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PeanoXÚ

½½½ÂÂÂ

PeanoXÚ´÷v±eún�kSn�|〈M,F , e〉§Ù¥M���8
Ü§F�M�M �¼ê§e�Ä��§5^ún�µ

1 e ∈ M¶

2 M3Fe´µ4�¶

3 e /∈ ranF¶

4 F´ü��¶

5 XJM�f8A÷ve ∈ A�A3Fe´µ4�§KA = M"
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PeanoXÚ�15^únJÑ
y²g,ê5���«�{§=ê
Æ8B{§dún¡�êÆ8B{�n"

�y²?¿�g,ênÑk5�P§=yP(n)�ý§k�E8ÜS =
{n | n ∈ N ∧ P(n)}§dS��E��S ⊆ N§eUy²S ´8B8§=
÷v(1)∅ ∈ S§(2)∀n ∈ S§Kn+ ∈ S§d15^ún��§S = N§=
`²�Ng,êÑk5�P"

^êÆ8B{y²g,ê5��§A©ü�Ú½µ

1 1�Ú§�ES = {n | n ∈ N ∧ P(n)}¶
2 1�Ú§y²S´8B8"
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?Ûg,ê���Ñ´§�f8"

ÏL�½n�y²þ!���½n¥��yÜ©§=µσ´ü��µ
em+ = n+§Km = n"

½½½nnn

é?¿�g,êm, n§m+ ∈ n+��=�m ∈ n"

½½½nnn

?Ûg,êÑØ´gC���"

½½½nnn

�8áuØ"	���g,ê"
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éu?¿�g,êm, n§m ∈ n, m = n, n ∈ mnª¥k�=k�ª¤

á"
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�〈M1,F1, e1〉, 〈M2,F2, e2〉´ü�PeanoXÚ§e�3V�¼êh§÷v

1 h : M1 → M2§

2 h(e1) = e2§

3 h(F1(n)) = F2(h(n))§

¡〈M1,F1, e1〉�〈M2,F2, e2〉´�q�§P�〈M1,F1, e1〉 ∼ 〈M2,F2, e2〉"
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�A���8Ü§�a ∈ A§F : A→ A§K�3�����¼êh : N
→ A§¦�h(0) = a§�éu?¿n ∈ N§h(n+) = F (h(n))"

~~~
�A = {a, b, c , d}§F : A→ A§F (a) = b§F (b) = c§F (c) = d§
F (d) = a§dNþ�48½n§�3���¼êh : N→ A§¦�

h(0) = a£a�A¥®����¤§h(n+) = F (h(n))"�Ñh�½Â"
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�〈M,F , e〉�?¿��PeanoXÚ§K〈N, σ, 0〉 ∼ 〈M,F , e〉"
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�A���8Ü§XJA¥?Û������´A���§K¡A�D4
8Ü§{¡D48§=

A�D48⇐⇒ ∀x∀y(x ∈ y ∧ y ∈ A→ x ∈ A)

½½½nnn

�A���8Ü§Ke�·K�dµ

1 A´D48¶

2
⋃

A ⊆ A¶

3 éu?¿�y ∈ A§Ky ⊆ A¶

4 A ⊆ P(A)"
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~~~

�äe�8Ü¥§=
´D48µ

A = {∅, {∅}, {{∅}}},
B = {0, 1, 2},
C = {{a}},
D = 〈0, 1〉
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�A���8Ü§KA�D48��=�P(A)�D48"
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�A´D48§K
⋃
(A+) = A"
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z�g,êÑ´D48"
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g,ê8ÜN´D48"
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�A´��8Ü§¡lA× A�A�¼ê�Aþ���$�"

�A = N§m ∈ N§σ�Nþ��U¼ê§dNþ48½n��§�
3���¼ê§P�Am : N→ N§¦�Am(0) = m§Am(n

+) =
σ(Am(n)) = (Am(n))

+"

½½½ÂÂÂ

-+ : N× N→ N§�éu?¿�m, n ∈ N§+(〈m, n〉) = Am(n)
P�
==

m + n§K¡+�Nþ�\{$�"

~~~

d\{½ÂO�3 + 2"

)))µµµ3 + 2 = A3(2) = (A3(1))
+ = ((A3(0))

+)+ = 3++ = 5"
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�m, n ∈ N§K

m + 0 = m (\{5K1)

m + n+ = (m + n)+ (\{5K2)

yyy²²²µµµd\{$�9Am½Â��

m + 0 = Am(0) = m

m + n+ = Am(n
+) = σ(Am(n)) = (m + n)+

¤±\{5K1Ú2þ¤á"
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~~~

|^\{5KO�5 + 4"

)))µµµ

5 + 4 = 5 + 3+ = (5 + 3)+

=(5 + 2+)+ = (5 + 2)++

=(5 + 1+)++ = (5 + 1)+++

=(5 + 0+)+++ = (5 + 0)++++

=5++++ = 9
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aquAm�½Â§^Nþ�48½n�E¼êMmXe§m ∈ N§
�Mm : N→ N§�÷vMm(0) = 0§Mm(n

