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1.1 �����

	 E3 ����
�������������������� �
�(� 
�).

�� A � B ������������
−−→
AB �� A �
���

B ������������������� AB ���
����−−→
AB ������ |−−→AB|(� d(A, B)). �
��� A = B ������
�

−−→
AB ���������� 0.

	
−−→
AB �

−−→
CD ��������������

−−→
AB ������

���
−−→
CD �������������������

−−→
AB =

−−→
CD. �

�����������������������

����Æ��� ����!������
−−→
AB �

−−→
CD ���

�����
−−→
CD �

−−→
EF ��������

−−→
AB �

−−→
EF � 
�� (!

�� 1-1). ���"�����#� a  "�
�$
������

� 1-1

%� 1.1 �������
�������� V � ����.

&�������"��#� {a,b, c,d · · · } "�����
��
��" 0  "�����
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	 a ∈ V �������
�!#�$������ A, %&��
����� B, �� a =

−−→
AB. ��
��� a ���� |a| = |−−→AB| =

d(A, B). ��������������$�
������

	 a =
−−→
AB, ��
� −a =

−−→
BA. �� −a ��� a ������

��&�

%� 1.2 	 a,b ∈ V ����������&������� O,
�%&��� A �� a =

−→
OA. ���%&��� B �� b =

−−→
AB. �

�
���
−−→
OB ���� a � b ����� a + b.

�'()����'�� O ���������*��+(��
����������������!)� O ��,��" (!��
1-2). $�#$��!)�
������

� 1-2

��!)�� 
�����!)� ” !%-)� ”. �
��
!�*�����.!� A, B, C, &��"

−−→
AB +

−−→
BC =

−→
AC.

�� 1-3 �''+��#��!)� ” �Æ$,-)� ” �/%
"#� O, A, B !��� a =

−→
OA � b =

−−→
OB, ��� OA � OB �,

0�Æ$,- AOBC, �� a + b =
−−→
OC.

� 1-3
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(1��(����-2.��������)&����(�!
)�/%" ” �Æ$,-)� ” . '
&��(�0"� (� 1-3��
O �) �(���3(��&���!)� O ����).,4��

�� 1.1 ���!)*5�#� �#

(1) +�	# a + b = b + a;

(2) ,�	# (a + b) + c = a + (b + c);

(3) *�Æ a ∈ V, � a + 0 = a;

(4) *�Æ a ∈ V, � a + (−a) = 0.

�� ��!)�+�	���� 1-3 ���!)�!%-)�6�
���

� 1-4 � 1-5

���,�	��� 1-4 6���#

(a + b) + c =
−−→
OB +

−−→
BC =

−−→
OC =

−→
OA +

−→
AC = a + (b + c).

	 a =
−−→
AB. 7�

−→
AA =

−−→
BB = 0, 
��

a + 0 =
−−→
AB +

−−→
BB =

−−→
AB = a;

a + (−a) =
−−→
AB +

−−→
BA =

−→
AA = 0. �

%� 1.3 	 a,b ∈ V. ��
����-)�# a− b = a + (−b).

�� 1-5, 	 a =
−→
OA, b =

−−→
OB, ��

a − b = a + (−b) = (−b) + a ==
−−→
BO +

−→
OA =

−−→
BA.
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�����������!��-���.�������� V *�
��!.-	�/01

1.2 �����8�

��!��������������
��/
�

%� 1.4 � R �*�+�������	 a ∈ V, λ ∈ R. ��
�
λa �*5�#,0�����# (1) ����� |λ||a|; (2) � λ > 0
�� λa � a ����2� λ < 0 �� λa � a ���&2� λ = 0 �
a = 0 ��1
 λa = 0. ����� λa �+� λ ��� a ���3
2�

4�Æ�'������5���� (����) a � b �Æ��
-3�%&��5��+� λ ��� a = λb �4�

�
�!�+�������32���.������6���
� V *��32	���/0��

�� 1.2 +�����32*5�#� �#

(1) 1a = a, (−1)a = −a;

(2) λ(μa) = (λμ)a;

(3) (λ + μ)a = λa + μa;

(4) λ(a + b) = λa + λb.

��  � (1) � (2) �
� 1.4 �6�.5��"�,������
�������
��/) � (3). �� λ, μ� (λ+μ)!���90����� 0,

� � (3) 12�4���$!��65���+���3-74#
(i) λ � μ �72$����� λa + μa � (λ + μ)a �������
��� � (3) �4� (ii) λ � μ :72���'8	 λ � λ + μ �

7�$�� −μ � λ + μ �7�� (i) !�

−μa + (λ + μ)a = (−μ + λ + μ)a = λa.

6 (λ + μ)a = λa + μa,  � (3) ;2�4�
�#��)# � (4). �� λ, a � b �������� � (4)

12�4��#8	��65������� a � b �Æ��%&5
�+� μ, �� b = μa, $�<" � (2) � (3), �

λ(a+b) = λ((1+μ)a) = (λ(1+μ))a = (λ+λμ)a = λa+λ(μa) = λa+μb,
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 � (4) �4������ a � b '�Æ�9 a =
−→
OA � b =

−−→
AB, �−−→

OB = a + b. ���
&6� OA � OB �=����� C � D, �
� −−→

OC = λ
−→
OA = λa,

−−→
OD = λ

−−→
OB = λ(a + b).

