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1. Let K C R", F be a smooth mapping from R" to R", and K = F(K)

Assume that F is globally invertible on K and its Jacobian DF' is
invertible. For any ¢ € (C°°(K))", define

G(@)(x) == —

q ) DF(#)q(#), &=F'(a),

where J(z) = |det DF(z)|. Show that
di 1 Tve
ivg = =divg.
4= 794

Here, div means the derivatives on z.

2. Let v = F(0) := 9(F~!(z)), and ¢ = G(§), where F(2) = B + by is
an affine mapping. Show that

/q-gradvdx:/ (}-gf&dﬁdi,
K~ K~

/vdiqux:/ f)divc}dfc,
K = K =

/q~QUdS:/ q - nods.
oK~ oK~

3. Given any € > 0, let X = H(curl) N H'/?*¢. Given a Lipschitz domain
Q, show that there exists d(e, Q) > 0 so that curl X (Q) c L>T(D(Q).
Let W = H(div) N L?>+%(), Choose one of the following to prove the
commutative diagram:

X(K) = w(K) X(K) —< s w(K)
my | |mer o mg| |
Ni(K) —<*5 RT}(K) NCpi1(K) —*5 RT}(K)

Find the similar version for BDMj,(K) (no need to show the proof).



4. Show that the following two inequalities are equivalent

d
dp
Ipllz20) S plla-1@) + ) Nz a1 YpeL*(Q), (1)
ox
i=1 v
oy
1Pl 2200 S E Hi&x- lz-1(0) Vp € L§(Q). (2)
—1 [

(2

5. Let Q be a connected domain with a Lipschitz boundary. Assume that
I'p C 0N satisfies meas(I'p) # 0. Show that

lellgo) < le@)ll, Ve e Hp(Q),
where HL(Q) :=={v e H}(Q): v=0o0nTIp}.

6. For the Stokes pair E?R—PO_ ! prove that it satisfies the following dis-
crete inf-sup condition:
(divhun, qn)

inf sup ————— 2 1,
m€Qn vy eVy, [[Unll1nllanll L2

where divy, denotes the piecewise divergence, and || - ||1,, represents
the piecewise H!'-norm. For the aforementioned element, provide the
error estimate for the following numerical scheme (v = 1):

{Q(Gh(,@h>75h(,@h)) — (divpun, pn) = (f,un) Vup € Vi,
—(divpun, qn) =0 Van € Q.
7. Let V = H{(). Consider V° = {v € V | [ divodz = 0,VT € T4},
define Iy : V° — B(gradQy) by
Ioulr € B(gradQu)|r,

VT € Th.
/ diV(HgQ - :Q) der =0, Vq,e€ Qh‘T, "
T

Show that ||Tlav|)1 < ||vlly for v € VO.

8. Consider the Stokes problem with homogeneous Dirichlet boundary
condition:

—Au+Vp=/f inQQ,
—divy =0 in €,
ulon = 0.

Let V = H}(Q) and Q = L3(€). Given a stable Stokes pair Vi, x Qp, C
V x @, we can obtain the following energy energy estimate

|lw—unllgr + |lp = pullre S inf |lu—wullgr + inf |lp — qnll L2
VREV), ar€Qn



Assume further the approximation property of V} x Qp:
inf |1z —wvnllm S hllzlle Yz € HA(Q),
VREVR

inf |r—qnll2 Shlrlm, Vre HY(Q).
qhEQR

Duality argument: Find appropriate regularity assumption of the dual
problem:

—Az+Vr=6 in(,
divz=0 1in Q,
zloa = 0.

so that one can obtain the L? estimate of w:

U — U < h| inf — + inf — .
lu —unllz2 < <Ehevh\lu Ul pn ththHp Qh!m)



