 ë Y
,�A�T
!�O
S�É e�f ^ Ë #�  � ] O
P�O�Ê (
¤

� c
4.2a).

c
4.2a

c
4.2b

c
4.2c

��°
4.3

D i �+S x2/a2 − y2/b2 = 1
¸ A
!�Ë U (x U )

°�±
- Ú
î!4�+^
1 )-g µ g�E
� (
¤�� c

4.2b),
A
!
[
� )

x2

a2
− y2

b2
− z2

b2
= 1. (4.1.7)

b�]MD
x2/a2 − y2/b2 = 1

¸ AM!�Ì U (y U )
°�±M- ÚMî ! D {M*M<M"�¸

i �+^ (
¤�� c

4.2c).
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��°
4.4

.
0
14�+[
�
x2

a2
− y2

b2
= 2z (4.1.8)

Í�A
! c
� )-g�E�b�d
� ( Í�Î
� )(
¤�� c

4.3a)..
0�j
É î -/?
È
´
¤
¥ λ 6= 0,
R
S

lλ
{

x
a
− y

b
= λ

x
a

+ y

b
= 2λ−1z

(4.1.9)

!
�
m
:
j
l
(4.1.8);

R
S
lµ
{

x
a

+ y

b
= µ

x
a
− y

b
= 2µ−1z

(4.1.10)

!
�
m
:
j
l
(4.1.8). Û R
S lλ E lµ

Ñ
� i � e�f ^
�
6/µ ±
² Ø
¥
λ(
ú

µ)
)�Ï ¹
-kR
S

lλ (
ú
R
S

lµ) Ð�Ñ )�Ï - ê�Ò�Ó A�Ô
< i � e�f^M6 ? i � e�f ^M�MÈMÉM, P = (x0, y0, z0),
.M0M�M�

λ = x0/a− y0/b E
µ = x0/a + y0/b.

}
lλ E lµ

{ i � e�f ^
�
8 P
,
! � �
R
S
6

c
4.3a

c
4.3b

��°
4.5 ( S

2 ) "
#
�
^ x2 + y2 + z2 = 1, φ : E
3 → E

3 ) "�# )�*
φ(x, y, z) = (ax, by, cz). (4.1.11)

b�]
(x, y, z) ) φ(S2)

��*�,�-/}
(x/a, y/b, z/c) = φ−1(x, y, z) ) "�#��^

S
2
�
!
,
6 Û φ(S2)(

¤�� c
4.3b)

!
[
� )
x2

a2
+

y2

b2
+

z2

c2
= 1. (4.1.12)

.
0
1
[
�
(4.1.12)

�
��$
! c
� ! _�Õ
� .
��°

4.6

D _�ÖM��×M*M� � -Ð.M0 Ú
î *�ÖM½
¾Y�+^M- AM0
{Y� �
z ! ?�� [
�
��$
! c
�
�
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(1) a �
^ x2/a2 + y2/b2 + z2/c2 = 1;

(2)
"�¸ i �+^ x2/a2 + y2/b2 − z2/c2 = 1;

(3) i ¸ i �+^ x2/a2 + y2/b2 − z2/c2 = −1;

(4) a � e�f ^ x2/a2 + y2/b2 = 2z;

(5) i � e�f ^ ( Ø�Ù ^ ) x2/a2 − y2/b2 = 2z;

(6) a �\l
^ x2/a2 + y2/b2 − z2/c2 = 0;

(7) a �+�
^ x2/a2 + y2/b2 = 1;

(8) i �+�
^ x2/a2 − y2/b2 = 1;

(9) e�f �
^ x2/a2 = 2z.
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4.2 C�D�E
�
Â�F�G.
0
14� �
z *
� ?�� [
�
��$
! c
� )cC�D�E
� :

A11x
2 + A22y

2 + A33z
2 + 2A12xy + 2A13xz + 2A23yz

+2B1x + 2B2y + 2B3z + C = 0,© � ¹�º m
*
< Aij 6= 0.
�
_
*��4�+-/.
0 D ?
�
m u�� ! ?�� �+^Ú
P
9 8 6

.
0
J

A =





A11 A12 A13

A12 A22 A23

A13 A23 A33



 , X =





x
y
z



 , B =





B1

B2

B3



 .