� 1-6(a) �� 1-6(b) �
*< λ > 0 � λ < 0 �3-�

� 1-6(a) � 1-6(b)

�� �OAB � �OCD �>*<,�9:�����5!%-�
6

−−→
CD = λ

−−→
AB = λb. ���

λ(a + b) =
−−→
OD =

−−→
OC +

−−→
CD = λa + λb.

 � (4) �)� �

�:�����32���		 � (4)) *<�;�Æ���5!
%-,��9:�
�1

1.3 ���?�

%� 1.5 	 a1, a2,· · · , ar ��>�����&�
;�
� O<�
��$
�������6=&��,6���������� ��
	� �� �����

%� 1.6 	 a1, a2,· · · , ar ��>�����&�
;�
� O<�
��$
�������6=&��@�;��������� �Æ
����

�'()����;��;;"6�;�
� O �,��"�;
�����
;;�

	 a ���5����9 L(a) �
�� a ;��������
������
�� O 0�;�
���$
;���������
�,6� �. ����

L(a) = {λa | λ ∈ R}.
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12�*�Æ b, c ∈ L(a) � λ ∈ R, � b + c ∈ L(a) � λb ∈ L(a). �
�� L(a) �5��� a 4������ V ��� (1 7�) A���

����� a � b *5 b = λa, - a �= 0 �����
b
a

= λ, ��

��+���89 1.2 �'���*�Æ b, c ∈ L(a) � λ ∈ R, �

b + c
a

=
b
a

+
c
a

,
λb
a

= λ
b
a

.

�� 1.3 ���� a � b ;��<3,0�%&'*���+�
λ � μ, ��

λa + μb = 0.

�� 	��� a � b ;���� a = b = 0, �� 1a + 1b = 0. ��
a � b �90�����5���'8	 a �= 0. �� b � a ;��
�%&+� λ, �� b = λa. $�� λa + (−1)b = 0 �4� 3 �
)�&����%&'*���+� λ � μ, �� λa + μb = 0 �4�

��'8	 μ �= 0. �� b = −λ

μ
a, 6 b � a ;��<� �)� �

�� 1.1 �� a � b ';��- λa + μb = 0, � � λ = μ = 0.

	 a� b���';�����9 L(a,b) �
�� a� b ;;�
�����������
��;��
� O ��$
;;����
����@�; σ. 9 a =

−→
OA, b =

−−→
OB. �$ c ∈ L(a,b), %& C ∈ σ

�� c =
−−→
OC. �� a � b ';���6� OA � OB ++��� O.

�� C �
0 OA � OB ��Æ��+ OA � D, + OB � E (!�
� 1-7).

� 1-7

��
−−→
OD �

−→
OA ;��

−−→
OE �

−−→
OB ;��6%&+�* (λ, μ), �

�
−−→
OD = λ

−→
OA = λa,

−−→
OE = μ

−−→
OB = μb. ���!)�=�Æ$,-)
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�>�����

c =
−−→
OC =

−−→
OD +

−−→
OE = λa + μb.

&��*�Æ+�* (λ, μ), ��9 λa + μb =
−−→
OC. ���!)�=�

Æ$,-)�>.+� C � =&�6� OA � OB 
:
��;
��6 λa + μb ∈ L(a,b). ������

L(a,b) = {λa + μb | λ, μ ∈ R}.

�'()�*�Æ c,d ∈ L(a,b) � λ ∈ R, � c + d ∈ L(a,b) �
λc ∈ L(a,b). ��� L(a,b) �';��� a � b 4������ V

��� (2 7�) A���

�� 1.4 	 a, b, c ;;�- a � b ';���%&���+�*
(λ, μ), �� c = λa + μb.

�� ��+B)#�� ���%&��+�* (λ, μ) � (λ′, μ′), �
�

c = λa + μb = λ′a + μ′b,

�� (λ − λ′)a + (μ − μ′)b = 0. 7� a � b ';���.5 1.1 ��
λ − λ′ = 0 � μ − μ′ = 0. ���$/�+�* (λ, μ) %&-��� �

�� 1.5 �� a, b, c;;�<3,0�%&'*���+� λ, μ, ν,
��

λa + μb + νc = 0.

�� /) 3 �	 a, b, c ;;��� a � b ;����89 1.3
!�%&'*���+� λ � μ, �� λa + μb = 0. $�����
λa+μb+0c = 0,  3 �4��� a � b ';���89 1.4 !�%
&+� λ� μ,�� c = λa+μb. 6 λa+μb+(−1)c = 0� 3 ��
4�;)<� �	%&'*���+� λ, μ, ν, �� λa+μb+νc = 0.
���'8	 ν �= 0. $���

c = −λ

ν
a − μ

ν
b.

�� a� b;���'8	 a = ρb,�� c = −(
λ

ν
ρ+

μ

ν
)b. $� a,b, c

;�� ;;��� a � b ';��� c ∈ L(a,b), $� a,b, c �;
;�<� �)� �
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�� 1.2 �� a, b, c ';;�- λa + μb + νc = 0, � � λ =
μ = ν = 0.

%� 1.7 	 {a1, a2,· · · , ar} ��>������� b ��"�

b = k1a1 + k2a2 + · · · krar,

<� {k1, k2, · · · , kr} �+�������� b ���)���> {a1,
a2,· · · , ar} ���� >��
�� 1.6 �� {a,b, c} �';;����������Æ���

�6�����)� {a,b, c} ���� >��
�� &����
�� O 0����;�
�������� a �
b 
@���;� Σ. ;	 d =

−→
OA ������.���� A 0 c

��Æ��+�; Σ � B(!�� 1-8).

