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§1 �����
1.1 ��������������������� �!�"�#�$�%�&�'

{O; e1, e2, e3}. ( P ) ����+*,-/.01 −−→
OP ) P

,!#243+56/7843+59: −−→
OP = xe1 +

ye2 + ze3,
��!;<,

P => *?@A!B& (x, y, z).
7C-/.0

D ,
P E A!B& (x, y, z) FGHI -/J ) P = (x, y, z).KML

1.1
.M0M1M8

O
,MNMOMPMQ

e1, e2, e3

!MRMSM9MT ) x− U -
y− U - z− U -WVM1 ) BM& UMX 1Y3Z5 e1, e2, e3

!M[Y3Z9MT ) x U - yU - z U !M$M[Y3 X 1 {O; e1, e2} \M] !MOM^ ) xy
O/^ X 1 {O; e2, e3}\] !O^ ) yz

O^ X 1 {O; e1, e3} \] !O^ ) xz
O^6`_a<

O^V1 ) B&O^6b�c
1.1,

a�<�B�&�O�^ D ����9�d ]�e <�f�g�6/;�<�f�g�1 ) *<hi6kjl
z > 0

!himn<-kop
xy
O^n<fg!qVrs9T ) hi I,II,III,IV;

jl
z < 0

!himn<-top
xy
O^n<fg!qVrs9T ) hi V,VI,VII,VIII.

c
1.13Z5M�M�

V
�Z!M;M<Y3Z5

a =MuM> *MvMw ] a = a1e1+a2e2+a3e3..x0 D
a E Ax�xy {e1, e2, e3} z !xBx& (a1, a2, a3) FxGxHxI -/J )

a = (a1, a2, a3).
Q{-

e1 = (1, 0, 0), e2 = (0, 1, 0), e3 = (0, 0, 1).

( a = (a1, a2, a3), b = (b1, b2, b3) E c = (c1, c2, c3) ) �M�Y�Z!MaM<3+56`| ) {e1, e2, e3}
{*<�� !"#$%&'-`}43+54~+�-
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�� E� ���9T )
a · b = a1b1 + a2b2 + a3b3; (1.1.1)

a × b =

(∣

∣

∣

∣

a2 a3

b2 b3

∣

∣

∣

∣

,−
∣

∣

∣

∣

a1 a3

b1 b3

∣

∣

∣

∣

,

∣

∣

∣

∣

a1 a2

b1 b2

∣

∣

∣

∣

)

; (1.1.2)

[a,b, c] =

∣

∣

∣

∣

∣

∣

a1 a2 a3

b1 b2 b3

c1 c2 c3

∣

∣

∣

∣

∣

∣

. (1.1.3)

7xCx-/�x���`! cx� ux� 7x8 cx� �`,x!xBx&x�xjxlx!x[x� Ix�� 6/� b� �+��
(x0, y0, z0)

,-/�� ) r
!�^{4�+jl[�

(x − x0)
2 + (y − y0)

2 + (z − z0)
2 − r2 = 0 (1.1.4)

!�,
(x, y, z)

��� ] 6 � z− U�)�U ����� ) r
!�����^�}�{���j�l

[�
x2 + y2 − r2 = 0 (1.1.5)!,

(x, y, z)
�� ] 6�.01[� (1.1.4) ) �^[�-�1 (1.1.5) ) �^[�6

*��-/*�4�+^���m!�, u��� *<�[�� F (x, y, z) = 0
!�

m: I vw6�.01 F (x, y, z) = 0 ) _�4�+^![�6���4�+!*��+S} u��� <� ![�
{

F (x, y, z) = 0
G(x, y, z) = 0

I vw-+A u¡) �+^
F (x, y, z) = 0 E �+^ G(x, y, z) = 0

!%S6
¢ �M-W�Z^M£ uM�M�M� <M¤M¥M!M¤M¥M[M� I vMwM6¦� b -¦[M� (1.1.4)�§v!�^ u���z !¤¥[� I v/w �







x = x0 + r cos θ cosϕ
y = y0 + r sin θ cosϕ

z = z0 + r sin ϕ
, θ ∈ [0, 2π], ϕ ∈ [0, π]; (1.1.6)

¨ [�
(1.1.5)

�§v!�^ u���z !¤¥[� I vw �






x = r cos θ
y = r sin θ

z = ϕ
, θ ∈ [0, 2π], ϕ ∈ R. (1.1.7)

.01
(1.1.6) E (1.1.7)

�+!
θ E ϕ

1 ) �+^! � <¤¥6
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��4�+!*�4�+S u�� *<¤¥!¤¥[� I vw �






x = f(t)
y = g(t)
z = h(t)

, t ∈ (a, b), (1.1.8)

© �
f(t), g(t) E h(t) )ª <f� (a, b)

�!«¬¥6�� b -®�+�^
(1.1.5)

�!*�¯°S!¤¥[� )






x = r cos t
y = r sin t

z = ct
, t ∈ R, (1.1.9)

© �
c )±² C¥6/³´�-/µ.0 D *<a¶ �·¸ �4�+�^¹-a�¶ � !�º�������^���� � ] !���S�»�{�*���¯�°�S ( ¼ ��½�¾�¿�À

z) �+Á ).

1.2 �����Â��
ÃMÄ

1.1
�M�Y�Z!MOM^M�M?M@M![� ) Ax+By +Cz +D = 0,

©�
A, B, C, D ) C¥-/N n = (A, B, C) 6= 0.ÅÆ ( Σ ) O^6t� ±² 3+5 n = (A, B, C) Ç RQ Σ.

�
Σ
���

*,
Q = (x0, y0, z0).

}
Σ
�!ÈÉ*,

P = (x, y, z)
jl[�

A(x − x0) + B(y − y0) + C(z − z0) = n · −−→QP = 0.

Ê
D = −(Ax0 + By0 + Cz0),

}�O�^
Σ
��!���m�,�j�l�[��

Ax +

By + Cz + D = 0. Ë�Ì -/Í���[�� Ax + By + Cz = D,
© �

n =
(A, B, C) 6= 0.

}Î�
Q = (x0, y0, z0)

jl
Ax0 + By0 + Cz0 = D.

}
[�

Ax + By + Cz = D
!ÈÉ:

P = (x, y, z)
jl

−−→
QP · n = A(x − x0) + B(y − y0) + C(z − z0) + (D − D) = 0.

J
Σ ) 8 Q

,MNMÏ
n Ç RM! > *MOM^M6Ð}M[M� Ax+By +Cz +D = 0!�m:Ñ�O^

Σ
�6

�ÒÓ
1.1

�O^[�
Ax + By + Cz + D = 0

�+-
n = (A, B, C)

§
vO^!*<Ô43+56
( Σ ) O�^�6/� Σ

������*�,
Q = (x0, y0, z0) E *�Õ�O�P�Q Σ!�Ö�×�S�3�5

a = (a1, a2, a3) E b = (b1, b2, b3).
}�������*�,

P =

3



(x, y, z)
Ñ�

Σ
�µN ¼ µÎ�Ø¥ u, v ÙÚ −−→

QP = ua + vb.
�+Q43

5 −−→
QP = (x − x0, y − y0, z − z0), Û O^ Σ

�,
(x, y, z)

�jl!¤¥
[� )







x = x0 + ua1 + vb1

y = y0 + ua2 + vb2

z = z0 + ua3 + vb3

, u, v ∈ R. (1.2.1)

| ) −−→
QP = ua + vb

µN ¼ µ [
−−→
QP, a,b] = 0,

� � O^ Σ
![�Ü u

�Ý]
∣

∣

∣

∣

∣

∣

x − x0 a1 b1

y − y0 a2 b2

z − z0 a3 b3

| = 0. (1.2.2)

ÃÄ
1.2 ( Ax + By + Cz + D = 0 E A′x + B′y + C ′z + D′ =

9T{O^
Σ E Σ′

![�6/}
(1) � O^Þß ⇔A/A′ = B/B′ = C/C ′ = D/D′;

(2) � O^OPNÖÞß ⇔A/A′ = B/B′ = C/C ′ 6= D/D′;

(3) � O^à% ⇔ n = (A, B, C)
Ï

n
′ = (A′, B′, C ′)

ÖOP X
(4) � O^ Ç R ⇔ AA′ + BB′ + CC ′ = 0.

Å�Æ ��á�â
1.1 ã -/O�^ Ax + By + Cz + D = 0 E A′x + B′y +

C ′z + D′ = 0
!xÔ�3`5x9xT ) n = (A, B, C)

Ï
n

′ = (A′, B′, C ′)._ � <�O�^�O�P�µ�N ¼ µ�Ô�3�5 n E n
′
O�P�-/ä�µ�N ¼ µ A/A′ =

B/B′ = C/C ′ = λ.
_¹ � O^![�9T ) Ax + By + Cz + D = 0

E Ax+By +Cz+λD′ = 0.
_ � <MOM^MÞMßMµMN ¼ µM_ � <[M�mM×G :-/Ü»{ D = λD′.