+) = Mm(n) +m"

ù��¼ê�3���§�ye¡�½Âk¿Âµ
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-• : N× N→ N§�éu?¿�m, n ∈ N§•(〈m, n〉) = Mm(n)
P�
==

m • n§K¡•�Nþ�¦{$�"

~~~

d¦{½ÂO�3 • 2"

)))µµµ3 • 2 = M3(2) = M3(1
+) = M3(1) + 3 = M3(0

+) + 3 = M3(0) + 3 + 3

= 0 + 3 + 3 = 3 + 3 = A3(3) = (A3(2))
+ = (A3(1))

++

= (A3(0))
+++ = 3+++ = 6
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�m, n ∈ N§K

m • 0 = 0 (¦{5K1)

m • n+ = m • n +m (¦{5K2)

yyy²²²µµµd¦{$��½Â9Mm½Â����"



8ÜØ�ãØ1Êù g,ê

g,ê�$�

�ê$�9Ù5K

|^Nþ�48½n�E¼êEmXeµéu?¿�m ∈ N§Em :
N→ N§�÷vEm(0) = 1§Em(n

+) = Em(n) •m"
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�� : N× N→ N§�éu?¿�m, n ∈ N§�(〈m, n〉) = Em(n)
P�
==

mn§¡��Nþ��ê$�"
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�m, n ∈ N§K

m0 = 1 (�ê$�5K1)

mn+ = mn •m (�ê$�5K2)
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�m, n, k ∈ N§K

1 m + (n + k) = (m + n) + k¶

2 m + n = n +m¶

3 m • (n + k) = m • n +m • k¶
4 m • (n • k) = (m • n) • k¶
5 m • n = n •m"
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�m, n ∈ N§XJm ∈ n§K¡m�un§P�m < n"u´

m < n ⇐⇒ m ∈ n,

m ≤ n ⇐⇒ m ∈ n ∨m = n ⇐⇒ m∈ n.

½½½ÂÂÂ

1 ¡∈N= {〈m, n〉 | m, n ∈ N ∧m ∈ n}�Nþ�áu'X¶
2 ¡∈N = {〈m, n〉 | m, n ∈ N ∧m∈ n}�Nþ�áu�u'X¶
3 ¡<N= {〈m, n〉 | m, n ∈ N ∧m < n}�Nþ��u'X¶
4 ¡≤N= {〈m, n〉 | m, n ∈ N ∧m ≤ n}�Nþ��u�u'X"

´�∈N=<N§∈N =≤N"

dnÜ5½n��§∀m, n ∈ N§m < n,m = n, n < mn�ªf¥
¤á��¤á�ª"
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∈N(≤N)�Nþ��S'X§∈N (<N)�N þ�[�S'X"
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�m, n, k ∈ N§K
(1)m ∈ n⇐⇒ (m + k) ∈ (n + k) (m < n⇐⇒ m + k < n + k)¶

(2)m ∈ n⇐⇒ m • k ∈ n • k (m < n⇐⇒ m • k < n • k), k 6= 0"
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�m, n, k ∈ N§K
(1)XJm + k = n + k§Km = n¶

(2)XJk 6= 0§�m • k = n • k§Km = n"
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�A�N���f8§K�3���m ∈ A§¦�éu���n ∈ A§

km∈n£ù��m¡�A����¤"

íííØØØ

Ø�3ù��¼êf : N→ N§¦�éu?¿�g,ên§þk

f (n+) ∈ f (n)"



8ÜØ�ãØ1Êù g,ê

Nþ�S'X

Nþ�r8B�K

½½½nnn

�A�N���f8§éu?¿�n ∈ N§XJ�un���ÑáuA§

Òkn ∈ A§KA = N"

�½n´1�êÆ8B{�nØÄ:"

^1�êÆ8B{y²�Ng,êÑk5�P�Ú½Xeµ

1 �EN�f8T = {n | n ∈ N ∧ P(n)}"
2 �y0 ∈ T"
3 e�u�un�g,êÑáuT§=kn+ ∈ T"

KT = N"
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~~~

�A���8Ü§G´��¼ê§f1, f2 : N→ A§eéu?¿n ∈ N§
f1 � n§f2 � nÑáudomG§�f1(n) = G (f1 � n)§f2(n) = G (f2 � n)§
Kf1 = f2"
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��

1 �f : N× N→ N§�é∀m, n ∈ N§k

(1) f (〈m, 0〉) = m;

(2) f (〈m, n+〉) = f (〈m, n〉)+;
(3) f (〈m, n〉) = f (〈n,m〉)"

y²∀m, n, l ∈ N§f (f (〈m, n〉), l) = f (〈m, f (〈n, l〉)〉)"
2 y²?Û�u�u2�g,ê�o´�ê§�o´�ê�ë¦È"
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