� 1-8

���
−−→
OB =&�; σ ��?-��

−−→
BA � d �Æ�����8

9 1.4 !�%&+� λ, μ � ν, ��
−−→
OB = λa + μb,

−−→
BA = νc.

�:��
d =

−→
OA =

−−→
OB +

−−→
AB = λa + μb + νc.

8� d C��)� d = λ′a + μ′b + ν′c, ��

(λ − λ′)a + (μ − μ′)b + (ν − ν′)c = 0.

7� {a,b, c} ';;���.5 1.2 .+ λ = λ′, μ = μ′ � ν = ν′. �
%� 1.8 �������>';;��� {e1, e2, e3} �����

V ��>���
���� V ��>� {e1, e2, e3}, ��Æ�� a ∈ V

����"�
a = a1e1 + a2e2 + a3e3

8



�-"����!D�> (a1, a2, a3) ��� a &� {e1, e2, e3} #�E
@�

��� R3 �
�+�!D�>������& R3 ���
��
#�!)��3	�#

(a1, a2, a3) + (a1, a2, a3) = (a1 + b1, a2 + b2, a3 + b3);

λ(a1, a2, a3) = (λa1, λa2, λa3).

�'()��#�89�4�

�� 1.7 	�� a � b &�>� {e1, e2, e3} #�E@�
�
(a1, a2, a3) � (b1, b2, b3), λ � μ �+����� λa + μb �E@�

(λa1 + μb1, λa2 + μb2, λa3 + μb3).

&�
 V ���>� {e1, e2, e3}<�A�
� 1-1*< φ : V → R3

�##*�Æ�� a ∈ V, 9 a = a1e1 + a2e2 + a3e3 �
�

φ(a) = (a1, a2, a3).

�89 1.7 !�$/
�� 1-1 *< φ F��# �#

φ(λa + μb) = λφ(a) + μφ(b),

������ V � R3 ���� �����G.��$/����
� {e1, e2, e3} �,��"�

1.4 ���	
����

	 A � B ������'���� A, B, C !�;��<3,0
�%&+� t ∈ R �� −→

AC = t
−−→
AB.

>�+� t ���*<6� AB ��� C(!�� 1-9).

� 1-9
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&����
�� O. 7�
−→
AC =

−−→
OC − −→

OA,
−−→
AB =

−−→
OB − −→

OA, �
�B

−→
AC = t

−−→
AB �?��#����B#

−−→
OC = (1 − t)

−→
OA + t

−−→
OB.

��G.��$��B� O ��,��"��������

�� 1.8 ���!� A, B, C ;��-3�%&+� t ��

−−→
OC = (1 − t)

−→
OA + t

−−→
OB.

%� 1.9 	 A, B, C �;��!�'�����
� C �"� A,
B ��9�

(A, B; C) =
−→
AC
−−→
CB

.

4� 1-9 �''+��9 (A, B; C) ��HC=�

(−∞,−1) ∪ (−1, 0) ∪ (0, +∞).

� A � B @
�� C �����9
��/
�� C =&��
AB �>���9 (A, B, C) < 0; � C =&�� AB �?���9
(A, B; C) > 0. �
�� C ��� AB ����-3� (A, B; C) = 1.

��9 (A, B; C) = λ ��4�B
−→
AC = λ

−−→
CB ���'��

−−→
OC =

1
1 + λ

−→
OA +

λ

1 + λ

−−→
OB. (1.4.1)

�#��$+��� 	���
�Æ<"�

� 1.1 	 {A1, A2, · · · , An} ����� n �����&����
.�
�� O, �

1
n

(
−−→
OA1 +

−−→
OA2 + · · · + −−→

OAn)

�������������%&������ M , �*5

−−→
OM =

1
n

(
−−→
OA1 +

−−→
OA2 + · · · + −−→

OAn). (1.4.2)

�'()�������"��� O ��A�� O′, � (1.4.2) ;2
�4�$/� M �� O ��,��"���� {A1, A2, · · · , An} 


10



��/
���� M ��> {A1, A2, · · · , An}�  !. & (1.4.1)�9
O = M , ����

−−−→
MA1 +

−−−→
MA2 + · · · + −−−→

MAn = 0. (1.4.3)

���� {A1, A2, · · · , An} ��I����*5���B (1.4.3) ��
�� M .

����� A � B ��I M @��� AB ����

!%- ABC ��I M 
��!D� {A, B, C} ��I���A
J��B

−−→
OM =

1
3
(
−→
OA +

−−→
OB +

−−→
OC)

$+��� BC ,���� D *5
−−→
OD =

1
2
(
−−→
OB +

−−→
OC), ���

−−→
OM =

1
3
−→
OA +

2
3
−−→
OD.

$�#�M =&!%- ABC ��� AD ��&�"�� O = M , �
�4B!� M �� AD �E���9� 2 : 1 �����/���M
�=&!%-�A>�,����?����E���9� 2 : 1��
�����!%-��I@�!���+��

� 1.2 	 D, E � F �
�!%- ABC �, AB, BC � CA �
�� (!�� 1-10).

� 1-10

��"���))#�#�

Ceva %" !6� AE, BF � CD +����<3,0�

(A, B; D)(B, C; E)(C, A; F ) = 1.
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�� /) 3 �	!,6� AE, BF � CD +��� M . ���

(A, B; D) = λ, (B, C; E) = μ, (C, A; F ) = ν.

