
11 ⧻Ⱜ⛊⧧⤸㽔⼦㲚⛊

㢼㝘 11.1. ࠤ f : X → Y Ϩؕྻᅯ৲冟Z ⊂ Y Ϩпձ冟f ϨଜԲ Z ࿕ላ冲

⛊ 11.2 (္่ӡԑ). ࠤ F : X × S → Y Ϩؕྻᅯ৲冟∂S = ∂Y = ∅僚ࠤ Z Ϩ Y Ϣпձ冟∂Z = ∅僚
ұһ F ю ∂F ЅԲ Z ࿕ላ冟১ѐԘઘԆϮϢ s ∈ S冟fs ю ∂fs ЅԲ Z ࿕ላ冟ϼѻ fs(x) = F (x, s)僚

ैӕ. ӡԑ5.5䩟Wۥ = F−1(Z)ϥ X×S ϡհжԵ࣏䩟֎Ћ ∂W = W ∩∂(X×S)䦚ޕ p : X×S → S
ϥІѼۄथ䩟֭ fs = F (·, s) : X → Y䦚

⛱㬀.  s Ϩ p : W → S ϢՓ১ࡲ冟১ fs
−! Z冮 s Ϩ ∂p = p

∣∣
∂W

: ∂W → Z ϢՓ১ࡲ冟১ ∂fs
−! Z僚

ৌࡷϢैӕ. ޕ fs(x) = F (x, s) = z ∈ Z䦚цܷ֝ז a ∈ TzZ䩟ࡖ࢙܊Ϩܷ֝ז v ∈ TxX ٍЏ dfs(v)−a ∈
TzZ䦚ӹ F −! Z䩟ݞ

dF(x,s)T(x,s)(X × S) + TzZ = TzY

֝זϨܷࡖݞ b = (w, e) ∈ TxX × TsS = T(x,s)(X × S) ٍЏ dF(x,s)(b)− a ∈ TzZ䦚 e = 0䩟ज

dfs(w)− a = dF(x,s)(w, 0)− a = dF(x,s)(b)− a ∈ TzZ

Ѵޕ e (= 0䦚dp : TxX × TsS → TsS ϥϺҷԏϬӹжϡۄथ䦚ӹ s ϥ p ϡԜजߚ䩟ࡖݞϨܷ֝ז
(u, e) ∈ T(x,s)W䦚Ԕ F : W → Z䩟ݞ dF(x,s)(u, e) ∈ TzZ䦚ਘ v = w − u䩟ज

dfs(v)− a = dF(x,s) [(w, e)− (u, e)]− a =
(
dF(x,s)(w, e)− a

)
− dF(x,s)(u, e) ∈ TzZ

ӹױ f −! Z䦚णঐНЏ ∂f ԁ Z ϡ္่ԛ䦚आߞЏ࢙䦚

ۥ Sard ӡԑ䩟Ӫলӛϩϡ s ∈ S Ёϥ p ф ∂p ϡӎϡԜजߚ䩟ӡԑЏ࢙䦚

Ϩӡԑ11.2Ѕޕ Y = RM䦚 f : X → RM ϥׇาྱथ䩟Լ S Ћ RM Ѕϡэܧ䩟ӡॶЋ F : X×S → RM

Ћ
F (x, s) = f(x) + s

जц ∀x ∈ X䩟F (x, ·) ϥэܧ S ϡכ䩟ԪґϥᖰЬྱथ䦚ݞ F ϥᖰЬྱथ䩟ԁ RM ϡحڗжԵ่࣏
္䦚္่ۥӡԑ11.2䩟цӪলӛϩϡ s ∈ S䩟ྱथ fs(x) = f(x) + s ԁ Z ္่䦚

11.1 ε-⼦㲚⛊

⛊ 11.3 (ε-ርӡԑ). ѐڈۻҁٍזϢձ Y ⊂ RM冟ࣽϬ Y ϾϢՓྻؕࡲڮ ε : Y → R Иڪ

Y ε =
{
x ∈ RM

∣∣ࣽϬ y ∈ yڪИ d(x, Y ) < ε(y)
}

ЋϢڈۻѷ w ЅࣽϬ Y ЋఘϤϢ۴свϢѷ π(w)冟ᅯ৲ π : Y ε → Y Ϩᡏеᅯ৲僚ұһ Y ࣄ
੩冟ڮ ε ЩչГًࡲ僚

ޕ Y ⊂ RM䩟Y Ϩ y ∈ Y ѢϡِעӢ䩟֭Ћ NyY䩟ϥ TyY Ϩ RM ЅϡԜےਤҽ

NyY =
{
v ∈ RM

∣∣ц ∀w ∈ TyYϩ v · w = 0
}

Y Ϩ RM Ѕϡעᨈ N (Y ) ӡॶЋ

{
(y, v) ∈ Y × RM

∣∣ v ∈ NyY
}

ϩІѼۄथ σ : N (Y ) → Y䩟ӡॶЋ σ(y, v) = y䦚
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ツ㝘 11.4. ࠤ Xk ⊂ RM Ϩؕྻձ冟১עᨈ N (X) Ϩ M ܳؕྻձ冟ܲ৲ σ : N (X) → X Ϩᡏ
еᅯ৲僚