_ � <O^OPNÖÞßµN ¼ µ�_ � <�[�åm× G :-�ä D 6= λD′. Û (1) E (2) ]  6�æç- � O^ÖOPµN ¼ µA0!Ô43+5 n = (A, B, C)
Ï

n
′ = (A′, B′, C ′)

ÖOP6 Û
(3) ]  �6/½�T�{�- � O�^ Ç R�µ�N ¼ µ�A�0�!�Ô�3�5 n = (A, B, C)Ï

n
′ = (A′, B′, C ′) Ç R-/ä AA′ + BB′ + CC ′ = n · n′ = 0. Û (4) ] 6

��x���`*x�xRxS��`RxSx�x*x, E RxSx!x[�3x3`5x� > *xèx�x6 (
Q = (x0, y0, z0)

{��4�+!*,-
a = (a1, a2, a3) )±² 3+56éJ l

{
8

Q ê�� a ) [�3�3�5�!�R�S�6/} l
��!�È�É�,

P = (x, y, z)
j�l
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−−→
QP = t a,

© �
t ) Ø¥6/Q{-/RS l

!¤¥[� )






x = x0 + ta1

y = y0 + ta2

z = z0 + ta3

, t ∈ R. (1.2.3)

ë RS!¤¥[�
(1.2.3)

�+ìí
t, Úî

x − x0

a1

=
y − y0

a2

=
z − z0

a3

. (1.2.4)

.01
(1.2.4) ) RS!&ï[�6�M�Y�Z*M�MRMSMÜ uM�M¡M)M� <MàM%MOM^M!M%MSM-ðAM!M[M� u v )

{

Ax + By + Cz + D = 0
A′x + B′y + C ′z + D = 0′

, (1.2.5)

© �+O^!Ô43+5
n = (A, B, C) E n

′ = (A′, B′, C ′)
ÖOP6/_¹-

%S![433+5
a G ¹Ï n E n

′ Ç R6 Ûu �

a = n× n
′ =

(∣

∣

∣

∣

B C
B′ C ′

∣

∣

∣

∣

,−
∣

∣

∣

∣

A C
A′ C ′

∣

∣

∣

∣

,

∣

∣

∣

∣

A B
A′ B′

∣

∣

∣

∣

)

. (1.2.6)

�`Q
n = (A, B, C) E n

′ = (A′, B′, C ′)
ÖñOxPx-/[x�

(1.2.5)
mx:

(x0, y0, z0).
� ¢ .0òó Úî %S!¤¥[� E &ï[�6ÃÄ

1.3 ( RS l
8,

P ,
[433+5 ) a;

RS
l′
8,

Q,
[4335 ) a

′.
}

(1) l
OPQ

l′⇔ a
Ï

a
′
OP X

(2) l
Ï

l′
Þß

⇔
a43+5

a, a
′ E −−→

PQ
àôOP X

(3) l
Ï

l′
OPNÖà%

⇔a E a
′
OP-/õ −−→

PQ
Ï

a E a
′
ÖOP X

(4) l
Ï

l′
à%Q*,

⇔a
Ï

a
′
Ö×S-/N

[
−−→
PQ, a, a′] = 0;

(5) l
Ï

l′ ö Öà%ÜÖOP (
1 )÷ ^RS )⇔[

−−→
PQ, a, a′] 6= 0;

ÅÆ � RS l
Ï

l′
OPµN ¼ µA0![433+5 a

Ï
a

′
OP6 � RSÞßµN ¼ µ a E a

′
OP- ê N P E Q

Ñ� G *RS�-/ä −−→
PQE a, a

′
ÜOP6 Û (1) E (2) ]  6 � RS l

Ï
l′
OPNÖà%µN

5



¼ µ a E a
′
O�P�- ¨ −−→

PQ
Ï

a E a
′
Ö�O�P�- Û (3) ]  �6 � R�S lÏ

l′
à%Q*,µN ¼ µ a E a

′
ÖOP- ê N −−→

PQ
Ï

a E a
′
×^-

ä
[
−−→
PQ, a, a′] = 0, Û (4) ]  6 � RS l

Ï
l′ )÷ ^RS-/} −−→

PQ
Ï

a E a
′
Ö�×�^

( ø } l
Ï

l′ ù à�%�ú�O�P ). Û [
−−→
PQ, a, a′] 6= 0, (5) ] 6

�

1.3 �����Âûüýþ
ÃÄ

1.4 ( O^ Σ
![� ) Ax + By + Cz + D = 0,

RS
l
8,

P = (x0, y0, y0),
[433+5 ) a = (a1, a2, a3).

}
(1) l

OPQ
Σ ⇔ Aa1 + Ba2 + Ca3 = 0;

(2) l
ÑM�

Σ
�

⇔ Aa1 +Ba2 +Ca3 = 0,
N

Ax0 +By0 +Cz0 +D = 0;

(3) l
Ï

Σ
ÖMàM%

⇔ Aa1+Ba2+Ca3 = 0,
N

Ax0+By0+Cz0+D 6= 0;

(4) l
Ï

Σ
à%Q*,

⇔Aa1 + Ba2 + Ca3 6= 0;

(5) l
Ï

Σ Ç R ⇔ a = (a1, a2, a3)
Ï

n = (A, B, C)
OP6

ÅÆ RS
l
ÏO^

Σ
OPµN ¼ µRS![433+5 a

ÏO^!Ô435
n = (A, B, C) Ç R-�ä Aa1 + Ba2 + Ca3 = n · a = 0.

_¹-
l
Ñ�

Σ
�MµMN ¼ µ P = (x0, y0, y0)

ÑM�
Σ
�M-ÿä

Ax0 +By0 +Cz0 = D. Û
(1) E (2) ]  6�RS l

ÏO^
Σ
Öà%-�}OP-�N

P = (x0, y0, y0)Ö�Ñ��
Σ
��6 Û m Aa1 + Ba2 + Ca3 = 0,

N
Ax0 + By0 + Cz0 6= D,

(3) ]  �6/R�S l
Ï�O�^

Σ
à�%�Q�*�,�µ�N ¼ µ l

Ï
Σ
Ö�O�P�-/ä

l![433+5
a
Ï

Σ
!Ô43+5

n
Ö Ç R6 Û Aa1 + Ba2 + Ca3 6= 0, (4)

]  6/RS l
ÏO^

Σ Ç RµN ¼ µRS![433+5 a = (a1, a2, a3)ÏO^Ô43+5
n = (A, B, C)

OP6
�

c
1.2

c
1.3

6



�
1.1 ( OM^ Σ

!M[M� ) Ax+By+Cz+D = 0. ( Q = (x0, y0, z0)) ��4�+*,6/8 Q � O^ Σ
! Ç S- Ç l ) P = (x1, y1, z1)(

¤��
c

1.2).
}m

Ax1 + By1 + Cz1 = −D.
J

n = (A, B, C) ) Σ
!Ô43

56/}
Q î O^ Σ

!����
d = |−−→PQ| = |−−→PQ · n|/|n|.

| )
−−→
PQ·n = (Ax1+By1+Cz1)−(Ax0+By0+Cz0) = −(Ax0+By0+Cz0+D),

� � m������
d =

|Ax0 + By0 + Cz0 + D|√
A2 + B2 + C2

. (1.3.1)

�
1.2 ( R�S l

8
P = (λ, µ, ν), ê�� a = (a1, a2, a3) ) [�3�35�6 ( Q = (x, y, z) ) ������*�,�6/8 Q � R�S l

!�R�S�- Ç l )
P ′(
¤�� c

1.3).
}m −−→

PP ′ ‖ a. Û Q î RS l
!��������

d = |
−−→
P ′Q| =

|
−−→
P ′Q × a|

|a| =
|(
−−→
P ′P +

−−→
PQ) × a|
|a| =

|−−→PQ × a|
|a| .

Q{m������

d =

√

∣

∣

∣

∣

x − λ y − µ
a1 a2

∣

∣

∣

∣

2

+

∣

∣

∣

∣

y − µ z − ν
a2 a3

∣

∣

∣

∣

2

+

∣

∣

∣

∣

x − λ z − ν
a1 a3

∣

∣

∣

∣

2

√

a2

1
+ a2

2
+ a2

3

. (1.3.2)

c
1.4

�
1.3 ( l E l′

{ ÷ ^MRMSM-¦9MTM8 P = (x, y, z) E P ′ = (x′, y′, z′),-�A0![433+59T ) a = (a1, a2, a3) E a
′ = (a′

1, a
′

2, a
′

3).
| ) a

E a
′
Ö×S- � � n = a× a

′
9T E� RS l E l′ Ç R6 8RS l′ ê� n ) Ô43+5��O^ Σ′.

�+QRS
l
![433+5

a
Ï

n Ç R- Û l
O

7



PQO^
Σ′.
8RS

l
�O^

Σ
ÏO^

Σ′ Ç R-/J l′′ ) Σ
Ï

Σ′
!%�S6/} � RS l′′

Ï
l′
%�Q*,

Q′.
8

Q′
,��O^

Σ′
!ÔS-/%RS ) Q(

¤�� c
1.4).

}S�	
QQ′ G ¹Ï � RS l E l′ Ç R-t1 )�RS!� Ç S�	6/_¹- � RS l E l′ Ì �!��������

d = |
−−→
QQ′| =

|−−→QQ′ · n|
|n| .

| ) −−→
PP ′ =

−−→
PQ +

−−→
QQ′ +

−−−→
Q′P ′,

−−→
PQ ‖ a E −−−→

Q′P ′ ‖ a
′,
N

n ⊥ a, a′, Û m−−→
PP ′ · n =

−−→
QQ′ · n.

Q{m

d =
|
−−→
PP ′ · n|

|n| =
|[
−−→
PP ′, a, a′]|
|a × a′| .