�� A, B � D !�;��- (A, B; D) = λ, ��!K (1.4.1) ?�
O = M , ��

−−→
MD =

1
1 + λ

−−→
MA +

λ

1 + λ

−−→
MB. (1.4.4)

7�M, D, C !�;������=�+� x��
−−→
MD = − x

1 + λ

−−→
MC.

�B�B (1.4.4), �������B
−−→
MA + λ

−−→
MB + x

−−→
MC = 0. (1.4.5)

�/���C" (B, C; E) = μ � (C, A; F ) = ν, ����=�+� y

� z, ��
y
−−→
MA +

−−→
MB + μ

−−→
MC = 0; (1.4.6)

ν
−−→
MA + z

−−→
MB +

−−→
MC = 0. (1.4.7)

4 (1.4.5) � (1.4.6) �LC
−−→
MB, 4 (1.4.5) � (1.4.7) �LC

−−→
MA, �

���

(1 − λy)
−−→
MB + (x − λμ)

−−→
MC = 0, (λν − z)

−−→
MB + (xν − 1)

−−→
MC = 0.

7�
−−→
MA,

−−→
MB �

−−→
MC ��Æ��D';��6�

1 − λy = x − λμ = λν − z = xν − 1 = 0.

�:.+
x =

1
ν

, y =
1
λ

, z =
1
μ

, λμν = 1.

��� 3 �)�

&)#<� �D���/E�+�M �AJ�7� λμν = 1, �
���=�5�+� a, b, c, �� λ = b/a, μ = c/b � ν = a/c. �
�
����� O. ��

−−→
MA =

−→
OA −−−→

OM,
−−→
MB =

−−→
OB −−−→

OM,
−−→
MC =

−−→
OC −−−→

OM,

�$
�H����B�B (1.4.5), ����

−−→
OM =

a
−→
OA + b

−−→
OB + c

−−→
OC

a + b + c
. (1.4.8)
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�#��)#<� �	 D, E � F �
�!%- ABC �, AB,
BC � CA ������ (A, B; D)(B, C; E)(C, A; F ) = 1. ���5�
+� a, b � c, ��

(A, B; D) =
b

a
, (B, C; E) =

c

b
, (C, A; F ) =

a

c
.

�F" (1.4.1), ���

−−→
OD =

a

a + b

−→
OA +

b

a + b

−−→
OB.

9 M ����*5���B (1.4.8) �������

−−→
OM =

a + b

a + b + c

−−→
OD +

c

a + b + c

−−→
OC.

���M �=&6� DC ���/���M �=&6� AE � BF
��$/�!6� AE, BF � CD +��� M . <� �)� �

#� 1-1

1. FME a, b, c FFGHNIGGO

λ1a + μ1b + ν1c = 0, λ2a + μ2b + ν2c = 0,

ÆP {λ1, μ1, ν1} H {λ2, μ2, ν2} HFQGIHIJJKKRLÆ
λ1

λ2
=

μ1

μ2
=

ν1

ν2
.

2. F a, b, c, d HMSMELRLÆMTGIHIJJK λ, μ, ν, ω NN

λa + μb + νc + ωd = 0.

3. F O HJKPJUOLRLÆ A, B, C OOHNJPVPLQMTGIH
IJJK λ, μ H ν, NN

λ
−→
OA + μ

−−→
OB + ν

−−→
OC = 0, λ + μ + ν = 0.

4. F A, B, C HRM σ SGHNJOOL O QJKPUOLWJKPUO D
NTRM σ SJPVPLQMTJK λ, μ H ν, NN

−−→
OD = λ

−→
OA + μ

−−→
OB + ν

−−→
OC, λ + μ + ν = 1.

13



5. F O HJKPJUOLRLÆ A, B, C, D TOHMJPVPLQMTGI
HIJJK λ, μ, ν H ω, NN

λ
−→
OA + μ

−−→
OB + ν

−−→
OC + ω

−−→
OD = 0, λ + μ + ν + ω = 0.

6. F P QX O OQJORGHMJME a,b, c HSJRYOMULF M H
P JZ[LVME −−→

OM .

7. F A, B, C, D HJKPTOLF M1, M2, M3 H M4 TUQNV AB, BC,
CD H DA JPOIWPWG\XLRLÆM1M2M3M4 XYURRYTS]I
ZGWJZ[^TS] ABCD JZ[\XL

8. RLÆRMSUR_ n S]JZ[YHÆZQ`J`[L

9. aRT[ 1-10 PObN AE, BF H CD ScUO M . ad (A,B; D) = λ,

(B, C; E) = μ, (C, A; F ) = ν H
−−→
OM = k1

−→
OA + k2

−−→
OB + k3

−−→
OC. VÆ k1, k2, k3.

10. TJKPJUQO S \STYFQO S1 H S2. F S, S1 H S2 JZ[TU
QM , M1 HM2. RLÆM NTNVM1M2 SIZG (M1 , M2; M) = |S2| : |S1|,
ÆP |S1| H |S2| TUQ S1 H S2 POJRKL

11. FOU] ABC [O A, B, C J\eSS]TUH a, b, c. RLÆOU]
ORURTNScUO M , ZG M J]fgX^ME^_`aÆ

−−→
OM =

a
−→
OA + b

−−→
OB + c

−−→
OB

a + b + c
.