ैӕ. ਘ % = M − k䦚ۥӡԑ4.1䩟ц ∀x ∈ X䩟ࡖϨэओ Ũ ⊂ RM фᖰЬྱथ ϕ : U → R#䩟ٍ
Џ U = X ∩ Ũ = ϕ−1(0)䦚N (U) = σ−1(U) = N (X) ∩ (U × RM ) ϥ N (Y ) Ѕэओ䦚ц ∀x ∈ U䩟
dϕx : RM → R# ϥ۶ԛٶथ䩟ॸ ker (dϕx) = TxX䩟dϕx ӑЋᗀಙϡ׆ঞѯоӎพ

R# Nx(X) ⊂ RM(dϕx)
T

थྱݞ

Ψ : U × R# → N (U), Ψ(x, v) =
(
x, (dϕx)

T (v)
)

㯧 11.5. ࠤ (Y, d) ϨِצטӢ冟X Ϩປп冟১ѐ X Ϣڈۻљᑋལ U冟ࣽϬ X ϾϢՓྻؕࡲڮ
ε : X → R冟ڪИ Xε ⊂ U冟ճЋ

Xε =
{
y ∈ Y

∣∣ࣽϬx ∈ XڪИ d(x, y) < ε(x)
}

ұһ X Ϩࣄ੩Ϣ冟১ ε ЩչГًࡲ僚

ैӕ. ӡॶ៲ّ η : X → R Ћ
η(x) = d(x, Y \ U)

जϢЙϩ |η(x1)− η(x2)| " d(x1, x2)䩟ݞ η 䦚ӹ۟ۂ Y \ U ഴ䩟η ّ៲Ϩׇาࡖ2.2䩟֣ܞۥജ䦚ۘ؝؝
ε : X → R䩟ц ∀x ∈ X ߿ٶ 0 < ε(x) < η(x)䦚ࣸѼϩ Xε ⊂ U䦚

 X ঊ䩟जࠤ ε(x) ԼЏؚϨ X ϼϡзЩߚ䩟ॸۘ䦚

㯧 11.6. ࠤ f : X → Y Ϩؕྻᅯ৲冟Z Ϩ X Ϣпձ僚ѐ ∀x ∈ Z冟dfx : TxX → Tf(x)Y Ϩӳྥ冟
 f : Z → f(Z) Ϩѩоӳ⏴冟১ࣽϬ Z Ϣљᑋལ U ю f(Z) Ϣљᑋལ V冟ڪИ f : U → V Ϩѩоӳ
⏴僚

ैӕ. ц ∀ z ∈ Z䩟dfz ϥӎพ䩟ބۥݞ៲ّӡԑ3.3䩟ࡖϨ z ϡэር Uz䩟ٍЏ f : Uz → f(Uz) ϥід
ӎᾶ䦚

{
f(Uz)

∣∣ z ∈ Z
}
พю

⋃
z∈Z f(Uz) ⊃ f(Z) ϡэ䩟ϸϥ Y ϡэжԵ࣏䩟ӛйϩНّϡחϩࡳ

ϡӸ࢛э V =
{
Vn

∣∣n ∈ N
}
䩛1.9֣ܞ䩜䦚ޕ Vn ⊂ f(Uzn)䩟ਘ Un = f−1(Vn) ∩ Uzn䦚ज {Un} พю Z

ϡэ䩟ॸ f : Un → Vn ϥідӎᾶ䦚ਘ gn : Vn → Un Ћ f : Un → Vn ϡဵ䦚

ӡॶ

W̃ =

{
y ∈

∞⋃

n=1

Vn

∣∣∣∣∣ ц∀y ∈ Vi ∩ Vjϩgi(y) = gj(y)

}

ࣸѼ f(Z) ⊂ W̃䩟ॸ៲ّఓ {gi} టבѯоׇาྱथ g : W̃ → X䦚Ў࢙ҟϬѢ y ∈ f(Z) Ёϥ W̃ ϡֵ
Ѣ䦚ҒϤѼ䩟जࡖϨѢ z∗ ∈ Z фਡ࠶ yn → y∗ := f(z∗)䩟ٍЏحڗ yn ϩ in, jn ∈ N ٍЏ yn ∈ Vin ∩Vjn