§�
B&����- Úî� RS�!������

d =

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

x − x′ a1 a′

1

y − y′ a2 a′

2

z − z′ a3 a′

3

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

√

∣

∣

∣

∣

a1 a′

1

a2 a′

2

∣

∣

∣

∣

2

+

∣

∣

∣

∣

a2 a′

2

a3 a′

3

∣

∣

∣

∣

2

+

∣

∣

∣

∣

a1 a′

1

a3 a′

3

∣

∣

∣

∣

2

. (1.3.3)

KxL
1.2 ( a E a

′
9xTx{ � RxS l E l′

!x[�3x3`5x6/.x0x1
θ = arccos(| cos < a, a′ > |) )� RS�!�¶6/³´��- 78�O�� l′

uMÙ AMÏMRMS l
àM%M- }

θ �M) _ � àM%MRMSM%M¶Y���M!��M<�¶ (
¤

� c
1.5).

c
1.5

c
1.6KL

1.3 ( RS l E O^ Σ
%Q*,

P .
J

a ) l
![433+5-

n
{

Σ
!Ô43+56/.01

θ = arccos(sin < a,n >) ) RS l
ÏO^

Σ

8



!�¶6 ³´�- D RS
l � Ô43+5 n ���î O^ Σ

�- Úî RS l′.}
l E Σ Ì �!�¶ θ

ä )� RS l E l′ Ì �!�¶ (
¤�� c

1.6).

c
1.7

�
1.4 ( P )�� ,x�x"x#��`Áx�x!x$ e ^ � -/Ax!��x< � , )

{A1, A2, A3, A4, A5, A6}(
¤�� c

1.7). � �
(1)
,

A1 î a¶ � A2A3A6

��O^!���� X
(2) ÷ ^RS A1A3

Ï
A2A6 Ì �!�¶ E ��� X

(3)
RS

A1A5

Ïa¶ �
A1A3A6

��O^ Ì �!�¶6
� Ê

O ) $ e ^ � !�Þ���6/} {O;
−−→
OA2,

−−→
OA4,

−−→
OA6}

� ] ���� �!"�#�$�%x&�'�6/_�¹
A1 = (−1, 0, 0), A2 = (1, 0, 0), A3 = (0,−1, 0),

A4 = (0, 1, 0), A5 = (0, 0,−1), A6 = (0, 0, 1).

(1)
| ) −−−→

A3A2 = (1, 1, 0) E −−−→
A3A6 = (0, 1, 1)

� ] a�¶ � A2A3A6

�
��O�^

Σ
� � <�Ö�×�^�!�3�5�-/O�^�!�Ô�3�5 n =

−−−→
A3A2 × −−−→

A3A6 =
(1,−1, 1). Û O^ Σ

![� ) x − y + z + D = 0.
D

A3

,!B&§�

[�- Úî D = −1.

�
(1.3.1) Úî A1 î Σ

!����
d = 2/

√
3.

(2)
RS

A1A3

![433+5 ) a =
−−−→
A1A3 = (1,−1, 0).

RS
A2A6

![
33+5 ) a

′ =
−−−→
A2A6 = (−1, 0, 1).

�+Q
cos〈a, a′〉 = −1/2, Û� RS�¶

θ = arccos | cos〈a, a′〉| = π/3.
| ) −−−→

A1A2 = (2, 0, 0),
� ��� R�S���

d = |[−−−→A1A2, a, a′]|/|a× a
′| = 2/

√
3.

(3)
R�S

A1A5

!�[�3�3�5 ) a =
−−−→
A1A5 = (1, 0,−1).

a�¶ �
A1A3A6�M�MOM^M!MÔY3Z5

n =
−−−→
A3A1×

−−−→
A6A1 = (−1,−1, 1).

�ZQ
sin < a,n >=

|a × n|/|a||n| = 1/
√

3,
� � RS A1A5

Ïa¶ �
A1A3A6

��O^ Ì�!�¶ ) arccos 1/
√

3. �

� Ä
III-1
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§2 ������
2.1  �!������

( {O; e1, e2, e3} E {O′; e′1, e
′

2, e
′

3}
{��4�+! � <�"�#B& 6�}��4�+*,

P
�B& 

{O; e1, e2, e3} z !B& (x, y, z)
��$ )

−−→
OP = xe1 + ye2 + ze3 = (e1, e2, e3)X, X =





x
y
z



 ; (2.1.1)

¨
P
��%*<B& 

{O′; e′1, e
′

2, e
′

3} z !B& (x′, y′, z′)
��$ )

−−→
O′P = x′e′1 + ye′2 + z′e′3 = (e′1, e

′

2, e
′

3)X
′, X ′ =





x′

y′

z′



 . (2.1.2)

| ) {e1, e2, e3} E {e′1, e′2, e′3} =M) 3Z5M�M� V
!MyM- Û ÎM� u�&�'�( Ajl

(e′1, e
′

2, e
′

3) = (e1, e2, e3)A, A =





a11 a12 a13

a21 a22 a23

a31 a32 a33



 . (2.1.3)

.0J
−−→
OO′ = c1e1 + c2e2 + c3e3 = (e1, e2, e3)C, C =





c1

c2

c3



 . (2.1.4)

| ) −−→
OP =

−−→
O′P +

−−→
OO′,

� � ��� Úî
(e1, e2, e3)X = (e′1, e

′

2, e
′

3)X
′ + (e1, e2, e3)C = (e1, e2, e3)(AX ′ + C).

��Q
{e1, e2, e3}

{�����!�*�Õ�y�-/}�m
X = AX ′ + C ]  �- Û m�B�&)�* ��





x
y
z



 =





a11 a12 a13

a21 a22 a23

a31 a32 a33









x′

y′

z′



 +





c1

c2

c3



 . (2.1.5)

. 0 1
(2.1.3)

��! '+( A ) ë B &  {O; e1, e2, e3} î B &  {O′ ; e′1, e
′

2, e
′

3}!-,�.�/�0
..0J





c′1
c′2
c′3



 =





a11 a12 a13

a21 a22 a23

a31 a32 a33





−1 



c1

c2

c3



 ,
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}m�1B&Ï�2B&! )�* ��




x′

y′

z′



 =





a11 a12 a13

a21 a22 a23

a31 a32 a33





−1 



x
y
z



 +





c′1
c′2
c′3



 . (2.1.6)

( (e′1, e
′

2, e
′

3) = (e1, e2, e3)A E (e′′1 , e′′2 , e′′3 ) = (e′1, e
′

2, e
′

3)B,
}m

(e1, e2, e3) = (e′1, e
′

2, e
′

3)A
−1, (e′′1 , e′′2 , e′′3 ) = (e1, e2, e3)AB.

Q{- �z !�3�4 ]   �Ã�Ä
2.1 ( A

{ ë B�&� 
{O; e1, e2, e3} î B�&� {O′; e′1, e

′

2, e
′

3}
!

8�5 '�( - B
{ ë B�&� 

{O′; e′1, e
′

2, e
′

3} î B�&� {O′′; e′′1 , e′′2 , e′′3}
!�8

5 '�( 6/} A−1
{ ë B& 

{O′; e′1, e
′

2, e
′

3} î B& {O; e1, e2, e3}
!8

5 '�(X AB
{ ë B& 

{O; e1, e2, e3} î B& {O′′; e′′1 , e′′2 , e′′3}
!8�5

'�( 6Ã�Ä
2.2 ( {O; e1, e2, e3}

{�*�<����� �!�"�#�$�%�&�'�-
A
{�*

<�a�6 '�( 6 Ê (e′1, e
′

2, e
′

3) = (e1, e2, e3)A.
}

{O′; e′1, e
′

2, e
′

3}
{����� �!

"#$%&'µN ¼ µ A ) P�7� ) 1
!$% '�( 6ÅÆ | ) {O; e1, e2, e3}

{*<�� !"#$%&'-/� � m




e1

e2

e3



 · (e1, e2, e3) = I, [e1, e2, e3] = 1.

�
(e′1, e

′

2, e
′

3) = (e1, e2, e3)A,
.0 Úî





e′1
e′2
e′3



 · (e′1, e′2, e′3) = A′





e1

e2

e3



 · (e1, e2, e3)A = A′A;

[e′1, e
′

2, e
′

3] = [e1, e2, e3]|A| = |A|.

Û {O′; e′1, e
′

2, e
′

3}
{M�M�M M!M"M#M$M%&M'MµN ¼ µ A ) P�7M� ) 1

!
$% '�( 6 �ÒÓ

2.1 ( ��4�+*, P
� � <�� !"#$%&' z !B&9T ) (x, y, z) E (x′, y′, z′).
}B& )�* �� u v ]





x
y
z



 =





a11 a12 a13

a21 a22 a23

a31 a32 a33









x′

y′

z′



 +





c1

c2

c3



 , (2.1.7)
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© � 



a11 a12 a13

a21 a22 a23

a31 a32 a33



 ) P�7� ) 1
!$% '�( 6

2.2 ��������
( {O; e1, e2} E {O′; e′1, e

′

2}
{O^

Σ
�! � <�"�#B& 6/}���+*,

P
�B& 

{O; e1, e2} z !B& (x, y)
��$ )

−−→
OP = xe1 + ye2 = (e1, e2)X, X =

(

x
y

)

; (2.2.1)

¨
P
��%*<B& 

{O′; e′1, e
′

2} z !B& (x′, y′)
��$ )

−−→
O′P = x′e′1 + ye′2 = (e′1, e

′

2)X
′, X ′ =

(

x′

y′

)

. (2.2.2)

| ) {e1, e2} E {e′1, e′2} =) O^ Σ
� � ÕÖ×S!43+5- Û Î� u�&

2
6 '�( A

jl

(e′1, e
′

2) = (e1, e2)A, A =

(

a11 a12

a21 a22

)

. (2.2.3)

.0J
−−→
OO′ = c1e1 + c2e2 = (e1, e2)C, C =

(

c1

c2

)

. (2.2.4)

| ) −−→
OP =

−−→
O′P +

−−→
OO′,

� � ��� Úî
(e1, e2)X = (e′1, e

′

2)X
′ + (e1, e2)C = (e1, e2)(AX ′ + C).