}
m
Xt = (x, y, z), Bt = (B1, B2, B3) E At = A.

_�B
*
� ?�� �+^
!
[� u
Ý
]
(Xt, 1)

(

A B
Bt C

)(

X
1

)

= 0. (4.2.1)

�+á
â
2.1 u
ã -/�
� � <
�
�
R
¶
B
&
 
!
B
& )�* �
� )

(

X
1

)

=

(

T a

0 1

) (

X ′

1

)

, (4.2.2)

© �
T ) P�7
� ) 1

!
$
% '�( - a =





a1

a2

a3



 ) C
¥
- X ′ =





x′

y′

z′





{
,

X
��1
�
�
R
¶
B
&
 z !
B
&
6.
0 D

(4.2.2)
§�

[
�

(4.2.1), Ú
î
(X ′t, 1)

(

T t 0
at 1

)(

A B
Bt C

) (

T a
0 1

) (

X ′

1

)

= 0. (4.2.3)

_�B
-/.
0 Ú
î�?�� �+^
��1
B
&
 z !
[
�

(X ′t, 1)

(

A′ B′

B′t C′

)(

X ′

1

)

= 0, (4.2.4)

© �+[
�
 
¥
j
l
(

A′ B′

B′t C′

)

=

(

T t 0
at 1

)(

A B
Bt C

) (

T a
0 1

)

. (4.2.5)
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½
T
�
-/.
0
m
A′ = T tAT. (4.2.6)

K
L
4.1 ( S

{
*
< ?�� �+^
-/A
!
[
� )
A11x

2 + A22y
2 + A33z

2 + 2A12xy + 2A13xz + 2A23yz

+2B1x + 2B2y + 2B3z + C = 0..
0
��$

I1 = A11 + A22 + A33; I2 =

∣

∣

∣

∣

A22 A23

A23 A33

∣

∣

∣

∣

+

∣

∣

∣

∣

A11 A13

A13 A33

∣

∣

∣

∣

+

∣

∣

∣

∣

A11 A12

A12 A22

∣

∣

∣

∣

;

I3 =

∣

∣

∣

∣

∣

∣

A11 A12 A13

A12 A22 A23

A13 A23 A33

∣

∣

∣

∣

∣

∣

; I4 =

∣

∣

∣

∣

∣

∣

∣

∣

A11 A12 A13 B1

A12 A22 A23 B2

A13 A23 A33 B3

B1 B2 B3 C

∣

∣

∣

∣

∣

∣

∣

∣

.

K�~
4.1 I1, I2, I3 E I4

�
B
& )�* z Ö ) 6Å
Æ �
B
& )�*
(4.2.2) z .
0
m )�* �
� (4.2.6).

�+Q ��'�( �
�
!P�7
� F Q ��'�( P�7
�
!��
�
-k.
0 Ú
î I4 = I ′

4.
| ) ?
È
´
Ø
¥ tm
�
�

|tI − A| =

∣

∣

∣

∣

∣

∣

t − A11 −A12 −A13

−A12 t − A22 −A23

−A13 −A23 t − A33

∣

∣

∣

∣

∣

∣

= t3 − I1t
2 + I2t − I3. (4.2.7)

�
(4.2.6) ã ?
È
´ t

m
(tI − A′) = T t(tI − A)T , Û m

|tI − A′| = |T t||tI − A||T | = |tI − A|.
�

(4.2.7) ã ?
È
´ t
m

t3 − I ′

1t
2 + I ′

2t − I ′

3 = t3 − I1t
2 + I2t − I3.ë ¨ Ú
î

I ′

1 = I1, I ′

2 = I2, I ′

3 = I3. 2

.
0
1
I1, I2, I3, I4 )�?�� �+^
!
§
¥
Ö ) 5
6

�xz .x0�Ûxèx� ?�� �`^x�xm u�� ! cx� 6 ) ¢ -/.x0�Ü�Ý���ÞB�& )�* ���
(4.2.2)

��!
T E a, Ù�Ú�?�� ��^���1�B�&� z !�[��

(4.2.4)
m�� � "
! � �
6
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Ã
Ä
4.1

Î
�
P�7
� ) 1
!