ॸ gin(yn) (= gjn(yn)䦚ӹ {Vn} חϩࡳ䩟֡РԼжਡ࠶䩟ϢЙНйޕ in ≡ i ߵ jn ≡ j Ћߚ䦚ਘ
an = gi(yn)䩟bn = gj(yn)䦚ज an → z∗䩟bn → z∗ ॸ f(an) = f(bn) = yn䩟ϸԁ f Ϩ z∗ ปײϥідӎ
ᾶᆉᅌ䦚ӛйҟϬѢ y ∈ F (Z) Ёϥ W̃ ϡֵѢ䦚

ਘ W = int(W̃ )䩟ज W эॸ f(Z) ⊂ W䩟ӛй W ϥ f(Z) ϡэር䦚g Ϩءࡳ W ϼϥׇาྱथ
䩛ക֭Ћ g䩜䩟ॸ f ◦ g = idW䦚ђϴ࢙Ҵ f Ϩ U = g(W ) ϥथسН䦚 f Ϥ䩟जࡖϨ x1, x2 ∈ U䩟
ٍЏ x1 (= x2 Ԕ f(x1) = f(x2)䦚

ԎՇ11.3Ϣैӕ. ഒྱथߎ h : N (Y ) → RM䩟ӡॶЋ h(y, v) = y + v䦚

⏧㻊 1. h ԗ Y × {0} Ϩ N (Y ) ЅϡࡆϬэር U ідӎᾶсྱЋ Y Ϩ RM Ѕϡэር V䦚
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ϢЙ࢙Ҵ h Ϩ Y × {0} ⊂ N (Y ) ϼԜज䦚ޕ (y, 0) ∈ N (Y )䩟ज Y × {0} ϥ {y}×NyY ϥ N (Y ) ϡ
ҖϬжԵ࣏䦚dh(y,0) ԗ T(y,0)(Y × {0}) ٶྱ TyY䩟ԗ T(y,0)({y}×NyY ) ٶྱ Ny(Y )䩟ӛйϩ

im(df) ⊃ TyY +NyY = RM = TyRM

ϸЛҴӛϩѢ (y, 0) ∈ N (Y ) Ёϥ h ϡԜजѢ䦚

ӹ h ԗ Y × {0} ідӎᾶϡྱЋ Y ⊂ RM䩟ۥݞԑ11.6䩟h ԗ Y × {0} Ϩ N (Y ) ЅϡࡆϬэር
U ідӎᾶсྱЋ Y Ϩ RM ЅϡࡆϬэር V䦚

⏧㻊 2. ّ៲าׇߚϨԜࡖ ε : Y → R ٍЏ Y ε ⊂ V䦚

 Y ঊ䩟जؚϥࠤ RM ϡഴжԵ࣏䩟ۥݞԑ11.5䩟ࡖϨׇาϡԜߚ៲ّ ε : Y → RٍЏ Y ε ⊂ V䦚ц
ӊϣડє࣏䩟ޕ y ∈ Y䩟ӹ V э䩟ࡖݞϨ εy > 0ٍЏ BM (y, 3εy) ⊂ V䦚ਘ Uy = BM (y, εy)䩟ज U

εy
y ⊂ V .{

Uy ∩ Y
∣∣ y ∈ Y

}
พю Y ϡэ䩟ӛйϩНّϡԪ٧֧дث

{
λi : Y → [0, 1]

∣∣ i ∈ N
}
䦚ц i ∈ N䩟ޕ

supp(λi) ⊂ Uyi䩟ਘ εi = εyi ߵ Ui = Uyi = BM (yi, εyi)䦚ӡॶ៲ّ ε : Y → R Ћ

ε(y) =
∞∑

i=1

εiλi(x)

जцӛϩ y ∈ Y ϩ ε(y) > 0䦚ѯӡ y ∈ Y䩟λi(y) > 0 ђцϩࡳЄϬ i ∈ N ю߹䦚ޕ λj(y) > 0 ڗॸц
ٍح λi(y) > 0 ϡ i ∈ N ϩ εj # εi䩟जϩ ε(y) " εj ॸ d(y, yj) < εj䦚ӊϥ

BM (y, ε(y)) ⊂ BM (y, εj) ⊂ BM (yj , 2εj) ⊂ V

ϸԣҴ Y ε ⊂ V .
ӡॶ π = σ ◦ g : Y ε → Y䩟ज π ϥідӎᾶԁᖰЬྱथϡׁߒ䩟ݞ π ϥᖰЬྱथ䦚

⏧㻊 3. цحڗ w ∈ Y ε䩟π(w) ϥ Y Ѕயڒ w зײϡଂϣϡѢ䦚

ӡॶ dw : Y → R Ћ dw(y) = d(w, y)䦚࢙܊ dw Ϩ Y ϼԼЏзЩߚ䦚Լ y∗ ∈ Y ٍЏ d(w, y∗) < ε(y∗)䦚
Լ yj ٍЏ λj(y∗) > 0 ߿ٶحڗॸц λi(y∗) > 0 ϡ i ∈ N ϩ εj # εi䦚ϢЙϩ d(y∗, yj) < εj䩟ε(y∗) < εj
ॸ d(w, yj) " d(w, y∗) + d(y∗, yj) < 2εj䦚ਘ δ = 2εj +