�+Q
{e1, e2}

{��!*Õy- }m
X = AX ′ + C ]  - Û mB& )�*��

(

x
y

)

=

(

a11 a12

a21 a22

) (

x′

y′

)

+

(

c1

c2

)

. (2.2.5)

.�0�1
(2.2.3)

��! '�( A ) ë B�&� {O; e1, e2} î B�&� {O′; e′1, e
′

2}!-,�.�/�0
..0J

(

c′1
c′2

)

=

(

a11 a12

a21 a22

)

−1 (

c1

c2

)

,

}m�1B&Ï�2B&! )�* ��
(

x′

y′

)

=

(

a11 a12

a21 a22

)

−1 (

x
y

)

+

(

c′1
c′2

)

. (2.2.6)
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G ��!¿ ��8�9 -/.0 u��:<;ÃÄ
2.3 ( {O; e1, e2}

{*<�� !"#$%&'-
A
{*<

26 '�( 6 Ê (e′1, e
′

2) = (e1, e2)A.
}

{O′; e′1, e
′

2}
{�� !"#$%&'

µN ¼ µ A ) P�7� ) 1
!$% '�( 6.0 ã�= -k;< 2

6$% '�(u���>�?�@ ! (3.2.2)
�v�A6k| )

|A| = 1,
.0 Úî

A =

(

cos θ sin θ
− sin θ cos θ

)

.

_�B-/.0m
Ò Ó

2.2 ( O ^ Σ
� * ,

P
� � < � �  ! " # $ %M& ' {O; e1, e2}E {O′; e′1, e

′

2} z !B&9T ) (x, y) E (x′, y′).
}B& )�* �� u v ]

(

x
y

)

=

(

cos θ sin θ
− sin θ cos θ

) (

x′

y′

)

+

(

c1

c2

)

, (2.2.7)

© �
θ
{43+5

e1 E e′1 Ì �!�¶6
� Ä

III-2

1.
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§3 C�D�E�Â�F�G
3.1 H�I�E���O�J�!���^

F
,�K�L�2�*�<�R�� ) d

!���^�6/����^���M�N )
h > 0

!,
Q
K�L2*<,�O�P6QOp�#��^ ê ���^ � ] *�<�R �fg-/A!º�S4�+SJ ) Γ.

ë
Q
,�A�T!�OSp�U�V�^��*<��

� fMgM- AM!Mº�SM{M�M^M�*M<W�Y�+Á
γ. γ

�M�MOM^
Σ
ÏM�M^MmM*M�

%S
l,
1 ) �+S Γ

!-X � .
.01

F ) �+S Γ
!�Y,6

c
3.1a

c
3.1b

c
3.1cµ

h > d
¹-

γ Z m�^!���M, T
� © ~\[6 b�] O�P

Q
��

^!$�[-`}
Γ ) *4�+Á-`_¹ïS l

ÖÎ�6 b�] O�P
Q
��^

!�^M�M[M-ÿ}�R � fMgMoMçM{*M<miM!fMg6ÿ_M¹.0M1 Γ )`_�H ,1
l )�a � Γ

!ïS-/1
T )�a � Γ

!*<�Y,
(
¤�� c

3.1a).µ
h = d

¹-t�^!���M,
T
Ñ���4�+Á

γ
�- ê N�OS QQ′

OP
Q�^6/_¹.014�+S

Γ )cb�d� ,
1

l )�e�f S Γ
!ïS-/1

F

)�e�f S Γ
!�Y,

(
¤�� c

3.1b).µ
h < d

¹- �^!���M,
T
Ñ���4�+Á

γ
!��[6 _¹.014�

S
Γ )hg�E� ,

1
l )�i �+S Γ

!ïS-`1
F )�i �+S Γ

!*<�Y,
(
¤�� c

3.1c)..M0�jMÉ î -ÿ�MmMÏM�M^à�k!�OMS� ] *<Y�\lM- ¨ Γ � {MÖ8�\l � ,!O^ (
ä�^

) m _<4�\l ¨ \�n !4�+S6�Q{- a �+- e
f S E�i �+S{4�\lÏO^! m S-/V1 H�I�E� .
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c
3.2

( α ) _�<��ol�!�p�¶�- β ) ����Á γ
����O�^

Σ
Ï���^�!�

¶6Z8
Q, F

, E �� O
,��*O^-Z%ïSQ

P ′.
J

QE E QF ) kS-Qk, ) E E F . QE
%

TP ′

Q
G.
8

Q
��^! Ç S l′.

8
O � l′! Ç S- Ç R ) D(

¤�� c
3.2).

}
]GEP ′ = α, ]EP ′G = β.

� ¢ Úî
]FGQ = α + β.

| ) nº � OFGQ
!4~+¶ E) 2π,

¨
]OQG = π/2−α,

Û m ]QOD = π/2 − β.
_�B- ë R¶a¶ �

ODQ E OEQ
.0 Úî

h − d

2
= d(Q, D) = d(Q, O) sin(π/2 − β),

d

2
= d(Q,O) cos α.

ìí
d(Q,O), Úî

h

d
=

1

2
+

1

2

cos β

cos α
. (3.1.1)

Û µ α > β
¹�-

h > d, m S )�a � X α = β
¹�-

h = d, m S )�e�fS-/_¹ m O^Ï4�\l! ª ��qSOP X α < β
¹-

h < d, m S )�i�+S-/A! � <9�r9TÑ��l^!� z� <�[9�6
�z .0�s�t4�\l4�+S!�u�v6

c
3.3È�

Γ
�*,

P .
ë

P
9T � O^ Σ E ïS l

! Ç S- Ç l ) 9T
) P ∗ E P ′(

¤�� c
3.3).

��Q�3�5 −−→
PP ∗

Ï��ol U S QO
O�P�- ¨

QOÏïS
l Ç R- Û −−→

PP ∗
ÜÏïS

l Ç R6Qw4�+QRS PP ′
{ïS

l
!

Ç S- Û P ∗P ′
ÜÏ

l Ç R6 Û m
]P ∗PQ = ]PQO =

π

2
− α, ]P ∗P ′P = β.

| ) PT E PM G) P
,�A�T!�^!�kS-/� � d(P, T ) = d(P, M).�R¶a¶ �

PP ∗M E PP ∗P ′

�+-/.0m
d(P, P ∗) = d(P,M) cos(

π

2
− α) = d(P, T ) sin α, d(P, P ∗) = d(P, P ′) sin β.
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� ¢ Úî -
d(P, T )

d(P, l)
=

d(P, T )

d(P, P ′)
=

sin β

sin α
= e

{*<Ï
P x�y !C¥6/.01 e ) �\l4�+S!cz�{�| .

æç-Q��
}

e < 1
¹ )�a � X �� } e = 1

¹ )�e�f S X �� } e > 1
¹ )�i �S6/_�B.0 :<; VK�~

3.1

�\l4�+S�, î A�Y, Eî AïS!����<� ) C¥6

c
3.4a

c
3.4bK�~

3.2

(1) a �+�, î� �,!���� E) C¥ X
(2) e�f S�, î *�,! Eî *�RS!����à FX
(3) i �+S�, î� �,!������ ) C¥6ÅÆ

(1) ( O^ Σ m �\l Ú * a � Γ.
�4�\l�� m�� ! � <�[94�\�L*<����!� � 6/_ � <� � 9TÏO^ Σ

kQ � , F E F ′(
1 )

a �+!�Y, ), ê 9TÏ4�\l%Q � <4�+Á γ E γ′.
È�

Γ
�!*,

P ,J�qS
PQ
Ï

γ, γ′
!%, ) T E T ′(

¤�� c
3.4a).

| ) ��*, î �^!�kS���Nà F - Û
d(P, F ) + d(P, F ′) = d(P, T ) + d(P, T ′) = d(T, T ′)

)�� Q � <Y�ZÁ γ E γ′ Ì ��qMS�	M!���NM- _M<���NMÏ P x�y - {MC¥6
(2)
{

(3.1.1)
!/áâ6

(3) ( O^ Σ m �\l Ú * i �+S Γ.
�4�\l

� z [94�\��L*<����!� � 6é_ � <� � 9TÏO^ Σ
kQ � ,

F E F ′(
1 )�i �+S!�Y, ), ê 9TÏ4�\l%Q � <4�+Á γ E γ′.

È�
Γ
�!*,

P ,
J�qS

PQ
Ï

γ, γ′

!%, ) T E T ′(
¤�� c

3.4b).
| )��*, î �^!�kS���Nà F - Û

d(P, F ′) − d(P, F ) = d(P, T ′) − d(P, T ) = d(T, T ′)
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)�� Q � <Y�ZÁ γ E γ′ Ì ��qMS�	M!���NM- _M<���NMÏ P x�y - {MC¥6
�

�z .0����4�\l4�+S�jl!§¥[�6

c
3.5a

c
3.5b

c
3.5c

( Γ
{O^�*< a �+-/A! � Y, ) F E F ′.

bc
3.5a,

.0�
O^��� ��$%B& - ÙÚ F = (c, 0), F ′ = (−c, 0). ( P = (x, y)

)�a �+�ÈÉ,6tJ d(P, F ) + d(P, F ′) ) C¥ 2a.
�+a¶Ö F � ã 2c =

d(F, F ′) < 2a.
Ê

b =
√

a2 − c2.
}4�

d(P, F ) + d(P, F ′) =
√

(x − c)2 + y2 +
√

(x + c)2 + y2 = 2a

á�A
(x − c)2 + y2 = 4a2 − 4a

√

(x + c)2 + y2 + (x + c)2 + y2,
√

(x + c)2 + y2 = a +
c

a
x.