12. _[ 1-11 `aID, E, F TUQOU] ABC JORS AB, BC H CA S
JOLbhMEJ^bRLMenelaus cVÆ(A, B; D)(B, C; E)(C,A; F ) = −1.

[ 1-11
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§2 ���$�.%�&'�

2.1 ���$�

	 a � b �������5����� < a,b > ��� a � b �
��W%�

%� 2.1 �� a � b 5����
���� $� �

a · b = |a||b| cos < a,b > .

�� a � b ������������W%'c:
�$���1

?2 a · b = 0.

����*5 a · b = 0 ����� a � b d6��� a ⊥ b.

	 e ����A����� 2-1 ����Æ�� a ∈ V 6����
�)�

a = ae + a⊥
e , (2.1.1)

<� ae ‖ e, a⊥
e ⊥ e. ��� (2.1.1)��� a"� e�i+�)�� ae

���� a "� e �d�ej�� a⊥
e ��� a "� e �d6ej�

� 2-1

�� b = be + b⊥
e ��� b "� e �i+�)���

a + b = (ae + be) + (a⊥
e + b⊥

e ).

�� (ae + be) ‖ e, (a⊥
e + b⊥

e ) ⊥ e, 6�

(a + b)e = ae + be, (a + b)⊥e = a⊥
e + b⊥

e . (2.1.2)

���������d�ej�����d�ej��2�����
�d6ej�����d6ej���:>�4� 1-12 ����

ae = (|a| cos < a, e >)e = (a · e)e. (2.1.3)

15



�� 2.1 ���?2*5�# �#

(1) a · b = b · a;

(2) a · a = |a|2;
(3) (λa) · b = λ(a · b);

(4) (a + b) · c = a · c + b · c.

��  � (1) � (2) �?2�
�')k#�

��/) � (3). '8	 λ, a � b 65��� λ > 0 ���

(λa) · b = λ|a||b| cos < λa,b >= λ|a||b| cos < a,b >= λ(a · b);

� λ < 0 ���

(λa)·b = |λ||a||b| cos < λa,b >= (−λ)|a||b| cos(π− < a,b >) = λ(a·b).

6 � (3) �4�

�#��)#?2���	 (4) �4�	 a, b � c ��.���
���+� λ��A�� e, �� c = λe. *F" (2.1.3)<" � (3),
����F"

ae · e = a · e.
C"$�F"��X (2.1.2) � (2.1.3) �����

(a+b) ·e = (a+b)e ·e = (ae +be) ·e = [((a ·e)+(b ·e))e] ·e = a ·e+b ·e.

�,�3� λ, A�� � (4). �

�#��$+��?2��
<"�

� 2.1 	!%- ABC !�% A, B, C 
*<�,��
� a, b,
c. 9 a =

−−→
CB, b =

−→
CA, c =

−−→
AB. 7� c = a − b, ?-

a · b = |a||b| cos <
−−→
CB,

−→
CA >= ab cosC,

��C"?2���	��

c2 = c · c = (a− b) · (a− b) = |a|2 + |b|2 − 2a · b = a2 + b2 − 2ab cosC.

$i�!%-�lf
�� �

16



� 2.2 	!%- ABC ��,e BD � CE +��� O. ���
−→
OA = a,

−−→
OB = b,

−−→
OC = c.

��
c · (b − a) = c · −−→AB = 0, b · (c − a) = c · −→AC = 0.

�������

a · −−→BC = a · (c − b) = b · (c − a) − c · (b − a) = 0.

$/��)#$#�.!%-!e+���� �
%� 2.2 �����d6��A�� {e1, e2, e3} �������

Ai+��

�� 2.2 	 {e1, e2, e3} �������Ai+���*�Æ��
�� c �

c = (c · e1)e1 + (c · e2)e2 + (c · e3)e3. (2.1.4)

�� 7� e1, e2, e3 ';;���Æ�� c 6��)�

c = λe1 + μe2 + νe3.

�B�,�
� e1, e2 � e3 m?2�?C"?2���	�����
λ = c · e1, μ = c · e2 � ν = c · e3. �.

�� 2.3 	 {e1, e2, e3} ��������Ai+�1	�� a,b
&$>�#�E@�
� (a1, a2, a3) � (b1, b2, b3). ��

a · b = a1b1 + a2b2 + a3b3. (2.1.5)

�� 7�

e1 · e1 = e2 · e2 = e3 · e3 = 1, e1 · e2 = e1 · e3 = e2 · e3 = 0, (2.1.6)

��C"��	��

a · b = (a1e1 + a2e2 + a3e3) · (b1e1 + b2e2 + b3e3) = a1b1 + a2b2 + a3b3.

�

2.2 ���%�

	 {a,b, c} ����� V ��>�����
��;��
� O.
��� 2-2 ����#��3- ��-3���3-74#
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(1) ����nghoo� a ����ioo� b �������k
2���oo� c ���2

(2) ����pghoo� a ����ioo� b �������k
2���oo� c ����

� 2-2

��3- (1) 74����� {a,b, c} �ng6��	@Y�2�
�3- (2) 74����� {a,b, c} �pg6�	@Y��
��G.���>��ng6.�pg6�������jZkq

[l�"���'()��� {a,b, c}�ng6�� {b, c, a}� {c, a,b}
.�ng6�� {b,a, c}, {a, c,b} � {c,b, a} ��pg6�
%� 2.2 	 a, b ������������ a � b �Æ���1


 a × b ������� a � b '�Æ���
��� a × b �*5
�#,0�����#

(1) a × b � a,b 6d62

(2) {a,b,a × b} ����ng6�@Y2
(3) |a × b| = |a||b| sin < a,b >.

