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kSé�(k�È

kSéÚn�|

kSéµ〈a, b〉 = {{a}, {a, b}}¶
n�|µ〈a1, a2, · · · , an〉 = 〈〈a1, a2, · · · , an−1〉, an〉¶

½½½nnn

〈a, b〉 = 〈c , d〉 ⇔ a = c ∧ b = d
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kSé�(k�È

(k�È

A× B = {〈a, b〉 | a ∈ A ∧ b ∈ B}¶
A1×A2×· · ·×An = {〈a1, a2, · · · , an〉∧ai ∈ Ai , 1 ≤ i ≤ n}
(k�È�Ä�5�

��ÆÚ(ÜÆØ2·Ü
é¿!�©�Æ¤á
A× ∅ = ∅§∅ × A = ∅
A ⊆ C ∧ B ⊆ D ⇒ A× B ⊆ C × D
eA 6= ∅§KA× B ⊆ A× C��=�B ⊆ C
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'XÄ�VgÞ~

�Ñn�|〈a, b, c〉Ú〈a, 〈b, c〉〉�8ÜL�ª§ùü
ö��íº

〈a, b, c〉 = 〈〈a, b〉, c〉 = {{{a}, {a, b}}, {{{a}, {a, b}}, c}}¶
〈a, 〈b, c〉〉 = {{a}, {a, {{b}, {b, c}}}}¶
w,üöØ��"
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�o^�e§e��ª¤áº
A× B = ∅

A = ∅½B = ∅
A× B = B × A

A = ∅½B = ∅½A = B

A× (B × C ) = (A× B)× C

A = ∅½B = ∅½C = ∅
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e8ÜF¥��N��þ�kS�n(n ≥ 2)�|§K¡F�n�'X§A

O/§�n = 2�§¡F���'X§{¡'X"

�A,B��8Ü§A× B�?Ûf8þ¡�A�B���'X¶

A× A�f8R¡�Aþ���'XµR ⊆ A× A½R ∈ P(A× A)¶

Aþ���'XEA = {〈x , y〉 | x ∈ A ∧ y ∈ A} = A× A¶

Aþ�ð�'XIA = {〈x , x〉 | x ∈ A}¶

éA�B���'XR§e〈a, b〉 ∈ R§K¡a�bk'XR§P
�aRb§e〈a, b〉 /∈ R§K¡a�bvk'XR§P�aRb"
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R ⊆ A× B�½Â�Ú��
½Â�µdom(R) = {x | ∃y(xRy)}¶
��µran(R) = {y | ∃x(xRy)}"

'X�_�EÜ§éR ⊆ A× B§S ⊆ B × C§
¡R−1 = {〈b, a〉 | 〈a, b〉 ∈ R}�R�_¶
¡S ◦R = {〈a, c〉 | ∃b(〈a, b〉 ∈ R ∧ 〈b, c〉 ∈ S)}�S�R�£_
S¤Ü¤½EÜ¶

'X���Ú�§éR ⊆ A× BÚD ⊆ A§
¡R � D = {〈a, b〉 | 〈a, b〉 ∈ R ∧ a ∈ D}�R3Dþ���¶
¡R[D] = ran(R � D)�D3Re��"

ü�Úü�'X§
eéu?¿�b ∈ ran(R)§�3��a ∈ dom(R)§¦�〈a, b〉
∈ R§K¡R´ü��¶
eéu?¿�a ∈ dom(R)§�3��b ∈ ran(R)§¦�〈a, b〉
∈ R§K¡R´ü��"
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'X$�Þ~

�R1 = {〈a, b〉, 〈b, d〉, 〈c , c〉, 〈c , d〉}, R2 = {〈a, c〉, 〈b, d〉, 〈d , b〉, 〈d , d〉},
A = {a, c}, ¦