3
6
$
% '�( T , Ù
Ú

T tAT =





λ 0 0
0 µ 0
0 0 ν



 .

Å
Æ �+Q
A
{
*
<
?
1 '�( -/� � ?
È
´43+5 X E Y

m
AX · Y = X · AY. (4.2.8)

Ê
p(t) = |tI − A|.

}
p(t)
{
*
<
a ��ß�à �
-/A ¹�º m
*
<
Ø�© λ.

|
) |λI − A| = p(λ) = 0,

� � Îx� ±x² 3`5 v ÙxÚ (λI − A)v = 0.
Ê

e1 = v/|v|,
}
m

Ae1 = λe1.
�43+5

e2, e3, Ù
Ú {e1, e2, e3} ) �
�
 
!
"#
$
%
y
6/| )
Ae1 · e2 = 0, Ae1 · e3 = 0, Ae2 · e3 = e2 · Ae3,� � Î
�
Ø
¥ {a, b, c}, Ù
Ú

A(e1, e2, e3) = (e1, e2, e3)





λ 0 0
0 a b
0 b c



 .

b�]
b = 0,

} Ê
T = (e1, e2, e3), a = µ E c = ν,

3�4 ]  
6 b�] b 6= 0,} Ê
e∗2 = cos θe2 + sin θe3, e∗3 = − sin θe2 + cos θe3,© �

θ ¡ �
6/_
¹
-/m

A(e1, e
∗

2, e
∗

3) = A(e1, e2, e3)





1 0 0
0 cos θ − sin θ
0 sin θ cos θ





= (e1, e2, e3)





λ 0 0
0 a b
0 b c









1 0 0
0 cos θ sin θ
0 − sin θ cos θ





= (e1, e
∗

2, e
∗

3)





1 0 0
0 cos θ sin θ
0 − sin θ cos θ









λ 0 0
0 a b
0 b c









1 0 0
0 cos θ − sin θ
0 sin θ cos θ



 .

�
θ
j
l
[
�

cot 2θ = (a − c)/2b,
}
m

A(e1, e
∗

2, e
∗

3) = (e1, e
∗

2, e
∗

3)





λ 0 0
0 µ 0
0 0 ν



 ,
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© �
µ E ν ) Ø
¥
6 Ê T = (e1, e

∗

2, e
∗

3),
}�3�4
Ü ]  
6 2��3�4

4.1
�+!

T
�
B
& )�*

X = TX ′,
} ?�� �+^
��1
B
&
 z!
[
� u
Ý
]

λx′2 + µy′2 + νz2 + 2B′

1x
′ + 2B′

2y
′ + 2B′

3z
′ + C′ = 0. (4.2.8)

_
¹
m
I1 = λ + µ + ν, I2 = λµ + µν + λν, I3 = λµν, (4.2.9)© �

λ, µ, ν
Ö�� )
² 6.
0�¤�¥�¦�§

I3 = λµν 6= 0
!
¿ � 6�_
¹ ?�� �+^
[
� u
� Ú
*�á

Ý
]
λx∗2

+ µy∗2
+ νz∗2

+ C∗ = 0, (4.2.9)© �
x∗ = x′ +

B′

1

λ
, y∗ = y′ +

B′

2

µ
, z∗ = z′ +

B′

3

ν
.

�
(4.2.9) Ú
î I4 = C∗I3.

b�]
λ, µ, ν G�ª -Z} I1, I3

Ü
Ï
λ, µ, ν

m
à G!�â ª 6 µ I4 < 0
¹
-

C∗

Ï
λ, µ, ν

m
Ö G !�â ª - _
¹ ?�� �+^ )�a��^ X µ I4 > 0
¹�-

C∗
Ï

λ, µ, ν
m�à G !�â ª -/_�¹ ?�� ��^ ) �« X µ I4 = 0

¹
- ?�� �+^ ) *
<
,
6 b�] λ, µ, ν ÷�ª -/.
0 u Ö�­
( λ, µ

!�â ª�) ε,
¨

ν
!�â ª�) −ε.