����� a × b � a � b �>2�

	 e ��A�����&����
�� O, �%&���@� O
�?� e d6��; Σ. *�Æ��� e d6��� a, %& Σ ��
��� A, �� a =

−→
OA. ��� O ���I���

−→
OA nr 90◦, �

����� ρe(a)(!�� 2-3).

� 2-3

18



12��� ρe(a) � O ��,��"�	 a � b �=& e d6�
; Σ �������f\�Æ$,-)�� a+b �=&�; Σ ��
7� ρe �s��Æ$,-nr 90◦, 4� 2-3 ���

ρe(a + b) = ρe(a) + ρe(b). (2.2.1)

�� 2.3 	 e ��A��� a ��.��� a⊥
e ��� a "� e

�d6ej���
e × a = ρe(a⊥

e ), (2.2.2)

<� a⊥
e ��� a "� e �d6ej�

�� �� a � e �Æ�� e × a = 0 = ρe(a⊥
e ), 89�4��� a �

e '�Æ�� e × a � ρe(a⊥
e ) 6d6� e � a. ��

|e × a| = |a| sin < a, e >= |a⊥
e | = |ρe(a⊥

e )|,

?- {e,a, ρe(a⊥
e )} ��ng6��>�6 e × a = ρe(a⊥

e ). �

�� 2.4 ���>2*5�#� �#

(1) a × b = −b× a;

(2) (λa) × b = λ(a × b);

(3) (a + b) × c = a × c + b× c.

�� �� a � b �Æ�� � (1) � (2) 12�4��� a � b '
�Æ��'() a × b � −b× a, (λa) × b � λ(a × b) ������
����6 � (1) � (2) ��4�

�� )# � (3). ��A�� e �+� λ �� c = λe. C"
(2.2.2), (2.1.2), (2.2.1) � � (2) ����

c × (a + b) = λe × (a + b) = λρe((a + b)⊥e ) = λρe((a⊥
e + b⊥

e )

= λ(ρe(a⊥
e ) + ρe(b⊥

e )) = λ(e × a + e × b) = c × a + c× b.

tC" (1), ���� � (3). �.

�� 2.5 	 {e1, e2, e3} ���������ng6��Ai+
��	�� a � b &$>�#�E@�
� (a1, a2, a3) � (b1, b2, b3).
��� a × b &$>�#�E@�

(a2b3 − a3b2, a3b1 − a1b3, a1b2 − a2b1).
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�� 7� {e1, e2, e3} �ng6��Ai+����

e1 × e2 = e3, e2 × e3 = e1, e3 × e1 = e2. (2.2.3)

C"89 2.4 ����

a × b = (a1e1 + a2e2 + a3e3) × (b1e1 + b2e2 + b3e3)

= (a2b3 − a3b2)e1 + (a3b1 − a1b3)e2 + (a1b2 − a2b1)e3. (2.2.4)

�

�� 2.6 	 a, b � c �����!������

(a × b) × c = (a · c)b − (b · c)a.

�� �+� λ ��A�� e1, �� c = λe1. ����� e1 d6�
�A�� e2, ?9 e3 = e1 × e2. � {e1, e2, e3} ��������ng
6��Ai+��9 a = a1e1 + a2e2 + a3e3 � b = b1e1 + b2e2 + b3e3.
C" (2.2.4) ����

(a × b) × e1 = (a1b2 − a2b1)e2 − (a3b1 − a1b3)e3.

��6�]������

(a · e1)b− (b · e1)a = (a1b2 − a2b1)e2 − (a3b1 − a1b3)e3 = (a × b) × e1.

&�"�,3� λ, ��Am�$89�)#� �

2.3 ���'�

%� 2.3 	 a, b, c �!�������

[a,b, c] = (a × b) · c

�����2�

�� 2.7 	 {e1, e2, e3} ������ng6��Ai+@Y�	
�� a,b � c &$>@Y#�E@�
� (a1, a2, a3), (b1, b2, b3) �
(c1, c2, c3). ��

[a,b, c] = a1b2c3 + a2b3c1 + a3b1c2 − a1b3c2 − a2b1c3 − a3b2c1. (2.3.1)
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�� �89 2.5 ����

a × b = (a2b3 − a3b2)e1 + (a3b1 − a1b3)e2 + (a1b2 − a2b1)e3.

