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1. Example 1: Takex = 1 andchar(k) = 0, thenQ C k. Then the functoZ: </lg;, — et
defined byZ(A) = Z is a constant functor. It is a subfunctor.ef!, butZ is not an affine variety.
In fact if Z is an affine variety, then there exists an intege 1 and an ideal of k[11,T5,...,T,)]
such that

Z(A) = Homy (k[T1, T, ..., To] /1, A)
forall A € /lgy. TakingA = k[T1,T>,...,T,]/1, we have

Z(A) = Homy (k[Th, Ty, ..., T,) /I, k[Th, Ts, ..., T, /1) £ Z) .
2.1f n =1, then(S) = (5'). SoS andS’ define the same algebraic varieties.
If n =2, we have
o1(z1,2:) =Th +To € 5
SNS' 301 (T1T)? = a3 + 23 — 2x129
i 4 e (S)N(8) <= 2z115 € (S)N(S)
o char(k) #2, (S)=(9)
By induction, we can prove thatihar(k) > n — 1, then(S) = (5").

3. Note that
T3TE +TF + T3 + To + ThTo = T3 (T + To) + (17 + To) + ToTh € (T7 + T, Th)
and
T2+ T2 +T) = To(T? + 1) + Ty € (T2 + Ty, Th)
So we have

(T3TE + TP+ T3 + To + T Ty, TyTE + T3 + T1) C (T2 + To, Th)
Conversely, we have
TETE 4 T2 4T3 + To+ Ty — (T2 + T2+ T T =T + Ty € (T3TE + T2+ T35 + To + Th Ty, ToT? + T3 + 1
Ty = (T2 + T2 +T)) —T(TE +Ty) € (T2T? + T2 + T3 + Ty + T T, ToT2 + T2 + 1)

4. If X C A} and X’ C A} are two varieties, then there exists two ideals
I(X) C klx1, 29, ..., 2, @andI(X") C kly1,y2, - - ., ym) Such that

X(K) = Homg (k[z1, z2,...,2,])/I1(X), K)
X'(K) = Homg (k[y1, Y2, - - -, ym] /T(X'), K)
Thus
X(K) x X'(K) = Homy(k[z1, 22, ..., 2,])/1(X), K) x Homg(k[y1,y2, ..., ym]/I(X), K)
So we have only to prove that there exists a bijective of
X(K) x X'(K) = Homg(k[z1, 22, ..., 25)/1(X), K) x Homy(k[y1, y2, - - -, ym]/I(X"), K)

to
Homy (k[x1, T2, - s Ty Y1, Y2, - - - Y] / (LX), [(X")), K) ,
ie.,
X(K)x X'(K)=Sol(I(X)UI(X"),K).



5.SinceX andX' are two subvarieties oA}, there exists ideals(X ), I(X') C k[z1,z2,. .., 4]
such that

X(K) = Homy(k[z1, 22, ..., 2,)/I1(X), K) = Sol(I(X), K)
X'(K) = Homg(k[x1, xa, ..., 2] /I(X"), K) = Sol(I(X"), K)

X(K)nX'(K) = Sol(I(X), K) N Sol(I(X"), K)
= Sol(I(X)UI(X"),K)
= Homy, (k[z1, 22, ..., z,)/(I(X), [(X)), K)
but the functork’ — X (K) U X'(K) is not a subvariety oA}

For example také = Q, n = 1, let X be the affine variety associated to the equatioa 1, and
X' be the variety defined by = 0. If (f(x)) is the ideal defined by the functéf — X (K)UX'(K),
then

X(K)U X'(K) = Homg(k[z]/(f(z)), K)
Now we letK = Q x Q be aQ-algebra. Then
X(K)UX'(K) = Homg(k[z]/(f(2)),Q x Q)
= Homg(k[z]/(f(2)), Q
= (X(QUuUX'(Q) x (X(QuUX'(Q)
={0,1} x {0,1}
= {(07 0)7 (07 1)7 (170)1 (17 1)}
But
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=
!

Homg(Q[z]/(x), Q) = {(0,0)}
Homg (Q[z]/(z —1),Q x Q) = {(1,1)}

>
=
!

a contradiction.
6. = is easy.
<. Note that
Sol(S, k) = Homy (k[T]/(S), k)
Sol(S’, k) = Homy (k[T]/(S"), k)

SincesS, S’ are two system of linear equations oweandSol(S, k) = Sol(S’, k), there is an invertible
linear transformatiord such thatS = L(S’). So(S) = (). (This is the linear algebra).

§2

1. SinceT? = T3 in A, we havel? /T3 = T,. HenceTy /T, is contained in the quotient field of
A.ButTy /Ty # A. Ty /T is integral overA, sinceT} /T satisfies the equatior? — T, = 0.
6. We have

{(21,22) € C| |z1]? + [22]* = 1} zar = C*
Let z; = 1 + y1i andze = 29 + y + 2i. Then the equatiofr |2 + |22|? = 1 becomes

By sty =1,



3

which is a 3-dimensional sphere. But any polynomjfdk,, z2) is equivalent to a system of
polynomials

Q(x1,y1,72,92) =0

which is a 2-dimensional geometrical object. [Sg? + |z2]2 = 1., is not contained in the proper
algebraic set of2.

{P(ﬂfhyl,ﬂf%?ﬂ) =0

§3

2. In fact the coordinate ring of the variety defined by the polynomigl— 1 = 0 is
klz,yl/ (xy — 1) = kla, 1] 2 k[z].

3.Im(f) = AZ(K) — {(0,y) | y # 0} open dense.
4. Homy,(k[z], k[z]) = K*.

5. Note that
O(X) = k[T]/1(X)
OY) = k[T]/1(Y)
X = Homy,(k[T]/1(X), )
Y = Homy (K[T]/1(Y),.)
X xY =Homy (k[T)/1(X) @k k[T]/1(Y), )
SLOX X Y)=0(X) @, 0Y)

6. Let k[u;;] be a polynomial ring witt? indeterminate§;; | 4,7 = 1,2,...,n}. Then

K — GL,(K) = Homy(k[u;j, T)/(det(pi;)T — 1), K)

It is enough to prove that for any = (a;;) € GL,(K), we can define a homomorphism
oa: ki, T) — K, pij — a;; andT — det(A)~!,

which induces a homomorphism

¢ kluij, T1/(det(pi )T — 1) — K
Conversely we have a matrix(7;;)) such thatet(o(T;;)).
- @(T) = (o(T35)) € GLn(K)