_�¹
I3

!�â ª�) −ε.
µ

I4 < 0¹M-
C∗ = I4/I3

!�â ªM) ε,
_M¹ ?�� �Z^ ) "�¸ i �Z^ X µ I4 > 0

¹M-
C∗ = I4/I3

!�â ª�) −ε,
_�¹ ?�� ��^ )�i ¸ i ��^ X µ I4 = 0

¹�-
C∗ = 0,

_
¹ ?�� �+^ )�a �\l
^
6© � .x0�¦�§ λ, µ, ν
� � mx*x< )x² !x¿ � 6/.x0xÖ�­ ( ν = 0,

I2 = λµ 6= 0.
_
¹
m

I4 = −I2B
′2

3.
b�]

I4 6= 0, ?�� �+^
[
� (4.2.8) u
� Ú
*�á Ý
]

λx∗2
+ µy∗2

+ 2B′

3z
∗ = 0, (4.2.10)© �

x∗ = x′ +
B′

1

λ
, y∗ = y′ +

B′

2

µ
, z∗ = z′ + (

C′

2B′

3

− B′

1

2

2λB′

3

− B′

2

2

2µB′

3

).

Q
{
-/µ
I2 > 0

¹
- ?�� �+^ )�a � e�f ^ X µ I2 < 0
¹
- ?�� �+^

)�i � e�f ^
6 b�] I4 = 0,
}

B′

3 = 0,
_
¹ ?�� �+^
[
� (4.2.8) u
�Ú
*�á Ý
]

λx∗2
+ µy∗2

+ C∗ = 0, (4.2.11)

32



© �
x∗ = x′ +

B′

1

λ
, y∗ = y′ +

B′

2

µ
.

Q
{
-/µ
I2 > 0

N
I1

Ï
C∗ ÷�ª ¹
- ?�� �+^ )�a �+�
^ X µ I2 > 0N

I1

Ï
C∗ G�ª ¹�- ?�� ��^ ) �Q« X µ I2 > 0

N
C∗ = 0

¹�- ?����^ ) R�S x∗ = y∗ = 0(
ä

z∗ U ).
µ

I2 < 0
N

C∗ 6= 0
¹�- ?�� �^ )�i ����^ X µ I2 < 0

N
C∗ = 0

¹�- ?�� ��^ )�� <�à�%�!�O�^
√

|λ|x∗ ±
√

|µ|y∗ = 0.
�� �.�0�¦�§

λ, µ, ν
�oã�m�*�<�{ ±�² !�¿ � 6/.�0�Ö�­ ( I1 =

λ 6= 0
N

µ = ν = 0.
_
¹
m

I2 = I3 = I4 = 0.
[
�

(4.2.8) u
�
Ý
]
λ(x′ +

B′

1

λ
)2 + 2B′

2y
′ + 2B′

3z
′ + C′ − B′

1

2

λ
= 0. (4.2.12)

b�]
B′

2 = B′

3 = 0,
}
[
� u Ú
*�á Ý
]

λx∗2
+ C∗ = 0,© �

x∗ = x′ +
B′

1

λ
, C∗ = C′ − B′

1

2

λ
._M¹M-ÿµ

I1

Ï
C∗ ÷�ª ¹M- ?�� �Z^ )M� <MO
PMO
^ X µ I1

Ï
C∗ G�ª¹
- ?�� �+^ ) ��« X µ C∗ = 0

¹
- ?�� �+^ ) O
^ x∗ = 0.
b�]

B′

2

E B′

3

Ö�� )�² - u�( (B′

2, B
′

3) = (r cos θ, r sin θ),
© �

r =
√

B′

2

2 + B′

3

2.�
B
& )�*

x∗ = x′ +
B′

1

λ
, y∗ = (cos θy′ + sin θy′ +

C′

2r
− B′

1

2

2rλ
), z∗ = − sin θy′ + cos θz′,

}
[
�
(4.2.12)

