2023%k, BIRITHIEINL, B4

ZEAVEALETA]: 2023/12/7

1. Let V, Q@ be Banach spaces, B : V — @’ be a bound linear operator,
Z := N(B). For any S C V, define

Se={feV'|{fv)=0, VveS}
For any F' C V', define
°F:={veV|{(f,v)=0, VfeF}

e Show that S° and °F' are closed.
e Show that °(S°) = S if and only if S is closed in V; And (°F)° =
F if and only if F is closed in V.
e Show that °R(B’) = Z.
e Show that R(B’) = Z° if and only if R(B’) is closed in V.
2. Let H be a Hilbert space with a norm || - ||z and inner product (-, -)g.

Let P: H — H be an idempotent, such that 0 # P? = P # I. Then,
the following indentity holds

| PNl e,y = M — Pllcia,m-

3. Let K C R™, F be a smooth mapping from R” to R”, and K = F(K)
Assume that F is globally invertible on K and its Jacobian DF is
invertible. For any ¢ € (C°°(K))", define

@)@ = 5

where J(z) = |det DF(&)|. Show that

DF(#)q(&), &=F '(x),

divg = %dTvg.
Here, div means the derivatives on 7.
4. Define
Hi(K) :={q € Pp(K) | divg=0 and gq-n|sx = 0}.

Show that in 2D, Hy(K) = curl(bxPr—2(K)). Count the dimension of
Hy,(K) in 2D.



5. Let  C R? be a simply connected domain. For any v € (L?(2))?,
show that there exists ¢ € H3(Q2) and ¢ € H'(Q), such that

v = Vi) 4 curlg,

and
VA2 + IVYllre S llullpe-

(Hint: R(curl) = N(div) on simply connected domain.)

6. For any w € Hy (Hy stands for the homogeneous polynomial space of
order k), define

curlw T-w
T=%+1 Pk
show that
zxn+Vp=w

7. Show that for any py € Py, there exists a decomposition
Ek = Wk—-1 + vaa

where w1 € Pp—1+ 2 X Pr_1, and 0 € Py1.



