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1. % f,g: X =Y B@&Egmyt, Hrfb Y 2 Hausdorff 23[A]. JiEH

.
Proof. A:={z € X |f(z) =g(x)} is the compliment of B := {x%

that B is open. For any = € B, f(x) and g(z) are distinct and hencé ha
and V since Y is hausdorff. W = f~1(U)N g1 (V) is an open nei

f(z) €U and g(z) € V,so f(z) # g(z) and z € B. We have z
is open and A is closed.

2. 38 X BrERyIaihaE (B X RS E 2 vl 5H)

(z)} & X hif

. It suffices to show
 open neighborhoods U
WFor any z € W, we have
ence z € B°. It follows that B
O

W

B, W X 2 IERASE.

, the open subset B¢ contains x. Since
C B¢. Since A is (at most) countable,

Proof. Let A and B be disjoint closed subsets in X. For any x in
X is regular, there exists an open neighborhood U o that
we have countably many open subsets Uy, Us, - - - gucll t

ACGUn, ¢

n=1

By same arguments, there are countably open subsets V;, V5, - -+ such that

We then have the collection of op

U’ and similarly B CV := U v

n=1

If U NV is nonempty/and

Remark. One may, t to show that X is second countable, and then apply Lindelof theorem to show the
normality of X. However, a countable topological space is not necessarily second countable. For example,
the one point compactification of rationals is not second countable, and it is even not first countable.
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3. WL 157 — S? X Vo € SR f(x) # f(—x), W f 25T,

Proof. Suppose, on the contrary, that f is not surjective. Let zq € S?\ f(5?). The gt
p through x( gives a homeomorphism from S? \ {zy} to E2. Since f(S?) C
is well-defined and continuous. The Borsuk-Ulam theorem implies that there
po f(x) = po f(—x). Since p is a homeomorphism, this implies that f(z)
assumption that f(z) # f(—x) for all z in S%. Hence f is surjective.

4. T E ERLI R n SRR BRI AS T

ographlc projection

Proof. Let X be the compliment of n distinct lines through the origi otopy

H(w,t) = (1= 1) [|l] +t)

gives a strong deformation retraction of X to the unit sphere
the intersections of the lines with the unit sphere, and thé&“dé
the origin.

by 2n — 1 elements. O

5. 8 X ={a,b,c,d}, BN M HIMEA LA

UERH X T8 RIS BRI
Proof. Define -
a, 0<t<l,
t) =
b =0
alt) =<3 " ’
c 0O0<t<1.
<t<l,
alt) = c, 0 <
d, t=1.

a 0<t<£1.

oft) = {d, t=0,

{a} | {c} [{a,b,¢} | {a,c.d}
a|[0,1) 0 0,1] [0,1)
e I N (2 A (R A I B (U
v 0 p0,.1) | 0,1 | (0,1
5 1(0,1] 0 (0,1] [0, 1]




It follows that X is path connected.

The loop «a.3.77.9 is not null homotopic, but it is not easy to prove. We prove thgnontriviality of 7 (X)
via covering spaces.

Define X = {an, b, Cn,y dyp | n e Z} with topology induced by the basis — #*,

{{an} ) {Cn} 3 {&n, bn7 Cn} 9 {Cn—la dn—17 an} n ez

By the same reason as above, X is path connected. The function p : X with

plan) =a, p(b,) =0, plcy) =c, pldn
is surjective and continuous. pis actually a covering space. It is regu
j

By the classification
of covering spaces, we have Z =~ D(X) = N(H)/H, where H = In particular, the
normal closure N(H) of H is nontrivial, which implies 7 (X )qi ntriv al. erefore X is not simply
connected. O

Remark. A further argument can show that X is contracti niversal cover of X, and hence
m(X) 2 Z. X is actually the identification space of S by/setti ~ (x1,1y1) if they are equal or
1y1y2 > 0. However, it is not a quotient space of a CW compléx by a subcomplex. X does not satisfy the
T, axiom.

6. UEH 277 AN T° k= H
Proof. Suppose there is a covering map p : 277 — n p, i 7 (27%) — 7 (T?) is injective. We have

m(2T7?) = (ay,b1, az, by | la1, by = m(T) 277
-

which is a free group of 2 generators. Thi impliesjthat mo(27?) is not abelian. Since 71(7%?) is abelian
and any subgroup of an abelian group is aN e exists no injective homomorphism from 7 (272) to

ective homomorphism. Hence there exists no covering map from
O

= b

Bt 2o = p(v)- Aﬂ m(STV StV St mo) = (a,b, ) FITFHE H = po(mi(X,v)) A HERIT, FH4aH
H {)S A REL A PE



Proof. A properly chosen neighborhood of X can (strongly) deformation retracts to X and to a wedge of
7 circles. It follows that X is homotopy equivalent to a wedge of 7 circles, whose fundamental group is the

group freely generated by 7 generators. As based loops in X, they are given by th@ fgllowing paths:
o

b,a tba, aba™t, a?, ac, ca, acta

Hence
H = <b a 1ba aba™! a , ac, ca, ac a>

of Stv Stv St
gure above. The rotations
hé'r ions can take v to any

e a normal subgroup of
N

H is a subgroup of (a, b, ¢) of index 3, because X is a 3-sheeted co

There are covering transformations of X consisting of rotations by, 2
preserves the labeling, and hence they commutes with the covering %
other vertex, and hence p : X — St Vv S§* Vv St is regular covering. Ther
(a,b,c).
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m:GxG— G,

1:G— G,
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a

) # {e} & G WPTE, uEW G /2 Hau
b) IEW] 1 (G) 2AHRAE

(
| \(
Proof. Let A= {(g,h) € Gx G|g=h} be t%a diagonal in G & G. For any ¢, h € G, we have

g=h < 1 Ji(h)) =e

Hence H)
is a closed subset of G x G since 1 x ¢ and mmh continuous. It follows that G \ A is open. For any

distinct g and h in G, we have (g, (G x G) \ A. By the product topology, there exists open subsets
U and V of G such that (g, h) X G\A. EUNV #0, then (UxV)NA#(D. U and V are
disjoint open neighborhood of ¢ G is Hausdorff.

Let a and 3 are two loops at e.

Define

—

x [0,1] — G, H(t,s) =2t —s)o B2t +s—1)

Then H is a1 topy from «a.f to 5.a. Hence (G, e) is abelian.
If G is path ¢ , m(G) does not depends on the choice of the basepoint and hence 7(G) is
abelian. If G is n th connected, then any path component is homeomorphic to the one containing e

and the conclusion follows. O]



Remark. The homotopy is the product of two homotopies illustrated in the following figure
Q g

S=1 7 S=1 7

s=0 & s=0

There can also be other relative homotopies between .5 and S.qq as illustrated in the following figure,
in which a point (z,y) in the unit square represents a(x) o 3(
e > e €. p €

e

~-

The first homotopy is

Hl(S,t) =

and the second homotopy is

o= O
V/AN/AN
~
V/AN/AN
= i

interval [0, 1] and hen
continuous function f :

i Hausdorff By the Tietze extension theorem, we can extend A to a
= h~!o f is then a contraction of E? to A. Since E? is contractible,

Z x [0, 1] — E?, F(z,t) = (1 —t)x +tr(x)
is the desired Ihdeformation contraction from E? to A. O

Remark. T action can also be obtained as an extension of the map

: t=0 €A,
C\F:X B, Fat)={" ore
r(x), t=1.

on the closed subset\i2 x {0,1}) U (A x [0,1]) C E? x [0,1] by another appeal of the Tietze extension
theorem.