� ¢ Úî�a �+!&ï[�
x2

a2
+

y2

b2
− 1 = 0. (3.1.2)

(�a �+ïS![� ) x = p.
�+Q a �+�ÈÉ P

, î Y, F = (c, 0) EïS
x = p

!����<� ) C¥ e,
9T Ê

P = (a, 0) � P = (−a, 0),
.0 Ú

î
a + c

p + a
=

a − c

p − a
= e.

ë � Úî e = c/a E p = a2/c. Û�a � (3.1.2)
!ïS[� ) x = a2/c. G� - a �+!�%*<�Y, F ′ = (−c, 0)

?@m�%*�ïS
x = −a2/c.

( Γ
{O^�*< e�f S- A!�Y, ) F ,

ïS ) F ′.
bc

3.5b,
.

0�O^��� ��$%B& - ÙÚ F = (0, c),
ïS[� ) y = −c.
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( P = (x, y) )�e�f S�ÈÉ,6ñ�+Q
y + c = d(P, F ) =

√

x2 + (y − c)2,

.0 Úî�e�f S!&ï[�
x2 − 4cy = 0. (3.1.3)

( Γ
{MOM^M�M*M< i �ZSM- AM! � YM, ) F E F ′.

bMc
3.5c,

.M0M�
O^��� ��$%B& - ÙÚ F = (c, 0), F ′ = (−c, 0). ( P = (x, y)

)�a �`�xÈxÉx,x6/J |d(P, F ) − d(P, F ′)| ) Cx¥ 2a.
�`ax¶xÖ F � ã

2c = d(F, F ′) > 2a.
Ê

b =
√

c2 − a2.
}m

d(P, F ) − d(P, F ′) =
√

(x − c)2 + y2 −
√

(x + c)2 + y2 = ±2a.

� ¢ Úî�i �+S!&ï[�
x2

a2
− y2

b2
− 1 = 0. (3.1.4)

G � ��Ú - i ��S (3.1.4)
!���� }

e = c/a,
N � <�Y�, F = (c, 0) E

F ′ = (−c, 0)
�?@! � �ïS[�9T )) x = a2/c E x = −a2/c.

3.2 C�D�E�Â����������ë §M¥M���M- ��lY�ZSM!M[M�
F (x,y) = 0

{M*M< ?�� !M§M¥M[M�M6 ����4�+-/.0�� � �\l4�+S!½¾³´�u�v I � ��R¶B& -
Úî V a �+- e�f S E�i �+S&ï[�6
�b .0��V © A!��R¶B& -/}mB& )�* ��

(

x
y

)

=

(

cos θ sin θ
− sin θ cos θ

) (

x′

y′

)

+

(

c1

c2

)

. (3.2.1)

Q{-ñ�\l4�+S![� ) ]
F (cos θx′ + sin θy′ + c1,− sin θx′ + cos θy′ + c2) = 0,

Aoç{*< ?�� ![�6KL
3.1

O^�4�+*< ?�� [�
F (x, y) = Ax2 + 2Bxy + Cy2 + 2Dx + 2Ey + F = 0

���$! c�
Γ
1 )�?�� �+S- © � A,B, C

Ö�� )² 6
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.M0M!�� !M{�s�t ?�� �ZS Γ
�Mm u�� ! ��� 6 ) VM[���s�t-ÿ.0 D ���[� Ý]�'�( � �

(x, y, 1)





A B D
B C E
D E F









x
y
1



 = 0. (3.2.2)

æç-/µ ?�� �+S F (x, y) = 0
!�m ¥���*< ±² C¥¹-/A���$! c�

Γ
Ö ) 6 �z .0�� c 78/Þ�1�����R¶B& - Ù

Ú�?�� [� Ú����� - ê ë ��� ![�4�+9�� ?�� �+S! ��� 6/µ.0��1!��R¶B& � -/}B& )�* ��
(3.2.1) u�Ý]





x
y
1



 =





cos θ sin θ c1

− sin θ cos θ c2

0 0 1









x′

y′

1



 , (3.2.3)

© �
θ E c1, c2 )�¡ �!C¥6 D [� (3.2.3)

§�
[�
(3.2.2), Úî�?

� �+S Γ
��1B& z ![�

(x′, y′, 1)





A′ B′ D′

B′ C′ E′

D′ E′ F ′









x′

y′

1



 = 0, (3.2.4)

© �




A′ B′ D′

B′ C′ E′

D′ E′ F ′



 =





cos θ − sin θ 0
sin θ cos θ 0
c1 c2 1









A B D
B C E
D E F









cos θ sin θ c1

− sin θ cos θ c2

0 0 1



.

� ¢ Úî
(

A′ B′

B′ C′

)

=

(

cos θ − sin θ
sin θ cos θ

) (

A B
B C

)(

cos θ sin θ
− sin θ cos θ

)

. (3.2.5)

ë
(3.2.5)

R�¢ Úî
A′ = A cos2 θ − 2B cos θ sin θ + C sin2 θ; (3.2.6)

C′ = A sin2 θ + 2B sin θ cos θ + C cos2 θ; (3.2.7)

B′ =
1

2
(B cos 2θ + (A − C) sin 2θ). (3.2.8)

�
(3.2.6), (3.2.7) E� � � < '�( [�-/.0 Úî

A′ + C′ = A + C;
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∣

∣

∣

∣

A′ B′

B′ C′

∣

∣

∣

∣

=

∣

∣

∣

∣

A B
B C

∣

∣

∣

∣

;

∣

∣

∣

∣

∣

∣

A′ B′ D′

B′ C′ E′

D′ E′ F ′

∣

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∣

A B D
B C E
D E F

∣

∣

∣

∣

∣

∣

.

KL
3.2 ( Γ

{O^�4� ?�� [�
F (x, y) = Ax2 + 2Bxy + Cy2 + 2Dx + 2Ey + F = 0

��$! ?�� �+S6/.0��$A!a<§¥Ö ) 5 I1, I2, I3

9T )
I1 = A + C, I2 =

∣

∣

∣

∣

A B
B C

∣

∣

∣

∣

, I3 =

∣

∣

∣

∣

∣

∣

A B D
B C E
D E F

∣

∣

∣

∣

∣

∣

. (3.2.9)

| ) A,B, C
Ö�� )² -/�m I1, I2

Ö�� )² 6Q{.0m
K�~

3.3

O^� ?�� �+S Γ
!§¥Ö ) 5

I1, I2 E I3

�B& )�*
z Ö ) 6

3.3 C�D�E�Â�F�G
(�?�� �+S Γ

![� )
Ax2 + 2Bxy + Cy2 + 2Dx + 2Ey + F = 0.

) V�s�t Γ
�m u�� ! ��� -�.0�� c 78B& )�* - D ���[� )

) � � "! � �6b�]
B 6= 0,

.0�
θ
jl

cot 2θ = −A − C

B
.

�
(3.2.8) Ú B′ = 0.

Q{-/78B& )�*
(

x
y

)

=

(

cos θ sin θ
− sin θ cos θ

)(

x′

y′

)

,

.0�£ u� D ?�� �+S![� ���]
A′x′2 + C′y′2 + 2D′x′ + 2E′y′ + F ′ = 0 (3.3.1)
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! � �6/_¹-/.0m
I1 = A′ + C′ E I2 = A′C′..0�¤�¥�¦�§

I2 6= 0
!¿ � 6 _¹

A′, C′ =±² - (3.3.1) u�Ý]
A′(x′ +

D′

A′
)2 + C′(y′ +

E′

C′
)2 + F ′ − D′2

A′
− E′2

C′
= 0. (3.3.2)

.0�¨��B& )�*
x∗ = x′ +

D′

A′
, y∗ = y′ +

E′

C′
,

ê Ê
λ = A′, µ = C′, F ∗ = F ′ − D′2

A′
− E′2

C′
,

Úî 1[�
λx∗2

+ µy∗2
+ F ∗ = 0. (3.3.3)�+QÖ ) 5

I1, I2, I3

�B& )�* z Ö ) -ñ� (3.3.3) Úî
I1 = λ + µ, I2 = λµ, I3 = λµF ∗.

Û λ, µ
{ ?�� [�

t2 − 2I1t + I2 = 0 (3.3.4)!�©-/N
F ∗ = I3/I2.