�� c = c1e1 + c2e2 + c3e3 �C" (2.1.5) 6�]������F"
(2.3.1). �
�$�A
����
�ÆZ"∣∣∣∣∣∣

a1 b1 c1

a2 b2 c2

a3 b3 c3

∣∣∣∣∣∣ = a1b2c3+a2b3c1+a3b1c2−a1b3c2−a2b1c3−a3b2c1. (2.3.2)

�'()�ÆZ"*5�# �#
(1) �����ÆZ"����Z*���ÆZ"3(��g7#∣∣∣∣∣∣

b1 a1 c1

b2 a2 c2

b3 a3 c3

∣∣∣∣∣∣ =

∣∣∣∣∣∣
c1 b1 a1

c2 b2 a2

c3 b3 a3

∣∣∣∣∣∣ =

∣∣∣∣∣∣
a1 c1 b1

a2 c2 b2

a3 c3 b3

∣∣∣∣∣∣ = −
∣∣∣∣∣∣
a1 b1 c1

a2 b2 c2

a3 b3 c3

∣∣∣∣∣∣ . (2.3.3)

(2) �����ÆZ"��Z^Æ_���ÆZ"'h#∣∣∣∣∣∣
a1 b1 c1

a2 b2 c2

a3 b3 c3

∣∣∣∣∣∣ =

∣∣∣∣∣∣
b1 c1 a1

b2 c2 a2

b3 c3 a3

∣∣∣∣∣∣ =

∣∣∣∣∣∣
c1 a1 b1

c2 a2 b2

c3 a3 b3

∣∣∣∣∣∣ . (2.3.4)

(3) ÆZ"*>�@
�Z�� ���i�Z�:����#∣∣∣∣∣∣
λa1 + μb1 c1 d1

λa2 + μb2 c2 d2

λa3 + μb3 c3 d3

∣∣∣∣∣∣ = λ

∣∣∣∣∣∣
a1 c1 d1

a2 c2 d2

a3 c3 d3

∣∣∣∣∣∣ + μ

∣∣∣∣∣∣
b1 c1 d1

b2 c2 d2

b3 c3 d3

∣∣∣∣∣∣ . (2.3.5)

(4) �ÆZ"�Zh�Æ��ÆZ"'h#∣∣∣∣∣∣
a1 b1 c1

a2 b2 c2

a3 b3 c3

∣∣∣∣∣∣ =

∣∣∣∣∣∣
a1 a2 a3

b1 b2 b3

c1 c2 c3

∣∣∣∣∣∣ . (2.3.6)

C" � (4) ���!��ÆZ"� � (1), (2) � (3) *Æ0h��
��/�4�

� (2.3.1) �ÆZ"�
������

[a,b, c] =

∣∣∣∣∣∣
a1 b1 c1

a2 b2 c2

a3 b3 c3

∣∣∣∣∣∣ . (2.3.7)
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C" (2.3.7) �ÆZ"��� ����6����#89�

�� 2.8 ����2*5�# �#

(1) &� # [b,a, c] = [c,b, a] = [a, c,b] = −[a,b, c];

(2) _�*� # [a,b, c] = [b, c, a] = [c, a,b];

(3)*>�h���  �:�#[λa+μb, c,d] = λ[a,b, c]+μ[b, c,d].

�� 2.1 !��� a, b, c ;;�<3,0� [a,b, c] = 0.

�� /) 3 �	 a, b, c ;;��<��������"�A>
������ >��'8	 c = λa + μb. 7� a×b � a � b 6d
6�
�

[a,b, c] = (a × b) · c = (a × b) · (λa + μb) = 0.

6 3 �4�:>�*!�';;��� a, b, c ��{a,b, a×b}
��������>��6�� c �
��"� c = λa+μb+ νa×b
�-"�<� ν �= 0. $� �

[a,b, c] = (a × b) · c = ν|a × b|2 �= 0.

����� [a,b, c] = 0, � a, b, c  ;;�6<� ��4� �

�#��`j���2��Æ.��	 {a,b, c}�!�';;��
���������������Æa;� (!�� 2-4).

� 2-4

���>2�
���

a × b = |a||b| sin < a,b > ξ,
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<� ξ ���� a, b d6��A���?- (a,b, ξ) ����ng
6����

(a × b) · c = |a||b| sin < a,b > (ξ · c).
�� |a||b| sin < a,b > ��� a � b 4���Æ$,-;2��
h = |ξ ·c|��Æa;��e�6#� {a,b, c}�ng6@Y��ξ ·c > 0,
$� [a,b, c] @� (a,b, c) 
����Æa;���2 V	k;23

e�2� {a,b, c} �pg6@Y�� ξ · c < 0 �$� [a,b, c] = −V .

��G.��i���89 2.8 �� � (2) �4���!���
�Æa;��!�=k;23e>��H���

�� 2.9 *�.�$�����#� Lagrange F"

(a × b) · (c × d) = (a · c)(b · d) − (a · d)(b · c).

��#��2�_�*� X89 2.6, �

(a × b) · (c × d) = [a × b, c,d] = ((a × b) × c) · d

= ((a · c)b − (b · c)a) · d = (a · c)(b · d) − (a · d)(b · c).
�

2.4 ��u�()Æ*+,���

����n;���*�-vb��Æ*w�	 S2 ������
��An;����I& O ��n; S2 ��>���6*<�"�
�I O �*�� P ′. P ′ �� P �*c��

	 P , Q � S2 ���5*c��� P � Q ��/
��-xd
� ��� P � Q =& � ��$�-xd� O,P ,Q !�
:
��;
� S2 �+������-xd'��n;��=6�>��n;��
��5*c���:
n;���,=6�>�

� 2-5(a) � 2-5(b)
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� 2-6

n;��Æ�,-xd�
�+���*c���!�l�-xd
���!%-��n;!%-�	 ΔABC ���n;!%-��$!
�-xd�A>!�+�� A′ �B′ � C′ ������ ΔABC *�
�n;!%- ΔA′B′C′ 	!�� 2-6 ��
���l�-xd ÂB, B̂C � ĈA ����
� a, b � c. ��"

����7 A "�-xd ÂB � ÂC 
&�;���W%�-2�
B �-xd B̂C � B̂A 
&�;���W%�-2�� C �-xd
ĈA � ĈB 
&�;���W%�-2�

%" 2.1 n; ΔABC �;2 Δ = A + B + C − π.
�� � A ����-xd+���*c� A � A′. 7�s��A
n;�;2� 4π �
�$��+%� A �-xdl#���=oe
p>l��;2� (A/π) · 4π = 4A. ��G.�� A %���=oe

p>� B %���=oep>� C %���=oep>�&�
�@
fmnn;!%- ΔABC � ΔA′B′C′ �!o��mnn;�<l�
l��o�����

4A + 4B + 4C = 2Δ + 2Δ′ + 4π.