) ]
λx∗2

+ 2ry∗ = 0._
¹
*
< e�f �
^
6
¬
�
���
-/.
0 Ú
î�?�� �+^
!
9 8 � � �K�~

4.2

� ?�� [
�
A11x

2 + A22y
2 + A33z

2 + 2A12xy + 2A13xz + 2A23yz

+2B1x + 2B2y + 2B3z + C = 0��$
! ?�� �+^�ã u�� { �
z ! c
�
� a �
^
-/"�¸ i �+^
- i ¸ i�+^
- a � e�f ^
- i � e�f ^
- a �äl
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- a �+�
^
- i �+�
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f �
^
- � <
à
%
O
^
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O
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O
^
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R
S
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<
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K�~
4.3 ( S

{ ?�� [
�
A11x

2 + A22y
2 + A33z

2 + 2A12xy + 2A13xz + 2A23yz

+2B1x + 2B2y + 2B3z + C = 0��$x! ?�� �`^x- I1, I2, I3 E I4

{xAx!x§x¥xÖ ) 5x6/}
3 � [x�

t3 − I1t
2 + I2t − I3 = 0

!
a
<�©
λ, µ, ν =
) Ø
¥
- ê N

(1) S )�a �
^
µ
N ¼ µ λ, µ, ν ±
²
G�ª -/N I4 < 0;

(2) S ) "�¸ i �+^
µ
N ¼ µ λ, µ, ν ±
² Ö G�ª -/N I4 > 0;

(3) S )�i ¸ i �+^
µ
N ¼ µ λ, µ, ν ±
² Ö G�ª -/N I4 < 0;

(4) S )�a � e�f ^
µ
N ¼ µ λ, µ, ν � m
*
< )
² -/N I2 > 0, I4 < 0;

(5) S )�i � e�f ^
µ
N ¼ µ λ, µ, ν � m
*
< )
² -/N I2 < 0, I4 > 0;

(6) S )�a �\l
^
µ
N ¼ µ λ, µ, ν ±
² Ö G�ª -/N I4 = 0;

(7) S )�a �+�
^
µ
N ¼ µ λ, µ, ν � m
*
< )
² -/N I2 > 0, I4 = 0;

(8) S )�i �+�
^
µ
N ¼ µ λ, µ, ν � m
*
< )
² -/N I2 < 0, I4 = 0;

.
0<å\É4�+��×
4.5 ã�= - a �
^
{
�
^
� ª <�"�# )�* z !�æ
6

�
z .
0 :<; -/�
^
�
È
É
*
<�"�# )�* z !�æ )�a �
6
( S2 ) "M#M�M^ x2 +y2 +z2 = 1, φ

{MÈMÉM*M<�"�# )�* 6 }Y� >�?
@ !
� � 3.2 ã - φ

m
B
&
v
w
X∗ = BX +b,

© �
B
!
P�7
� ±
² -

b ) C43+5
- ¨ φ
D B
& ) X

!
, ) ] B
& ) X∗
!
,
6 Ê

C = B−1,

c = −B−1
b,
}
m

X = CX∗ + c.
.
0 D _
<
[
� Ý
]

(

X
1

)

=

(

C c

0 1

)(

X∗

1

)

.

_
¹
-/?
È
´
X ∈ S2

m

0 = x2 + y2 + z2 − 1 = (Xt, 1)

(

I 0
0 −1

)(

X
1

)

= (X∗t
, 1)

(

Ct 0
c

t 1

) (

I 0
0 −1

)(

C c

0 1

)(

X∗

1

)

.

| ) X∗ ∈ φ(S2)
j
l
��� ?�� [
�
-/� � φ(S2)

{
*
< ?�� �+^
6ñ��
� u �
-/A
!�Ë '�( A = CtC, ê N
§
¥
Ö ) 5

I4 =

∣

∣

∣

∣

Ct 0
c

t 1

∣

∣

∣

∣

∣

∣

∣

∣

I 0
0 −1

∣

∣

∣

∣

∣

∣

∣

∣

C c

0 1

∣

∣

∣

∣

= −|C|2 < 0.
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A = CtC ) ?
1 '�( -ñ�\3�4 4.1 Ú
ã -/Î
�
$
% '�( T , Ù
Ú
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