_�B[�
(3.3.3)

) ]
λx∗2

+ µy∗2
+

I3

I2

= 0. (3.3.5)

µ
I2 < 0

¹-
λ E µ ÷�ª 6 b�] I3 6= 0,

�
(3.3.5) ã - ?�� �+S )

i ��S�6 b�] I3 = 0,
}�[��

(3.3.5)
) ] λx∗2 + µy∗2 = 0,

A�! c�� {
� � à%RS

√

|λ|x∗ +
√

|µ|y∗ = 0,
√

|λ|x∗ −
√

|µ|y∗ = 0�!�m,Õ ] 6µ
I2 > 0

¹�-
λ, µ E I1 =�G�ª 6 b�] I3 6= 0,

N�Ï
I1 ÷�ª -/}��

(3.3.5) ã - ?�� �+S )�a � X b�] I3 6= 0,
NÏ

I1 G�ª -/}[� (3.3.5)

x :- ?�� �+S{��«6 b�] I3 = 0,
}

(3.3.5)
!: ) (x∗, y∗) = (0, 0),

) O^�*,6
¬����-/.0 ÚîK�~

3.4 (�?�� �+S Γ
![� )

Ax2 + 2Bxy + Cy2 + 2Dx + 2Ey + F = 0.

I1, I2 E I3 ) Γ
!§¥Ö ) 5-/N

I2 6= 0.
}
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(1)
µ

I2 < 0 E I3 6= 0
¹-

Γ )�i �+S X
(2)
µ

I2 < 0 E I3 = 0
¹-

Γ )� �à%!RS X
(3)
µ

I2 > 0 E I1I3 < 0
¹-

Γ )�a � X
(4)
µ

I2 > 0 E I1I3 > 0
¹-

Γ ) ��« X
(5)
µ

I2 > 0 E I3 = 0
¹-

Γ ) O^�*<, X
�z .0�¦�§ I2 = 0

!¿ � 6ñ�
(3.3.1) Ú I2 = A′C′ = 0,

ä
A′ = 0ú

C′ = 0.
.0Ö� ( C′ = 0.

_¹
A′ 6= 0.

�
(3.3.1)

.0 Úî
A′x′2 + 2D′x′ + 2E′y′ + F ′ = 0. (3.3.6)

ë ?�� �+S[� (3.3.6)
���Ö ) 5-/.0 Úî

I1 = A′ 6= 0, I2 = 0, I3 = −A′E′2. (3.3.7)

b�]
I3 6= 0,

}4�
(3.3.7) ã E′ 6= 0, ê N I3

Ï
I1 ÷�ª 6/_¹-/[�

(3.3.7) u�Ý]
A′(x′ +

D′

A′
)2 + 2E′(y′ +

F ′

2E′
− D′2

2A′E′
) = 0. (3.3.8)

�B& )�*
x∗ = x′ +

D′

A′
, y∗ = y′ +

F ′

2E′
− D′2

2A′E′
,

ê D
I1 = A′, E′ = ±

√

−I3

I1§�
[�
(3.3.8),

.0 Úî
I1x

∗2 ±
√

−I3

I1

y∗ = 0.

_¹- ?�� �+S )�e�f S6b�]
I3 = 0,

}4�
(3.3.7) ã E′ = 0.

_¹[�
(3.3.6)

) ]
A′x′2 + 2D′x′ + F ′ = 0. (3.3.9)

_{*< ?�� [�-�A!�®T� ∆ = 4(D′2 − A′F ′).
µ

∆ > 0
¹-�[�

(3.3.9) F�¯ Q � �OPRS x′ = λ E x′ = µ,
© �

λ, µ )�?�� [�! �<Ö G !Ø�© X µ ∆ = 0
¹-�[�

(3.3.9) F�¯ Q*�RS x′ = λ,
© �
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λ
{ ?�� [�! > *Ø�© X µ ∆ < 0

¹- x :-/_¹[� (3.3.9)
!:

) ��«6
¬����-/.0 ÚîK�~

3.5 (�?�� �+S Γ
![� )

Ax2 + 2Bxy + Cy2 + 2Dx + 2Ey + F = 0.

I1, I2 E I3 ) Γ
!§¥Ö ) 5-/N

I2 = 0.
}

(1)
µ

I3 6= 0
¹-

Γ )�e�f S X
(2)
µ

I3 = 0
¹-

Γ )� �OPS-/*�RSú��«6
�+� �

3.4 E � � 3.5,
.0 Úî�z ! ?�� �+S9 8 � � �K�~

3.6

O^� ?�� �+S
Ax2 + 2Bxy + Cy2 + 2Dx + 2Ey + F = 0

�m u�� ! ��� ) � a �+- i �+S- e�f S- � �RS-t*�RS-t*,ú��«6
� � �\l4�+S!&ï[�-/� � 3.4 E � � 3.5

.0 ÚîK�~
3.7 (�?�� �+S Γ

![� )
Ax2 + 2Bxy + Cy2 + 2Dx + 2Ey + F = 0.

I1, I2 E I3 ) Γ
!§¥Ö ) 56/}

(1) Γ )�a �+µN ¼ µ I2 > 0 E I1I3 < 0;

(2) Γ )�i �+SµN ¼ µ I2 < 0 E I3 6= 0;

(3) Γ )�e�f SµN ¼ µ I2 = 0 E I3 6= 0.

� Ä
III-3

1.

§4 C�D�E��F�G
4.1 C�D�E�Â ��°

��°
4.1 ( l E l′

{��4�+! � �RS6 b�] l E l′
OP- }

l′
¸

l
°�±� Úî !4�+^1 )²H�³� (

¤�� c
4.1a);

b�]
l E l′

à%Q*,
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O,
}

l′
¸

l
°�±M� ÚMî !Y�Z^M1 )M� O )�� ,M! H�IM� (

¤�� c
4.1b);b�]

l E l′ ) ôÖ Ç R! ÷ ^RS-/} l′
¸

l
°Q±� Úî !4�+^1 )´�µ g�E� (

¤�� c
4.1c).

c
4.1a

c
4.1b

c
4.1c. 0 � ��� ^ ! °+± U l ) z U �   B &  6 } ��� ^ � *M, (x, y, z)

î °�± U l
��!�,

(0, 0, z)
!���� ) ����^�!���� R, ) C�¥�6 Û ���^![� )

x2 + y2 = R2. (4.1.1)

.x0 � �¶lx^x! � , )�· ,x- � °�± U l ) z U �x xBx&x x6 (
P = (x, y, z) ) �ol�^���*�,�6/} P ′ = (0, 0, z)

{
P
, î °�± U l ÇR ��� ! Ç l6 Ê θ ) �\l^!4�+�¶6/}�R¶a�¶ � OPP ′

�+m
d(P, P ′) = tan θ d(O, P ′). Û �\l^![� )

x2 + y2 − tan2 θz2 = 0. (4.1.2)

( l E l′ )÷ ^RS-�¶ ) θ 6= π/2.
RS

l′
¸

l
°�± Úî "�¸ i�+^

S. ( O E P
9T{

l E l′
�!,- ÙÚ S�	 OP

{� Ç S6/J
R = d(O, P ).

.0 � O )�· ,- l ) z U - � RS OP ) x U � ��R¶B& 6 }
P = (R, 0, 0). ( RS l′

![433+5 ) a.
}

a

Ï
x UÇR- ê Ï z U !%¶ ) θ. Ûu � a = (0, sin θ, cos θ). ( Q = (x, y, z) )

S
�ÈÉ,-éA{4�+RS

l′
�!,

Q′ = (x′, y′, z′)
¸

z U °�± ¨ Úî 6Q{m
x2 + y2 = x′2 + y′2, z = z′. (4.1.3)| ) Q′

Ñ�
l′
�-/� � Î�¤¥ t, ÙÚ −−→

Q′P = ta,
ä

(x′, y′, z′) = (R, t sin θ, t cos θ). (4.1.4)
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D
(4.1.4)

§�
[�
(4.1.3), Úî x2 + y2 = R2 + t2 sin2 θ E t = z/ cos θ. Û"�¸ i �+^![� )

x2 + y2 − tan2 θ z2 = R2. (4.1.5)

( P ) "�¸ i ��^���*�,�6ñ��Q�"�¸ i ��^�{���R�S�°�± ¨ ] -� ��¹�º m*<RS l1
78

P
,6 ( Σ

{4�+°�± U l E P
,� ] !O^6®�+QO^ Ë # Σ : E

3 → E
3
D °�±^�» ]½¼\¾ - ê N D RS�» ]RS-/� � lP

!O^ Ë #�¿ l′P
Ü{"�¸ i �+^�!*��R�S- ê N

lP E l′P
à%Q,

P . Û "�¸ i �+^�;*, = m � �4�+^�!RS78 ¢ ,6
��°

4.2

D e�f S x2 = 4cy (c 6= 0)
¸ A!?1 U (y U )

°�±- Úî!4�+^1 )ÁÀ�Â�b�d� .
.0�jÉ î - b�] °�± e�f ^�, (x, y, z)

{
� e�f S�!, (x′, y, 0)

°�± ¨ I -�}m x2 + z2 = x′2 = 4cy. Û °�± e
f ^![� )

x2 + z2 = 4cy. (4.1.6).0C��<Ã\Ä�Å�[�� î °�± e�f ^6+*<���Æ�Ç���È2� e�f ^!Y,
(0, c, 0)

�6 ë Y,�A�T!�OS�É e�f ^ Ë #�  � ] OP�O�Ê (
¤

� c
4.2a).

c
4.2a

c
4.2b

c
4.2c

��°
4.3

D i �+S x2/a2 − y2/b2 = 1
¸ A!�Ë U (x U )

°�±- Úî!4�+^1 )-g µ g�E� (
¤�� c

4.2b),
A![� )

x2

a2
− y2

b2
− z2

b2
= 1. (4.1.7)

b�]MD
x2/a2 − y2/b2 = 1

¸ AM!�Ì U (y U )
°�±M- ÚMî ! D {M*M<M"�¸

i �+^ (
¤�� c

4.2c).
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��°
4.4

.014�+[�
x2

a2
− y2

b2
= 2z (4.1.8)

Í�A! c� )-g�E�b�d� ( Í�Î� )(
¤�� c

4.3a)..0�jÉ î -/?È´¤¥ λ 6= 0,
RS

lλ
{

x
a
− y

b
= λ

x
a

+ y

b
= 2λ−1z

(4.1.9)

!�m:jl
(4.1.8);

RS
lµ
{

x
a

+ y

b
= µ

x
a
− y

b
= 2µ−1z

(4.1.10)

!�m:jl
(4.1.8). Û RS lλ E lµ

Ñ� i � e�f ^�6/µ ±² Ø¥
λ(
ú

µ)
)�Ï ¹-kRS

lλ (
úRS

lµ) Ð�Ñ )�Ï - ê�Ò�Ó A�Ô< i � e�f^M6 ? i � e�f ^M�MÈMÉM, P = (x0, y0, z0),
.M0M�M�

λ = x0/a− y0/b E
µ = x0/a + y0/b.