R1 ∪ R2§R1 ∩ R2§R1 − R2¶

dom(R1)§dom(R2)§dom(R1 ∪ R2)§dom(R1 ∩ R2)¶

ran(R1)§ran(R2)§ran(R1 ∪ R2)§ran(R1 ∩ R2)¶

R1 � A§R2[A]¶

R1 ◦ R2§R2 ◦ R1§R1 ◦ R1§R2 ◦ R2"
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½½½nnn

é8ÜF!G§k
1 dom(F ∪ G ) = domF ∪ domG¶
2 ran(F ∪ G ) = ranF ∪ ranG¶
3 dom(F ∩ G ) ⊆ domF ∩ domG¶
4 ran(F ∩ G ) ⊆ ranF ∩ ranG¶
5 domF − domG ⊆ dom(F − G )¶
6 ranF − ranG ⊆ ran(F − G )"
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éR1!R2!R3§k
1 (R1 ◦ R2) ◦ R3 = R1 ◦ (R2 ◦ R3)¶
2 R1 ◦ (R2 ∪ R3) = R1 ◦ R2 ∪ R1 ◦ R3¶
3 (R1 ∪ R2) ◦ R3 = R1 ◦ R3 ∪ R2 ◦ R3¶
4 R1 ◦ (R2 ∩ R3) ⊆ R1 ◦ R2 ∩ R1 ◦ R3¶
5 (R1 ∩ R2) ◦ R3 ⊆ R1 ◦ R3 ∩ R2 ◦ R3"
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é8ÜF!G§k
1 domF−1 = ranF¶
2 ranF−1 = domF¶
3 (F−1)−1 ⊆ F§�F�'X�§�Ò¤á¶
4 (F ◦ G )−1 = G−1 ◦ F−1"
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�R!S!A!B!A�8Ü§A 6= ∅§K
1 R � (A ∪ B) = (R � A) ∪ (R � B)¶
2 R � (A ∩ B) = (R � A) ∩ (R � B)¶
3 R �

⋃
A =

⋃
{R � A | A ∈ A}¶

4 R �
⋂
A =

⋂
{R � A | A ∈ A}¶

5 (R ◦ S) � A = R ◦ (S � A)¶
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�R!S!A!B!A�8Ü§A 6= ∅§K
1 R[A ∪ B] = R[A] ∪ R[B]¶
2 R[

⋃
A] =

⋃
{R[A] | A ∈ A}¶

3 R[A ∩ B] ⊆ R[A] ∩ R[B]¶
4 R[

⋂
A] ⊆

⋂
{R[A] | A ∈ A}¶

5 R[A]− R[B] ⊆ R[A− B]¶
6 (R ◦ S)[A] = R[S [A]]"
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�A = {x1, x2, · · · , xn}§R ⊆ A× A§¡Ý
M(R) = (rij)n×n�R�'X
Ý
§Ù¥

rij =

{
1, xiRxj

0, ÄK

'XÝ
ke�5�µ

R�8ÜL�ª�R�'XÝ
´�±���p(½�"

M(R−1) = (M(R))T"

eéF = {0, 1}¥���\{¦^Ü6\£0 + 0 = 0, 0 + 1 = 1,
1 + 0 = 1, 1 + 1 = 1¤§Kéu?¿�R1,R2 ⊆ A× A§þk

M(R1 ◦ R2) = M(R2) ·M(R1)
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~~~

�A = {a, b, c}§R1,R2 ⊆ A× A§Ù8ÜL�ª©O�µR1 = {〈a, a〉,
〈a, b〉, 〈b, a〉, 〈b, c〉}§R2 = {〈a, b〉, 〈a, c〉, 〈b, c〉}§Kk

M(R1) =

1 1 0
1 0 1
0 0 0

 M(R−11 ) =

1 1 0
1 0 0
0 1 0

 M(R1 ◦ R2) =

1 0 1
0 0 0
0 0 0


M(R2) =

0 1 1
0 0 1
0 0 0

 M(R−12 ) =

0 0 0
1 0 0
1 1 0

 M(R2 ◦ R1) =

0 1 1
0 1 1
0 0 0


dd��

R−11 = {〈a, a〉, 〈a, b〉, 〈b, a〉, 〈c , b〉}, R1 ◦ R2 = {〈a, a〉, 〈a, c〉},
R−12 = {〈b, a〉, 〈c , a〉, 〈c , b〉}, R2 ◦ R1 = {〈a, b〉, 〈a, c〉, 〈b, b〉, 〈b, c〉}.



