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½½½ÂÂÂ

�A,B�ü�8Ü§e�3lA�B�V�¼ê§K¡A�B´�³�§

P�A ≈ B"

~~~

�Nó = {n | n ∈ N ∧ n�óê}§NÛ = {n | n ∈ N ∧ n�Ûê}§N2n =

{x | x = 2n ∧ n ∈ N}§KN ≈ Nó§N ≈ NÛ§N ≈ N2n"

)))µµµ�f : N→ Nó§∀n ∈ N§f (n) = 2n¶g : N→ NÛ§∀n ∈ N§g(n)
= 2n + 1¶h : N→ N2n§∀n ∈ N§h(n) = 2n"´�f , g , hÑ´V�¼
ê§Ï

N ≈ Nó, N ≈ NÛ, N ≈ N2n .
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(1)Z ≈ N¶(2)N× N ≈ N¶(3)N ≈ Q¶(4) (0, 1) ≈ R¶(5) [0, 1] ≈
(0, 1)"

yyy²²²µµµ(1) �f : Z→ N§�∀n ∈ Z§

f (n) =


0, n = 0

2n, n > 0

2|n| − 1, n < 0

w,f´Z�N�V�¼ê§¤±Z ≈ N"
(2) �f : N× N→ N§∀i , j ∈ N§f (〈i , j〉) = (m+n)(m+n+1)

2 +m´N× N
�N�V�¼ê§�N× N ≈ N"
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(3) Ï�?ÛknêÑ�±L«�©ê§Ï§é?¿n ∈ N−{0}§�
Ñm

n§m ∈ Z§�eã"l¥éÑ�NQ�©ê§§�L«Ñ
�Nk
nê§Uã¥¤«´�òg,ê��Nknê��éAå5§=∀n ∈
N§f (n)�[n]�>�knê§´�f´V��§¤±N ≈ Q"
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(4) f : (0, 1)→ R§∀x ∈ (0, 1)§f (x) = tanπ( 2x−12 )§Kf´(0, 1)�R�
V�¼ê§¤±(0, 1) ≈ R"

(5) f : [0, 1]→ (0, 1)§∀x ∈ [0, 1]§

f (x) =


1
4 , x = 0
1
2 , x = 1
1

2n+2 , x = 1
2n , n ≥ 1

x , Ù¦"

´yf´[0, 1]�(0, 1)�V�¼ê§l[0, 1] ≈ (0, 1)"
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�A�?¿�8Ü§KP(A) ≈ (A→ 2)"Ù¥(A→ 2)�2A§

=A�2 = {0, 1}��N¼ê"

½½½nnn

�A,B,C�?¿8Ü§K

1 A ≈ A¶

2 eA ≈ B§KB ≈ A¶

3 eA ≈ B�B ≈ C§KA ≈ C"



8ÜØ�ãØ18ù Äê£³¤

8Ü��³

8Ü��³

½½½nnn

�A�?¿�8Ü§KP(A) ≈ (A→ 2)"Ù¥(A→ 2)�2A§

=A�2 = {0, 1}��N¼ê"

½½½nnn

�A,B,C�?¿8Ü§K

1 A ≈ A¶

2 eA ≈ B§KB ≈ A¶

3 eA ≈ B�B ≈ C§KA ≈ C"



8ÜØ�ãØ18ù Äê£³¤

8Ü��³

x÷½n

½½½nnn
(1)N ≈/ R¶
(2)�A�?¿�8Ü§KA ≈/ P(A)"
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éuk¡8ÜA§A¥����êL«�|A|"
�A�?¿��8Ü§A¥���/�ê0L«�cardA§¡cardA
�A�Äê§¿�±e5^5½µ

1 éu?¿8ÜAÚB§5½cardA = cardB��=�A ≈ B"
2 éu?¿k¡8ÜA§5½�A�³�g,ên�A�Äê§
P�cardA = n"

3 éug,ê8ÜN§5½cardN = ℵ0"
4 éu¢ê8ÜR§5½cardR = ℵ"
5 ò0, 1, 2, · · · ,ℵ0,ℵÑ¡�Äê§Ù¥§g,ê0, 1, 2, · · · ¡
�k¡Äê§ℵ0,ℵ¡�Ã¡Äê"¿5½^F1i1κ!
λÚµ�L«?¿�Äê"
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~~~

�8ÜA = {a, b, c}§B = {{a}, {b}, {c}}§Nó = {n | n ∈ N ∧ n�ó
ê}§NÛ = {n | n ∈ N ∧ n�Ûê}§UÄê�5^5½��µ

cardA = cardB = 3

cardNó = cardNÛ = cardN = ℵ0
card[0, 1] = card(0, 1) = cardR = ℵ

½½½ÂÂÂ

�κ�?¿Äê§-Kκ = {x | x´8Ü�cardx = κ}"�κ = 0�§K0

= {∅}���8Ü§�κ 6= 0�§¡Kκ�Äê�κ�8Ü�a§Ø¡

Kκ�8Ü"
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�A,B�?¿�8Ü§

1 e�3f : A→ B�f´ü��§K¡B`³uA§½¡A�³u
B§P�A 4 ·B"

2 eA 4 ·B�A ≈/ B§K¡Býé`³uA§½¡Aýé�³uB§
P�A ≺·B"

½½½nnn

�A,B��8Ü§KA 4 ·B��=��3C ⊆ B§¦�A ≈ C"

íííØØØ

�A,B��8Ü§
(1)eA ⊆ B§KA 4 ·B¶
(2)eA ≈ B§KA 4 ·B�B 4 ·A"
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~~~

�κ, λ��Äê§eκ ≤ λ§K�38ÜAÚB§¦�A ⊆ B �cardA =

κ§cardB = λ"