}
lλ E lµ

{ i � e�f ^�8 P
,! � �RS6

c
4.3a

c
4.3b

��°
4.5 ( S

2 ) "#�^ x2 + y2 + z2 = 1, φ : E
3 → E

3 ) "�# )�*
φ(x, y, z) = (ax, by, cz). (4.1.11)

b�]
(x, y, z) ) φ(S2)

��*�,�-/}
(x/a, y/b, z/c) = φ−1(x, y, z) ) "�#��^

S
2
�!,6 Û φ(S2)(

¤�� c
4.3b)

![� )
x2

a2
+

y2

b2
+

z2

c2
= 1. (4.1.12)

.01[�
(4.1.12)

���$! c� ! _�Õ� .
��°

4.6

D _�ÖM��×M*M� � -Ð.M0 Úî *�ÖM½¾Y�+^M- AM0{Y� �
z ! ?�� [���$! c��
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(1) a �^ x2/a2 + y2/b2 + z2/c2 = 1;

(2)
"�¸ i �+^ x2/a2 + y2/b2 − z2/c2 = 1;

(3) i ¸ i �+^ x2/a2 + y2/b2 − z2/c2 = −1;

(4) a � e�f ^ x2/a2 + y2/b2 = 2z;

(5) i � e�f ^ ( Ø�Ù ^ ) x2/a2 − y2/b2 = 2z;

(6) a �\l^ x2/a2 + y2/b2 − z2/c2 = 0;

(7) a �+�^ x2/a2 + y2/b2 = 1;

(8) i �+�^ x2/a2 − y2/b2 = 1;

(9) e�f �^ x2/a2 = 2z.
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4.2 C�D�E�Â�F�G.014� �z *� ?�� [���$! c� )cC�D�E� :

A11x
2 + A22y

2 + A33z
2 + 2A12xy + 2A13xz + 2A23yz

+2B1x + 2B2y + 2B3z + C = 0,© � ¹�º m*< Aij 6= 0.
�_*��4�+-/.0 D ?�m u�� ! ?�� �+^ÚP9 8 6

.0J

A =





A11 A12 A13

A12 A22 A23

A13 A23 A33



 , X =





x
y
z



 , B =





B1

B2

B3



 .

}m
Xt = (x, y, z), Bt = (B1, B2, B3) E At = A.

_�B*� ?�� �+^![� uÝ]
(Xt, 1)

(

A B
Bt C

)(

X
1

)

= 0. (4.2.1)

�+áâ
2.1 uã -/�� � <��R¶B& !B& )�* �� )

(

X
1

)

=

(

T a

0 1

) (

X ′

1

)

, (4.2.2)

© �
T ) P�7� ) 1

!$% '�( - a =





a1

a2

a3



 ) C¥- X ′ =





x′

y′

z′





{
,

X
��1��R¶B& z !B&6.0 D

(4.2.2)
§�
[�

(4.2.1), Úî
(X ′t, 1)

(

T t 0
at 1

)(

A B
Bt C

) (

T a
0 1

) (

X ′

1

)

= 0. (4.2.3)

_�B-/.0 Úî�?�� �+^��1B& z ![�

(X ′t, 1)

(

A′ B′

B′t C′

)(

X ′

1

)

= 0, (4.2.4)

© �+[� ¥jl
(

A′ B′

B′t C′

)

=

(

T t 0
at 1

)(

A B
Bt C

) (

T a
0 1

)

. (4.2.5)
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½T�-/.0m
A′ = T tAT. (4.2.6)

KL
4.1 ( S

{*< ?�� �+^-/A![� )
A11x

2 + A22y
2 + A33z

2 + 2A12xy + 2A13xz + 2A23yz

+2B1x + 2B2y + 2B3z + C = 0..0��$

I1 = A11 + A22 + A33; I2 =

∣

∣

∣

∣

A22 A23

A23 A33

∣

∣

∣

∣

+

∣

∣

∣

∣

A11 A13

A13 A33

∣

∣

∣

∣

+

∣

∣

∣

∣

A11 A12

A12 A22

∣

∣

∣

∣

;

I3 =

∣

∣

∣

∣

∣

∣

A11 A12 A13

A12 A22 A23

A13 A23 A33

∣

∣

∣

∣

∣

∣

; I4 =

∣

∣

∣

∣

∣

∣

∣

∣

A11 A12 A13 B1

A12 A22 A23 B2

A13 A23 A33 B3

B1 B2 B3 C

∣

∣

∣

∣

∣

∣

∣

∣

.

K�~
4.1 I1, I2, I3 E I4

�B& )�* z Ö ) 6ÅÆ �B& )�*
(4.2.2) z .0m )�* �� (4.2.6).

�+Q ��'�( ��!P�7� F Q ��'�( P�7�!���-k.0 Úî I4 = I ′

4.
| ) ?È´Ø¥ tm��

|tI − A| =

∣

∣

∣

∣

∣

∣

t − A11 −A12 −A13

−A12 t − A22 −A23

−A13 −A23 t − A33

∣

∣

∣

∣

∣

∣

= t3 − I1t
2 + I2t − I3. (4.2.7)

�
(4.2.6) ã ?È´ t

m
(tI − A′) = T t(tI − A)T , Û m

|tI − A′| = |T t||tI − A||T | = |tI − A|.
�

(4.2.7) ã ?È´ t
m

t3 − I ′

1t
2 + I ′

2t − I ′

3 = t3 − I1t
2 + I2t − I3.ë ¨ Úî

I ′

1 = I1, I ′

2 = I2, I ′

3 = I3. 2

.01
I1, I2, I3, I4 )�?�� �+^!§¥Ö ) 56

�xz .x0�Ûxèx� ?�� �`^x�xm u�� ! cx� 6 ) ¢ -/.x0�Ü�Ý���ÞB�& )�* ���
(4.2.2)

��!
T E a, Ù�Ú�?�� ��^���1�B�&� z !�[��

(4.2.4)
m�� � "! � �6
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ÃÄ
4.1

Î�P�7� ) 1
!

3
6$% '�( T , ÙÚ

T tAT =





λ 0 0
0 µ 0
0 0 ν



 .

ÅÆ �+Q
A
{*<?1 '�( -/� � ?È´43+5 X E Y

m
AX · Y = X · AY. (4.2.8)

Ê
p(t) = |tI − A|.

}
p(t)
{*<a ��ß�à �-/A ¹�º m*<Ø�© λ.

|
) |λI − A| = p(λ) = 0,

� � Îx� ±x² 3`5 v ÙxÚ (λI − A)v = 0.
Ê

e1 = v/|v|,
}m

Ae1 = λe1.
�43+5

e2, e3, ÙÚ {e1, e2, e3} ) �� !"#$%y6/| )
Ae1 · e2 = 0, Ae1 · e3 = 0, Ae2 · e3 = e2 · Ae3,� � Î�Ø¥ {a, b, c}, ÙÚ

A(e1, e2, e3) = (e1, e2, e3)





λ 0 0
0 a b
0 b c



 .

b�]
b = 0,

} Ê
T = (e1, e2, e3), a = µ E c = ν,

3�4 ]  6 b�] b 6= 0,} Ê
e∗2 = cos θe2 + sin θe3, e∗3 = − sin θe2 + cos θe3,© �

θ ¡ �6/_¹-/m

A(e1, e
∗

2, e
∗

3) = A(e1, e2, e3)





1 0 0
0 cos θ − sin θ
0 sin θ cos θ





= (e1, e2, e3)





λ 0 0
0 a b
0 b c









1 0 0
0 cos θ sin θ
0 − sin θ cos θ





= (e1, e
∗

2, e
∗

3)





1 0 0
0 cos θ sin θ
0 − sin θ cos θ









λ 0 0
0 a b
0 b c









1 0 0
0 cos θ − sin θ
0 sin θ cos θ



 .

�
θ
jl[�

cot 2θ = (a − c)/2b,
}m

A(e1, e
∗

2, e
∗

3) = (e1, e
∗

2, e
∗

3)





λ 0 0
0 µ 0
0 0 ν



 ,
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© �
µ E ν ) Ø¥6 Ê T = (e1, e

∗

2, e
∗

3),
}�3�4Ü ]  6 2��3�4

4.1
�+!