8ÜØ�ãØ1�ù ��'X

'XÝ
Ú'Xã

'Xã

½½½ÂÂÂ

�A = {x1, x2, · · · , xn}§R ⊆ A× A§±A¥���º:§
3ã¥^“◦”L«º:"exiRxj§Klº:xi�xjÚk
�>〈xi , xj〉§¡¤x�ã�R�'Xã§P�G (R)"
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'X�5�

g�5!é¡5�D45

½½½ÂÂÂ

�A��8Ü§R ⊆ A× A"
1 eéu?¿�x ∈ A§þkxRx§K¡R´Aþg����'X§=

R´g��⇐⇒ ∀x(x ∈ A→ xRx)
2 eéu?¿�x ∈ A§þkxR\x£=〈x , x〉 /∈ R¤§K¡R´Aþ�
g����'X§=

R´�g��⇐⇒ ∀x(x ∈ A→ xR\x)
3 éu?¿�x , y ∈ A§exRy§KyRx§K¡R�Aþé¡���'
X§=

R´é¡�⇐⇒ ∀x∀y(x ∈ A ∧ y ∈ A ∧ xRy → yRx)
4 éu?¿�x , y ∈ A§exRy§�x 6= y§KyR\x§K¡R�Aþ�
é¡���'X§=

R´�é¡�⇐⇒ ∀x∀y(x ∈ A ∧ y ∈ A ∧ xRy ∧ yRx → x = y)
5 éu?¿�x , y , z ∈ A§exRy§�yRz§KxRz§K¡R�AþD
4���'X§=

R´D4�⇐⇒ ∀x∀y∀z(x ∈ A∧y ∈ A∧z ∈ A∧xRy ∧yRz → xRz)
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�R ⊆ A× A§Ke¡�·K�dµ
1 R´g��¶
2 IA ⊆ R¶
3 R−1´g��¶
4 M(R)Ìé��þ�����1¶
5 G (R)�z�º:?þk�£º:�g��k�
>¤"
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�R ⊆ A× A§Ke¡�·K�dµ
1 R´�g��¶
2 IA ∩ R = ∅¶
3 R−1´�g��¶
4 M(R)Ìé��þ�����0¶
5 G (R)�z�º:?þÃ�"
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½½½nnn

�R ⊆ A× A§Ke¡�·K�dµ
1 R´é¡�¶
2 R−1 = R¶
3 M(R)´é¡�¶
4 G (R)¥?Û��º:�mekk�>§K7kü
^�����k�>"
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�R ⊆ A× A§Ke¡�·K�dµ
1 R´�é¡�¶
2 R ∩ R−1 ⊆ IA¶
3 3M(R)¥§e?¿�rij = 1(i 6= j)§K7krji = 0¶

4 G (R)¥§éu?Û��º:xi , xj(i 6= j)§ekk�
>〈xi , xj〉§K7vk〈xj , xi〉"
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�R ⊆ A× A§Ke¡�·K�dµ
1 R´D4�¶
2 R ◦ R ⊆ R¶
3 3M(R ◦ R)¥§e?¿�r ′ij = 1§KM(R)¥�A�

��rij = 1¶

4 G (R)¥§éu?Ûº:xi , xj , xk§ekk�>〈xi , xj〉,
〈xj , xk〉§K7kk�>〈xi , xk〉£=elxi �xkk�
Ý�2�k�Ï´§Klxi�xk7k�Ý�1�k�
Ï´¤"
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~~~