1
2d(w, yj)䩟ज

εj + d(w, yj) < δ < 3εj

B(yj , δ) ⊂ V ঊ䩟Ԫґࠤ h−1(B(yj , δ) ⊂ V )Ϩ N (Y )Ѕࠤঊ䦚ӹ Y ×{0}Ϩ N (Y )Ѕഴ䩟ݞ h−1(B(yj , δ)∩
(Y × {0} ঊ䩟Ԫґࠤ B(yj , δ) ∩ Y ঊ䦚ӛйӾࠤ dw Ϻءࡳ B(yj , δ) ∩ Y ϼ䩟ԼϺؚϡзЩߚ䦚ц
y ∈ Y \B(yj , δ)䩟ϢЙϩ

d(y, w) > d(y, yj)− d(yj , w) # δ − d(w, yj) > εj # ε(y) > d(w, y∗)

ӛй dw Ϩ B(yj , δ) ЅࡆѢ yw ԼЏؚϨ Y ЅϡзЩߚ䦚цԪ w Ϻ yw ϡ۶ݫϼϡحڗѢ x䩟ϢЙϩ

d(yj , x) < d(yj , w) + d(w, x) < 2εj + d(w, yw) " 2εj + d(w, y∗) < 2εj + ε(y∗) < 3εj

Ԫґ x ∈ V .
Ѵ࢙ w − yw ∈ NyY䦚ޕцࡆϬ v ∈ TyY ϩ (w − yw) · v > 0䦚ܷۥҽϡพ߃䩟ࡖϨ yw ปײϡّ܀

٩ ϕ : Rk → RM ф֝ז u ∈ Rk ٍЏ ϕ(0) = yw ߵ dϕ0(u) = v䦚ӡॶॽ۶ c : R → Y Ћ c(t) = ϕ(tu)䩟ӡ
ॶ៲ّ f : R → R Ћ f(t) = |w − c(t)|2䦚ज 0 ϥ f(t) ϡзЩߚѢ䦚f ϡّࣔЋ

f ′(t) = 2(w − c(t)) · (−v)

Ԇс䩟Ϩئ 0 ϩ؝ f ′(0) = −2(w − yw) · v < 0䩟ϸԁ Fermat ӡԑᆉᅌ䦚ӛйϩ w − yw ∈ NnY䦚
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Ў࢙ଂϣԛ䦚ޕ yw (= π(w)䦚ۥ h ф V ϡพ߃䩟ϩ w = h(π(w), y − π(w))䦚ӹ h : U → V ϥідӎ
ᾶ䩟ݞ w /∈ h({yw}×NywY )䦚ਘ

t0 = inf
{
t ∈ (0, 1]

∣∣ yw + t(w − yw) /∈ h({yw}×NywY )
}

ҳܴૼओׁدଭ 1䩟ۘݞ䦚ӹ U ଭد 0 Ϩ NywY ЅϡϣϬэር䩟ݞ t0 > 0䦚ӹ U э䩟ϩ
yw + t0(w− yw) /∈ h({yw}×NywY )䦚ޕ yw + t0(w− yw) = h(y, u)䩟ज y (= yw ԪґࡖϨ y ϡϤدଭ yw ϡ
ር U1䦚ӊϥ σ−1(U1) ϥ (y, u) Ϩ U Ѕԁ {yw}×NywY Ϥےϡэር䩟h(σ−1(U1) ϥ yw + t0(w− yw)
Ϩ V Ѕԁ h({yw}×NywY ) Ϥےϡэር䦚ϸԁ t0 ϡพ߃ᆉᅌ䦚ӛйۥ yw = π(w)䩟Ԫґ π(w) ϥ Y Ѕ
ԁ w யڒзײϡଂϣϡѢ䦚

ツ㝘 11.7. ࠤ X ю Y ЅϨؕྻձ冟ճЋ Y ⊂ RN ڮݏܰڈۻ੩僚১ѐࣄ f : X → Y ю ε > 0冟ࣽ
ϬӳເӮ f Ϣؕྻڮ h : X → Y Иѐڪ ∀x ∈ X Ϯ