T
�B& )�*

X = TX ′,
} ?�� �+^��1B& z![� uÝ]

λx′2 + µy′2 + νz2 + 2B′

1x
′ + 2B′

2y
′ + 2B′

3z
′ + C′ = 0. (4.2.8)

_¹m
I1 = λ + µ + ν, I2 = λµ + µν + λν, I3 = λµν, (4.2.9)© �

λ, µ, ν
Ö�� )² 6.0�¤�¥�¦�§

I3 = λµν 6= 0
!¿ � 6�_¹ ?�� �+^[� u� Ú*�á

Ý]
λx∗2

+ µy∗2
+ νz∗2

+ C∗ = 0, (4.2.9)© �
x∗ = x′ +

B′

1

λ
, y∗ = y′ +

B′

2

µ
, z∗ = z′ +

B′

3

ν
.

�
(4.2.9) Úî I4 = C∗I3.

b�]
λ, µ, ν G�ª -Z} I1, I3

ÜÏ
λ, µ, ν

mà G!�â ª 6 µ I4 < 0
¹-

C∗

Ï
λ, µ, ν

mÖ G !�â ª - _¹ ?�� �+^ )�a��^ X µ I4 > 0
¹�-

C∗
Ï

λ, µ, ν
m�à G !�â ª -/_�¹ ?�� ��^ ) �« X µ I4 = 0

¹- ?�� �+^ ) *<,6 b�] λ, µ, ν ÷�ª -/.0 u Ö�
( λ, µ

!�â ª�) ε,
¨

ν
!�â ª�) −ε.

_�¹
I3

!�â ª�) −ε.
µ

I4 < 0¹M-
C∗ = I4/I3

!�â ªM) ε,
_M¹ ?�� �Z^ ) "�¸ i �Z^ X µ I4 > 0

¹M-
C∗ = I4/I3

!�â ª�) −ε,
_�¹ ?�� ��^ )�i ¸ i ��^ X µ I4 = 0

¹�-
C∗ = 0,

_¹ ?�� �+^ )�a �\l^6© � .x0�¦�§ λ, µ, ν
� � mx*x< )x² !x¿ � 6/.x0xÖ� ( ν = 0,

I2 = λµ 6= 0.
_¹m

I4 = −I2B
′2

3.
b�]

I4 6= 0, ?�� �+^[� (4.2.8) u
� Ú*�á Ý]

λx∗2
+ µy∗2

+ 2B′

3z
∗ = 0, (4.2.10)© �

x∗ = x′ +
B′

1

λ
, y∗ = y′ +

B′

2

µ
, z∗ = z′ + (

C′

2B′

3

− B′

1

2

2λB′

3

− B′

2

2

2µB′

3

).

Q{-/µ
I2 > 0

¹- ?�� �+^ )�a � e�f ^ X µ I2 < 0
¹- ?�� �+^

)�i � e�f ^6 b�] I4 = 0,
}

B′

3 = 0,
_¹ ?�� �+^[� (4.2.8) u�Ú*�á Ý]

λx∗2
+ µy∗2

+ C∗ = 0, (4.2.11)
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© �
x∗ = x′ +

B′

1

λ
, y∗ = y′ +

B′

2

µ
.

Q{-/µ
I2 > 0

N
I1

Ï
C∗ ÷�ª ¹- ?�� �+^ )�a �+�^ X µ I2 > 0N

I1

Ï
C∗ G�ª ¹�- ?�� ��^ ) �Q« X µ I2 > 0

N
C∗ = 0

¹�- ?����^ ) R�S x∗ = y∗ = 0(
ä

z∗ U ).
µ

I2 < 0
N

C∗ 6= 0
¹�- ?�� �^ )�i ����^ X µ I2 < 0

N
C∗ = 0

¹�- ?�� ��^ )�� <�à�%�!�O�^
√

|λ|x∗ ±
√

|µ|y∗ = 0.
�� �.�0�¦�§

λ, µ, ν
�oã�m�*�<�{ ±�² !�¿ � 6/.�0�Ö� ( I1 =

λ 6= 0
N

µ = ν = 0.
_¹m

I2 = I3 = I4 = 0.
[�

(4.2.8) u�Ý]
λ(x′ +

B′

1

λ
)2 + 2B′

2y
′ + 2B′

3z
′ + C′ − B′

1

2

λ
= 0. (4.2.12)

b�]
B′

2 = B′

3 = 0,
}[� u Ú*�á Ý]

λx∗2
+ C∗ = 0,© �

x∗ = x′ +
B′

1

λ
, C∗ = C′ − B′

1

2

λ
._M¹M-ÿµ

I1

Ï
C∗ ÷�ª ¹M- ?�� �Z^ )M� <MOPMO^ X µ I1

Ï
C∗ G�ª¹- ?�� �+^ ) ��« X µ C∗ = 0

¹- ?�� �+^ ) O^ x∗ = 0.
b�]

B′

2

E B′

3

Ö�� )�² - u�( (B′

2, B
′

3) = (r cos θ, r sin θ),
© �

r =
√

B′

2

2 + B′

3

2.�B& )�*

x∗ = x′ +
B′

1

λ
, y∗ = (cos θy′ + sin θy′ +

C′

2r
− B′

1

2

2rλ
), z∗ = − sin θy′ + cos θz′,

}[�
(4.2.12)

) ]
λx∗2

+ 2ry∗ = 0._¹*< e�f �^6
¬����-/.0 Úî�?�� �+^!9 8 � � �K�~

4.2

� ?�� [�
A11x

2 + A22y
2 + A33z

2 + 2A12xy + 2A13xz + 2A23yz

+2B1x + 2B2y + 2B3z + C = 0��$! ?�� �+^�ã u�� { �z ! c�� a �^-/"�¸ i �+^- i ¸ i�+^- a � e�f ^- i � e�f ^- a �äl^- a �+�^- i �+�^- e
f �^- � <à%O^- � <OPO^-/*�RS-/*<,-/��«6
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K�~
4.3 ( S

{ ?�� [�
A11x

2 + A22y
2 + A33z

2 + 2A12xy + 2A13xz + 2A23yz

+2B1x + 2B2y + 2B3z + C = 0��$x! ?�� �`^x- I1, I2, I3 E I4

{xAx!x§x¥xÖ ) 5x6/}
3 � [x�

t3 − I1t
2 + I2t − I3 = 0

!a<�©
λ, µ, ν =) Ø¥- ê N

(1) S )�a �^µN ¼ µ λ, µ, ν ±²G�ª -/N I4 < 0;

(2) S ) "�¸ i �+^µN ¼ µ λ, µ, ν ±² Ö G�ª -/N I4 > 0;

(3) S )�i ¸ i �+^µN ¼ µ λ, µ, ν ±² Ö G�ª -/N I4 < 0;

(4) S )�a � e�f ^µN ¼ µ λ, µ, ν � m*< )² -/N I2 > 0, I4 < 0;

(5) S )�i � e�f ^µN ¼ µ λ, µ, ν � m*< )² -/N I2 < 0, I4 > 0;

(6) S )�a �\l^µN ¼ µ λ, µ, ν ±² Ö G�ª -/N I4 = 0;

(7) S )�a �+�^µN ¼ µ λ, µ, ν � m*< )² -/N I2 > 0, I4 = 0;

(8) S )�i �+�^µN ¼ µ λ, µ, ν � m*< )² -/N I2 < 0, I4 = 0;

.0<å\É4�+��×
4.5 ã�= - a �^{�^� ª <�"�# )�* z !�æ6

�z .0 :<; -/�^�ÈÉ*<�"�# )�* z !�æ )�a �6
( S2 ) "M#M�M^ x2 +y2 +z2 = 1, φ

{MÈMÉM*M<�"�# )�* 6 }Y� >�?
@ !� � 3.2 ã - φ

mB&vw
X∗ = BX +b,

© �
B
!P�7� ±² -

b ) C43+5- ¨ φ
D B& ) X

!, ) ] B& ) X∗
!,6 Ê

C = B−1,

c = −B−1
b,
}m

X = CX∗ + c.
.0 D _<[� Ý]

(

X
1

)

=

(

C c

0 1

)(

X∗

1

)

.

_¹-/?È´
X ∈ S2

m

0 = x2 + y2 + z2 − 1 = (Xt, 1)

(

I 0
0 −1

)(

X
1

)

= (X∗t
, 1)

(

Ct 0
c

t 1

) (

I 0
0 −1

)(

C c

0 1

)(

X∗

1

)

.

| ) X∗ ∈ φ(S2)
jl��� ?�� [�-/� � φ(S2)

{*< ?�� �+^6ñ��� u �-/A!�Ë '�( A = CtC, ê N§¥Ö ) 5

I4 =

∣

∣

∣

∣

Ct 0
c

t 1

∣

∣

∣

∣

∣

∣

∣

∣

I 0
0 −1

∣

∣

∣

∣

∣

∣

∣

∣

C c

0 1

∣

∣

∣

∣

= −|C|2 < 0.
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�+Q
A = CtC ) ?1 '�( -ñ�\3�4 4.1 Úã -/Î�$% '�( T , ÙÚ

T tAT =





λ 0 0
0 µ 0
0 0 ν



 .

Û ?È´ ±² X = (x, y, z)t
m

λx2 + µy2 + νz2 = (x, y, z)





λ 0 0
0 µ 0
0 0 ν









x
y
z





= XtT tATX = (CTX)t(CTX) = |CTX|2 > 0.

Û λ, µ, ν =M) $M¥M6 QM{M- � � 4.3
!

(1)
á�AM-

φ(S2)
{M*M< a �M^M6_�B-/.0 :<; VK�~

4.4

�^��"�# )�* z !�æ )�a �^6
� Ä

III-4

1.
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