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. Let H be a Hilbert space with a norm || - ||z and inner product (-,-)z.
Let P: H — H be an idempotent, such that 0 # P? = P # I. Then,
the following indentity holds

I Pl ez, ey = M = Pllzee,m-

. Let V, @ be Banach spaces, B : V — @’ be a bound linear operator,
Z := N(B). For any S C V, define

Se:={feV'|{f,v)=0, Vve S}
For any F' C V', define
F={veV|(fv)=0,VfeF}

e Show that S° and °F are closed.

e Show that °(S°) = S if and only if S is closed in V; And (°F)° =
F if and only if F' is closed in V.

e Show that °R(B’) = Z.
e Show that R(B’) = Z° if and only if R(B’) is closed in V.

. Consider the Stokes problem with homogeneous Dirichlet boundary
condition:

—Au+Vp=f in{,
—divy =0 in €,
ulon = Q.
Let V = H}(Q) and Q = L3(€). Given a stable Stokes pair Vj, x Qp, C

V x @, we can obtain the following energy energy estimate

lw—unllm +llp—pullz S inf flu—vpllgr + inf [lp— gnl[ze-
vh€VR an€Qn

Assume further the approximation property of Vi, x Qp:
inf ||z —unllg Shlzllme vz e HX(Q)
l)jlevh

inf |7 —qnllr2z Shlrlm, Vre HY(Q).
anE€Qn



Duality argument: Find appropriate regularity assumption of the dual
problem:

—Az+Vr=60 inQ,
divz=0 1in Q,
zloa = 0.

so that one can obtain the L? estimate of w:
u—up|lrze Sh| inf |lu—wvpl|g + inf — 2 | .
Ju = wl (Ehevh lu =il + i o=l )

. Let 73, is a shape-regular triangulation of @ C R2. For any edge e
connected by V; and Vj, define

be = 6¢i(2)p;(x)/le,
where ¢;(z) is the piecewise linear basis function associated with V;.

Let
v = Z (/QdS) be.

e

Show that
IMhell7 S llullfe + k% [ulF.

. Let K C R™, F be a smooth mapping from R” to R”, and K = F(K)
Assume that F' is globally inAvertible on K and its Jacobian DF is
invertible. For any g € (C°°(K))", define

1
7 (@)

where J(z) = |det DF(&)|. Show that

G(@)(x) :=

DF(#)q(#), &=F (),

1 —
divg = jdivg.

Here, div means the derivatives on 4.
. Let v = F(0) := 0(F~'(z)), and ¢ = G(q), where F(&) = B + by is
an affine mapping. Show that

/q~gradvd:1::/ Q~gr§dﬁda§,
K~ K~

/vdiqux—/ o divg dz,
K ~ K ~

/ q-nvds / q-novds.
oK™~ oK~



7. Define
Hi(K) :={qg € Pr(K) | divg =0 and g¢-nlsx = 0}.
Show that in 2D, H(K) = curl(bxPr_2(K)).

8. Let © C R? be a simply connected domain. For any v € (L?(2))?,
show that there exists ¢ € H3(Q2) and ¢ € H'(Q), such that

v = Vi) 4 curlg,

and
IVl + IVl S llullze-

(Hint: R(curl) = N(div) on simply connected domain.)