‖h(x)− f(x)‖ < ε

 f Ϭ X Ϣປп E Ϣљᑋལ U ⊃ E Ͼؕྻ冟১ЩϺ٩Ϭ E Ϣ࣫ϲᑋལϾϮ h = f僚

ैӕ. Ϩࡖӡԑ11.3䩟ۥ δ : Y →
(
0,
ε

2

)
थྱߵ π : Y δ → Y䩟ٍЏ π(w) Ћ Y Ѕயڒ w зײϡѢ䦚ܞۥ

֣2.1䩟ࡖϨׇาྱथ g : X → RN䩟ٍЏц ∀x ∈ X ϩ ‖f(x)− g(x)‖ <
ε

2
䦚ਘ h = π ◦ g䩟ज h Ћׇาྱ

थ䩟ॸц ∀x ∈ X䩟ϩ

‖f(x)− h(x)‖ " ‖f(x)− g(x)‖+ ‖g(x)− π(g(x)‖ <
ε

2
+
ε

2
= ε

 f Ϩ U ϼׇา䩟ज2.1֣ܞۥ䩟Нйࡺש g : X → RN䩟ٍЏϨ E ϡࡆϬэር V ϼϩ g = f䩟ґ π
Ϩ X Ћၼӎྱथ䩟ݞ h = f Ϩ V ϼю߹䦚

11.2 ⧻Ⱜ㟠㲓㫿㠌

ツ㝘 11.8. ࠤ f : X → Y Ϩؕྻᅯ৲冟∂Y = ∅僚১ࣽϬ࣫ᠨِӢЋϢљޟ S юؕྻᅯ৲ F : X×S → Y冟
Иڪ F (x, 0) = f(x)冟ѐڈۻ x ∈ X冟ᅯ৲ fs : S → Y冟s .→ F (x, s) Ϩᡏеᅯ৲冟ځԸы冟F ю ∂F
Гᡏеᅯ৲僚

ैӕ. ޕ RM ϥ Y ӛϨϡଡᖐҽ䩟S ϥ RM Ѕϡ֧эܧ䩟ӡॶ៲ّ F : X × S → Y Ћ

F (x, s) = π(f(x) + ε(f(x))s)

ӹ π : Y ε → Y Ϩءࡳ Y ϼϥၼӎྱथ䩟ݞц ∀x ∈ X ϩ F (x, 0) = f(x)䦚цӡϡ x ∈ X䩟ྱथ
s → f(x) + ε(f(x))s ϥכфّ༔䩟Ԫґϥ S Ϻ Y ε ϡᖰЬྱथ䦚ྱथ s .→ F (x, s) ϥҖϬᖰЬྱथϡ
ϥᖰЬྱथ䦚Fݞ䩟ׁߒ ф ∂F Ϩءࡳ {x}× S ϥᖰЬ䩟ݞӆӱϥᖰЬྱथ䦚

⛊ 11.9 (္่ӎൕӡԑ). ࠤ f : X → Y Ϩؕྻᅯ৲冟Z ⊂ Y Ϩ Y Ϣпձ冟 ∂Y = ∂Z = ∅冟১ࣽ
ϬӳເӮ f Ϣؕྻڮ g : X → Y Иڪ g −! Z  ∂g −! Z僚

ैӕ. ޕ RM ϥ Y ӛϨϡଡᖐҽ䩟S ϥ RM Ѕϡ֧эܧ䩟ӡॶ៲ّ F : X × S → Y Ћ

F (x, s) = π(f(x) + ε(f(x))s)

11.8䩟F֣ܞۥ ф ∂F ϥᖰЬྱथ䦚္่ۥӡԑ11.2䩟цӪলӛϩ s ∈ S䩟ϩ fs
−! Z ॸ ∂fs

−! Z䦚ྱथ
H : X × [0, 1] → Y,H(x, t) = fts(x) ѯо f Ϻ fs ϡӎൕ䦚
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⛊㯏 11.10. ޕ f : X → Y ϥׇาྱथ䩟C ϥ X ϡжओ䩟Z ϥ Y ϡжԵ࣏䦚ी f Ϭ C ϾԲ Z ࿕ላ䩟
цحڗ x ∈ C ∩ f−1(Z)䩟ҒЎϡ္่ԛֺխю߹

dfxTxX + Tf(x)(Z) = Tf(x)Y
⛊ 11.11 (္่ᇓצӡԑ). ࠤ C Ϩؕྻձ X Ϣປп冟Z Ϩؕྻձ Y Ϣປпձ冟ۖ࢞
∂Y = ∂Z = ∅僚ࠤ f : X → Y Ϩؕྻᅯ৲冟Ϭ C ϾϮ f −! Z冟Ϭ C ∩ ∂X ϾϮ ∂f −! Z冟১ࣽϬӳເӮ
f Ϣؕྻᅯ৲ g : X → Y冟ڪИ g −! Z冟∂g −! Z冟Ϭ C Ϣ࣫ϲљᑋལϾϮ g = f僚