�A = {a, b, c}§Ri ⊆ A× A(i = 1, 2, · · · , 6)�8ÜL�ª
©O�µ

R1 = {〈a, a〉, 〈a, b〉, 〈b, c〉, 〈a, c〉}
R2 = {〈a, a〉, 〈a, b〉, 〈b, c〉, 〈c , a〉}
R3 = {〈a, a〉, 〈b, b〉, 〈a, b〉, 〈b, a〉, 〈c , c〉}
R4 = {〈a, a〉, 〈a, b〉, 〈b, a〉, 〈c , c〉}
R5 = {〈a, a〉, 〈a, b〉, 〈b, b〉, 〈c , c〉}
R6 = {〈a, b〉, 〈b, a〉, 〈b, c〉, 〈a, a〉}

ù
'X©Ok�o5�º



8ÜØ�ãØ1�ù ��'X

'X�5�

'X�5�

½½½nnn
�R1,R2 ⊆ A× A"

1 eR1,R2´g��§KR−11 ,R−12 ,R1 ∪ R2,R1 ∩ R2,R1 ◦ R2,R2 ◦ R1

�´g��¶

2 eR1,R2´�g��§KR−11 ,R−12 ,R1 ∪ R2,R1 ∩ R2,R1 − R2,R2−
R1�´�g��¶

3 eR1,R2´é¡�§KR−11 ,R−12 ,R1 ∪R2,R1 ∩R2,R1 −R2,R2 −R1,
∼ R1,∼ R2�´é¡�¶

4 eR1,R2´�é¡�§KR−11 ,R−12 ,R1 ∩ R2,R1 − R2,R2 − R1 �´
�é¡�¶

5 eR1,R2´D4�§KR−11 ,R−12 ,R1 ∩ R2�´D4�"
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�R ⊆ A× A§n�g,ê§R�ng�P�Rn§Ù¥

1 R0 = IA¶

2 Rn+1 = Rn ◦ R, n ≥ 0"

w,Rn�´Aþ���'X"

~~~

�A = {a, b, c}§R = {〈a, b〉, 〈b, a〉, 〈a, c〉} ⊆ A× A§¦R��g�"

R0 = IA, R
1 = R0 ◦ R = R = {〈a, b〉, 〈b, a〉, 〈a, c〉},

R2 = R1 ◦ R = {〈a, a〉, 〈b, b〉, 〈b, c〉},
R3 = R2 ◦ R = {〈a, b〉, 〈a, c〉, 〈b, a〉} = R1,

R4 = R3 ◦ R = R ◦ R = R2, R5 = R4 ◦ R = R2 ◦ R = R3 = R1, · · · ,
R2k+1 = R1 = R,R2k+2 = R2, k = 0, 1, 2, · · ·
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½½½nnn

�A�¹n����k¡8Ü§R ⊆ A× A§K�3g,
ês, t§�÷v0 ≤ s < t ≤ 2n

2

§¦�Rs = R t"

yyy²²²µµµw,P(A× A)¥��é�$�´µ4�§=é
?¿�g,êk§kRk ∈ P(A× A)§k = 0, 1, 2, · · ·§
P(A× A) = 2n

2

§�ÄR����R0,R1, · · · ,Rn2

§�
�)2n

2

+ 1�P(A× A)���'X§d|��n��§
�3s, t§÷v0 ≤ s < t ≤ 2n

2

§¦�Rs = R t"
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½½½nnn

�R ⊆ A× A§m, n�?¿�g,ê§Ke¡�ª¤áµ

1 Rm ◦ Rn = Rm+n¶

2 (Rm)n = Rmn"

½½½nnn

�R ⊆ A× A§e�3g,ês, t(s < t)§¦�Rs = R t§Ke¡�ª¤
áµ

1 Rs+k = R t+k , k ∈ N¶
2 Rs+kp+i = Rs+i§Ù¥k , i ∈ N, p = t − s¶

3 -S = {R0,R1, · · · ,R t−1}§Kéu?¿�q ∈ N§þkRq ∈ S"
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��ê�z{

éuk¡8Üþ�'XR§7�3s, t(s < t)§¦�
Rs = Rt§l�±z{R���ê§�éÃ¡8Ü
KØ�½�3s, t§¦�Rs = Rt"