�� ΔA′B′C′ � ΔABC �;2���6 Δ = A + B + C − π. �
�� 2.2 n;!%-�?%�-� π.

%" 2.2 	 ΔABC �n;!%-�% A � B � C 
*<�!,
,��
� a, b � c. ���#

(1) if
�#
sina

sin A
=

sin b

sin B
=

sin c

sinC
;

(2) lf
�# cos c = cos a cos b + sin a sin b cosC.
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�� 	
−→
OA = a,

−−→
OB = b,

−−→
OC = c. � a, b, c ��A���

� 2-7

4� 2-7 �����#�W%F"

< a,b >= c, < b, c >= a, < c, a >= b; (2.4.1)

< a×b,a×c >= A, < b×a,b×c >= B, < c×a, c×b >= C. (2.4.2)

��/)if
���89 2.6, ����

(a × b) × (a × c) = [a,b, c]a;

(b × a) × (b × c) = [b, a, c]b;

(c × a) × (c × b) = [c, a,b]c.

�:.+

|(a × b) × (a × c)| = |(b × a) × (b× c)| = |(c × a) × (c × b)|. (2.4.3)

� (2.4.1), (2.4.2), (2.4.3) ���>2�
������

sin c sin b sinA = sin c sin a sinB = sin b sina sinC.

if
��)�

�#��)#lf
��� Lagrange F"����

(c × b) · (c × a) = (c · c)(a · b) − (c · b)(c · a). (2.4.4)

�W%F" (2.4.1), (2.4.2), (2.4.4) �?2�
������

sin a sin b cosA = cos c − cos a cos b.
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���lf
��)� �
C"n;!%-�;2F"���)#�#�

%" 2.3	qgF"� 	r�;� P D���� v, h����
e �;���� f ��� v − e + f = 2.
�� �;��>�;��,-��,*%����,-�E���
�,-�$�h�;�y!����D���'h�
� v − e + f '
h�C"*%�����;��>�;�E�!%-�� v − e + f i
�ph��������'88
�;� P �
�;�!%-���
& P �?l��� O �9 S2 �� O ��I��An;�C"� O
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#� 1-2

1. bhMEbRLÆRYTS]TSJR^Hsc\UNJR^HL

2. bhMEbRLÆOU]OPN]tJR^HscOS]tR^HJ 3/4.

3. F a, b, cHORGHMJMELRLÆ_jME d GO d·a = d·b = d·c = 0,
W d uHIMEL

4. FTMU ABCD JF\\kl\vbLbhMEbRLÆTMUJmU\
\kzvbIZGO\\k]tJR^H\sL

5. F A1A2 · · ·An HUR_ n S]L
(i) RLME^_ −−−→

A1A2 +
−−−→
A2A3 + · · · −−−→AnA1 = 0.

(ii) nh (i) oRLX^psu

1 + cos
2π

n
+ cos

4π

n
+ · · · + cos

(2n − 2)π

n
= 0;
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sin
2π

n
+ sin

4π

n
+ · · · + sin

(2n − 2)π

n
= 0.

6. RLÆ\MSME a, b, c, X^J Jacobi psuYqÆ

(a × b) × c + (b × c) × a + (c× a) × b = 0.

7. RLÆ |[a, b, c]| ≤ |a||b||c|, GsuYqwGrw a, b, c l\vbIs{Æ
P|URHIMEL

8. RLÆ

(a × b) × (c× d) = [a, b,d]c − [a,b, c]d = [a, c,d]b − [b, c, d]a.

9. RLÆ\MSME a, b, c, d, |

[b, c,d]a + [c,a,d]b + [a,b, d]c + [b, a, c]d = 0.

10. F a, b, c HORGHMJMELRLÆMtME d uTvYH

d =
[d, b, c]

[a, b, c]
a +

[a, d, c]

[a, b, c]
b +

[a,b,d]

[a,b, c]
c.

11. F a, b, c H a, b, c HMSJFQMELRLÆ

[a × a, b × b, c × c] = [a, b,b][a, c, c] − [a, c, c][a, b,b].

12. RLÆ_j a, b, c HMIW a × b, b × c, c × a zHML

13. RLÆ_j (a,b, c) QURxwIW (a× b, b× c, c× a) QUR}vwx
wL

14. F a, b, c HORGHMJMELRLÆxcME x J^_Q

x · a = λ, x · b = μ, x · c = ν,

|xUvIH
x =

λb × c + μc × a + νa× b

[a, b, c]
.

15. bhqUytJ^bRLÆTMUJTRyzMz{|}\sK

16. RLÆTyMS~`{zÆb|~� α UIN�J{}|MzH 4α. (}
aÆ~~� a = 2πq J�]IÆP q H|VK)
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