㯧 11.12. ࠤ C Ϩؕྻձ X Ϣປп冟U Ϩ C Ϣљᑋལ冟১ࣽϬؕྻڮ γ : [0, 1]冟ڪИϬ X \U
ϾϮ γ ≡ 1冟Ϭ C Ϣ࣫ϲљᑋལϾϮ γ ≡ 0僚

ैӕ. ӹ X ϥԜҽ䩟ࡖݞϨ C ϡэር V䩟ٍЏ V ⊂ U䦚
{
U,X \ V

}
ϥ X ϡэ䩟ݞϩ

Ԫ٧ϡНّϡ֧дث
{
λi
∣∣ i ∈ N

}
䦚ц ∀ i ∈ N䩟ϩ supp(λi) ⊂ U ڈ supp(λi) ⊂ X \ V ю߹䦚ਘ

I =
{
i ∈ N

∣∣ supp(λi) ⊂ X \ V
}
䦚ӡॶ៲ّ γ : X → [0, 1] ф δ : X → [0, 1] Ћ

γ(x) =
∑

i∈I
λi(x), δ(x) =

∑

i∈(N\I)

λi(x)

जϨ X ϼ䩟γ(x)+ δ(x) ≡ 1䦚цحڗ x ∈ V ф i ∈ I䩟ӹ supp(λi) ⊂ X \V䩟ϩ λi(x) = 0䩟Ԫґ γ(x) = 0䦚
ӎ҈䩟цحڗ x ∈ X \ U ф i ∈ (N \ I)䩟ϩ δ(x) = 0䩟ݞ γ(x) = 1䦚

ԎՇ11.11Ϣैӕ. ϢЙ۰࢙ҴϨ C ϡࡆϬэር U ϼϩ f −! Z䦚 x ∈ C \ f−1(Z)䩟ӹ Z ഴ䩟ӛй
f−1(Z) ഴ䩟ࡖݞϨ䦚 x ∈ C ∩ f−1(Z)䩟जࡖϨ f(x) Ϩ Y Ѕϡር W фᖰЬྱथ ϕ : W → Rk䩟ٍЏ
Ϩ x1 ∈ f−1(W ∩ Z) ϩ f −! Z ӾॸӾ x1 ϥ ϕ ◦ f ϡԜजѢ䦚ӹϨ x ؝ f −! Z䩟ݞ x ϥ ϕ ◦ f ϡԜज
Ѣ䩟ݞ ϕ ◦ f Ϩ x ϡࡆϬэርϼԜज䦚ӹґ䩟ц ∀x ∈ C䩟Ϩ x ϡࡆϬርϼϩ f −! Z䩟Ϩ C ϡࡆϬ
ር U ϼϩ f −! Z䦚

ّ៲Ϩࡖԑ11.12䩟ۥ γ : X → [0, 1] ߵ C ϡэር V䩟ٍЏ V ⊂ V ⊂ U䩟ॸϨ X \ U ϼ γ ≡ 1䩟
Ϩ V ϼϩ γ ≡ 0䦚ਘ τ(x) = (γ(x))2䦚जϩ dτx = 2γ(x) dγx䩟ݞӾ τ(x) = 0 Зϩ dτx = 0䦚ӡॶ៲ّ
G : X × S → Y Ћ

G(x, s) = F (x, τ(x)s) = π(f(x) + ε(f(x))τ(x)s)

Ў࢙ G−! Z䦚ڗԼ (x, s) ∈ G−1(Z)䩟࣠ࣝ τ(x) ϥਦЋ 0 дєୂॗڹ

1. ޕ τ(x) (= 0䦚ज៲ّ δ(s) = G(x, s) ϥідӎᾶ s .→ τ(x)s фᖰЬྱथ s .→ F (x, s) ϡྱׁߒथ䩟
ݞ δ ϥ S Ϻ Y ϡᖰЬྱथ䦚ӊϥ (x, s) ϥ G ϡԜजѢ䩟ӛйϨ (x, s). ϩ؝ G−! Z䦚

2. ޕ τ(x) = 0䦚ϢЙڲڋ dG(x,s)䦚ӡॶ៲ّ m : X × S → X × S Ћ m(x, s) = (x, τ(x)s)䩟जϩ
G = F ◦m䦚ц (v, w) ∈ TxX × TsS = TxX × RM䩟ϩ

dm(x,s)(v, w) = (v, τ(x)w + dτx(v)s) = (v, 0)