~~~

(1)�κ�?¿��Äê§K0 ≤ κ¶
(2)�n�g,ê§Kn < ℵ0"
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�A�?¿8Ü§KcardA < cardP(A)"

~~~

�κ, λ, µ�3�Äê§K
(1)κ ≤ κ¶
(2)eκ ≤ λ�λ ≤ µ§Kκ ≤ µ"
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C0

…

B

f fg g

C1 C2

D0 D1 D2
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�K1,K2, L1, L2�4�8Ü§eK1 ≈ K2§L1 ≈ L2§K
(1)eK1 ∩ L1 = K2 ∩ L2 = ∅§KK1 ∪ L1 ≈ K2 ∪ L2¶
(2)K1 × L1 ≈ K2 × L2¶

(3) L1 → K1 ≈ L2 → K2"
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�κ, λ��Äê"

1 κ+ λ = card(K ∪ L)§Ù¥K , L´÷vK ∩ L = ∅§�cardK = κ§
cardL = λ�ü�8Ü¶

2 κ · λ = card(K × L)§Ù¥K , L´÷vcardK = κ§cardL = λ�ü
�8Ü¶

3 κλ = card(L→ K )§Ù¥K , L´÷vcardK = κ§cardL = λ�ü
�8Ü"

~~~

�0, 1, 2, 3, 4�Äê§y²µ

(1) 2 + 4 = 6¶(2) 2× 3 = 6¶(3) 32 = 9¶(4) 00 = 1"
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½½½nnn

(1)�A��8Ü§K2cardA = cardP(A)¶
(2)�κ��Äê§Kκ < 2κ"

íííØØØ

(1) cardP(N) = 2ℵ0¶
(2) cardP(R) = 2ℵ¶

(3)ℵ = 2ℵ0"

w,cardPP(N) = 22
ℵ0
§· · ·§cardP(R) = 2ℵ = 22

ℵ0
§cardPP(R) =

22
ℵ
= 22

2ℵ0

§· · ·§l0 < 1 < 2 < · · · < ℵ0 < 2ℵ0 < 22
ℵ0
< · · ·§��

�Ã��Äê�3"
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½½½nnn

�κ, λ, µ´n�?¿�Äê§K
(1)κ+ λ = λ+ κ, κ · λ = λ · κ¶
(2)κ+ (λ+ µ) = (κ+ λ) + µ, κ · (λ · µ) = (κ · λ) · µ¶
(3)κ · (λ+ µ) = κ · λ+ κ · µ¶
(4)κλ+µ = κλ · κµ¶
(5) (κ · λ)µ = κµ · λµ¶
(6) (κλ)µ = κλ·µ"

íííØØØ

�κ, λ�?¿�Äê§K
(1)κ+ (λ+ 1) = (κ+ λ) + 1¶
(2)κ · (λ+ 1) = κ · λ+ κ¶

(3)κλ+1 = κλ · κ"
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�κ, λ�?¿�Äê§K
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�κ, λ, µ´n�?¿�Äê§eκ ≤ λ§K
(1)κ+ µ ≤ λ+ µ¶
(2)κ · µ ≤ λ · µ¶
(3)κµ ≤ λµ¶
(4)µκ ≤ µλ§κ, µØÓ��0"

½½½nnn

�κ, λ��Äê§Ù¥����Ã¡Äê§���Ø�0§Kκ+ λ =

κ · λ = max{κ, λ}"

½½½nnn

�κ�?¿�Ã¡Äê§Kκ+ κ = κ · κ = κ§κκ = 2κ"
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Äê$�

��

1 eA´¤k�»�1§�%3x¶þ��±|¤�8Ü§A�Äê´
�oºy²\�(Ø"

2 �κ, λ´Äê§�λ´Ã¡�§2 ≤ κ ≤ λ§�äκλ = 2λ´Ä¤
á§¿�Ñy²"

3 dℵÚÄê¦{�½Ây²ℵ · ℵ = ℵ"
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