~~~

�R ⊆ A× A§®�R7 = R15§Áz{R100��ê"

)))µµµR100 = R7+11×8+5 = R7+5 = R12 ∈ {R0,R1, · · · ,R14}
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�A 6= ∅§R ⊆ A× A§R�g�4�£é¡4�!D44�¤R ′÷v
Xe^�µ

1 R ′´g��£é¡�!D4�¤¶

2 R ⊆ R ′¶

3 Aþ?¿�g��£é¡�!D4�¤'XR”§eR ⊆ R”§K
R ′ ⊆ R”"

~^r(R), s(R), t(R)©OL«R�g�4�!é¡4�ÚD44�"
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~~~

�A = {1, 2, 3, 4}§R = {〈1, 2〉, 〈1, 4〉, 〈3, 4〉}§¦r(R), s(R), t(R)�'X

ã±9§��8ÜL�ª"

)))µµµe¡©O�ÑR, r(R), s(R), t(R)�'Xãµ

r(R) = IA ∪ R

s(R) = R ∪ {〈2, 1〉, 〈4, 3〉, 〈4, 1〉}
t(R) = R
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'X�4�

½½½nnn

�R ⊆ A× A�A 6= ∅§K
1 R´g����=�r(R) = R¶
2 R´é¡���=�s(R) = R¶
3 R´D4���=�t(R) = R"
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'X�4�

'X�4�

½½½nnn

�8ÜA 6= ∅§R1,R2 ⊆ A× A§�R1 ⊆ R2§K
1 r(R1) ⊆ r(R2)¶
2 s(R1) ⊆ s(R2)¶
3 t(R1) ⊆ t(R2)"
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�8ÜA 6= ∅§R1,R2 ⊆ A× A§K
1 r(R1 ∪ R2) = r(R1) ∪ r(R2)¶
2 s(R1 ∪ R2) = s(R1) ∪ s(R2)¶
3 t(R1 ∪ R2) ⊆ t(R1) ∪ t(R2)¶
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'X�4�

'X�4�

½½½nnn

�8ÜA 6= ∅§R ⊆ A× A§K
1 r(R) = R ∪ IA¶
2 s(R) = R ∪ R−1¶
3 t(R) = R ∪ R2 ∪ · · ·"

íííØØØ

�A���k¡8Ü§R ⊆ A× A§K�3g,êl§¦
�

t(R) = R ∪ R2 ∪ · · · ∪ R l"
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'X�4�

'X�4�

~~~

�A = {a, b, c , d}§R = {〈a, b〉, 〈b, a〉, 〈b, c〉, 〈c , d〉}§
¦r(R), s(R), t(R)"
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'X�4�

'X�4�

½½½nnn

�8ÜA 6= ∅§R ⊆ A× A§K
1 eR´g��§Ks(R)Út(R)�´g��¶
2 eR´é¡�§Kr(R)Út(R)�´é¡�¶
3 eR´D4�§Kr(R)�´g��"
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'X�4�

'X�4�

½½½nnn

�8ÜA 6= ∅§R ⊆ A× A§K
1 rs(R) = sr(R)¶
2 rt(R) = tr(R)¶
3 st(R) ⊆ ts(R)"



8ÜØ�ãØ1�ù ��'X

S'X

��

1 �A!B!C!D�?¿8Ü§�äXe·K´Ä�ý§¿�Ñy
²½�~"
(1)A×B = A×C ⇒ B = C ; (2)A−(B×C ) = (A−B)×(A−C )"

2 �A!B!C�?¿8Ü§y²e��ª¤áµ

(A− B)× C = (A× C )− (B × C )¶
(A⊕ B)× C = (A× C )⊕ (B × C )¶

3 �A = {a, b, c , d}§R = {〈a, b〉, 〈b, a〉, 〈b, c〉, 〈c , d〉, 〈d , b〉}§x
ÑRÚr(R)!s(R)!t(R)�'Xã"
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