ҍӹ F (x, 0) = f(x)䩟ϢЙϩ

dG(x,s)(v, w) = dF(x,τ(x)s) ◦ dm(x,s)(v, w) = dF(x,0)(v, 0) = dfx(v)
τ(x) = 0 З䩟ϩ x ∈ U䩟ॸϨ x ϩ؝ f −! Z䩟ݞϨ (x, s) ϩ؝ G−! Z䦚

णঐН࢙ ∂G −! Z䦚ۥӡԑ11.9䩟НԼ s0 ∈ S ٍЏྱथ g(x) = G(x, s0) ߿ٶ g −! Z ߵ ∂g −! Z䦚g ԁ
f ӎൕ䩟ॸцحڗ x ∈ V䩟ϩ τ(x) = 0䩟Ԫґ

g(x) = G(x, s0) = F (x, 0) = f(x)

㟺 11.13. ࠤ f : X → Y Ϩؕྻᅯ৲冟Z Ϩ Y Ϣປпձ冟∂f : ∂X → Y ࢞ۖ (∂f)−! Z冟১ࣽϬӳ
ເӮ f Ϣؕྻᅯ৲ g : X → Y冟ڪИ ∂g = ∂f  g −! Z僚

㟺 11.14.  h : ∂X → Y Բ Y Ϣпձ Z ࿕ላ冟 h ЩᏥعГᅯ৲ X → Y冟১ h ЩᏥعГԲ
Z ࿕ላϢᅯ৲ X → Y僚
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11.3 ⤸㽔⼦㲚

ޕ X ⊂ RN ϥׇาԵ࣏䩟Z ϥ X ϡжԵ࣏䩟Z Ϩ X ЅϡעᨈӡॶЋ

N (Z,X) =
{
(z, v) ∈ Z × RN

∣∣ v ∈ TzXॸц ∀u ∈ TzZϩ v · u = 0
}

⼃㥠 11.15. ࠤ Z Ϩؕྻձ X Ϣпձ冟ैӕ

1. N (Z,X) ϨܳڮГ dimX Ϣؕྻձ僚

2. ᅯ৲ σ : N (Z,X) → Z,σ(z, v) = z Ϩᡏеᅯ৲冟ᅯ৲ s : Z → N (Z,X), s(z) = (z, 0) Ϩᮭ֊ᅯ৲僚

3. N (Z,X) ϨϤϲצبᨈ僚

⛊㯏 11.16. ޕ Z# ϥׇาԵ࣏ Xk ϡഴжԵ࣏䩟Z Ϩ X ЅϡϣϬݽంᑋལ (tubular neighborhood) ϥ
ϣϬц܋ (f, ξ)䩟ԷЅ ξ = (p,E, Z) ϥ Z ϼϡኂۅЋ Rk−# ϡ֝זᜥ䩟f : E → X ԗ E ідӎᾶсྱЋ
Z ϡэር䩟ॸц ∀ z ∈ Z ϩ f(z, 0) = z䦚

⛊ 11.17 .(૮ርӡԑ܉) ࠤ Z Ϩ X ⊂ RM Ϣпձ冟১ࣽϬ Z Ϭ X ЋϢݽంᑋལ僚

ैӕ. ޕ π : Xε → X ϥۥӡԑ11.3ѯоϡ X Ϩ RM ЅϡϣϬ ε-ር䦚ӡॶྱथ

h : N (Z,X) → RM , h(z, v) = z + v

ज W = h−1(Xε) ϥ Z × {0} Ϩ N (Z,X) Ѕϡэር䩟ྱׁߒथ f = π ◦ h : W → X Ϩ Z ϼϡءࡳϥၼ
ӎྱथ䦚

⼃㥠 11.18. ैӕ f : W → f(W ) Ϩѩоӳ⏴僚

जࡖϨׇา៲ّ ρ : Z → R+䩟ٍЏ ‖v‖ < ρ(z)䩟ज (z, v) ∈ W䦚Լідӎᾶ λ : [0,∞) → [0, 1) ٍ
ЏӾ t < 1

4 З λ(t) = t䦚ӡॶ g : N (Z,X) → N (Z,X) Ћ

g(z, v) =

(
z, ρ(z)λ(‖v‖) v

‖v‖

)

ज g(N (Z,X)) ⊂ W䩟ॸϨ Z × {0} ϡϣϬርϼ䩟g Ћၼӎྱथ䦚ज (f ◦ g,N (Z,X)) ѯо܉૮ር
䦚

⛊㯏 11.19. ޕ (fi, ξ = (pi, Ei, Z))(i = 0, 1) ϥ Z ⊂ X ϡҖϬ܉૮ር䩟ྱޕथ F : E0 × [0, 1] → X ϥ
Ԛцӊ Z ϡӎᄏ䩟߿ٶ

F0 = f0, F1(E0) = f1(E1)

ॸ f−1
1 ◦ F1 : E0 → E1 ϥ ξ0 Ϻ ξ1 ϡᜥӎพ䩟जी F Ћ (f0, ξ0) Ϻ (f1, ξ1) ϡݽంᑋལӳጁ䦚

૮ርӎᄏϥ܉ Z Ϩ X ϡ܉૮ርϼϡҳ٣Ԯڍ䦚

⛊ 11.20. ࠤ Z Ϩ X Ϣпձ冟∂Z = ∂X = ∅冟১ Z Ϭ X ЋϢڈۻҴϲݽంᑋལӳጁ僚

ैӕ. ޕ (fi, ξi = (pi, Ei, Z))(i = 0, 1) ϥ Z Ϩ X ЅϡҖϬ܉૮ር䦚

⏧㻊 1. ޕ۰ f0(E0) ⊂ f1(E1)䦚
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ξ0 ф ξ1 ϡܷᜥϨ Z ϼϡءࡳϩІѼϡдث

TZ(E0) = T (Z)⊕ ξ0, TZ(E1) = T (Z)⊕ ξ1

ӡॶྱथ g = f−1
1 ◦ f0 : E0 → E1䩟g ϡّࣔ dg : T (E0) → T (E1) ѯоྱथ Φ : ξ0 → ξ1 ҒЎ

ξ0 TZ(E0) TZ(E1) ξ1
ଭՊ dg projection

ӹ f0 ф f1 ϥідӎᾶ䩟ډҌ Φ ϥ֝זᜥϡӎพ䦚

ӡॶԪ Φ Ϻ g ϡӎൕ H : E0 × [0, 1] → E1 ҒЎ

H(z, v, t) =






g(z, tv)

t
, t ∈ (0, 1],

Φ(z, v), t = 0.

⛱㬀. H Ϩؕྻᅯ৲僚

Լש Z䦙ξ0 ф ξ1 ࡣܩח䩟ϨࡣܩחЎ䩟g НԣܾЋ

g : U × Rk → Rm × Rk, g(z, v) = (g1(z, v), g2(z, v)), g(x, 0) = (x, 0)

ϸѦ U ⊂ Rn ϥэओ䦚חϼ䩟Φ ϥ g ϡቋኂۅҤזϡّࣔ

Φ : U × Rk → Rm × Rk, Φ(z, v) =

(
z,
∂g2
∂v

(z, 0)v

)

ϸѦ
∂g2
∂v
ц U×Rk ЅϡҟϬѢ䩟ѯӡϦ۶ԛྱथ Rk → Rk䦚H ϡחԣܾϥྱथ H : (U×Rk)× [0, 1] →

Rm × Rk䦚ۥ Taylor ԍܴ䩟ࡖϨ៲ّ s : U × Rk → Rk䩟ٍЏ

g2(z, v) =
∂g2
∂v

(z, 0)v + 〈s(z, v), v〉 , s(z, 0) = 0

ϸѦ 〈, 〉 ϥ Rk Ѕϡֵۯ䦚

࢙ࡑډ H ϡҷϣϬࡣܩϥׇา៲ّ U × Rm × [0, 1] → Rm䦚ҷԏϬࡣܩЋ

∂g2
∂v

(z, 0)v + 〈s(z, tv), v〉 , t ∈ [0, 1]

ࣸѼϥԮӊ (z, v, t) ϡׇา៲ّ䩟ӛй H ϥׇา៲ّ䦚Ӕ࢙ࡑ H ϥϣϬӎᄏ䦚

ӡॶӎൕ F : E0 × [0, 1] → X Ћ

F (z, v, t) = f−1
1 (H(z, v, 1− t))

ज F ӡԑϴؒ䦚߿ٶ

⏧㻊 2. ϣડє࣏䦚

ϢЙؑϴԗ E0 य़Ֆэओ f−1
0 f1(E1) ⊂ E0䦚ӡॶӎᄏ G : E0 × [0, 1] → E0 Ћ

G(z, v, t) = (z, (1− t)v + th(v))

ϸѦ h : E0 → E0 ӡॶЋ

h(v) =

(
δ(p(y))

1 + y2

)
y

δ : M → R+ ϥࡆϬٍӾЩϡׇา៲ّ䦚

⛊ 11.21. ࠤ Z Ϩ X Ϣпձ冟ۖ࢞ ∂Z = Z ∩ ∂X冟১ Z Ϭ X ЋϮݽంᑋལ僚

⛊ 11.22. ࠤ Z Ϩ X Ϣпձ冟ۖ࢞ ∂Z = Z ∩ ∂X冟U Ϩ ∂Z Ϭ ∂X ЋϢݽంᑋལ冟১ࣽϬ Z Ϭ
X ЋϢݽంᑋལ V冟ڪИ U = V ∩ ∂X僚
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