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1. Let Ω ⊂ R3 be the half space x3 < 0 and Γ be the space x3 = 0. Given a
vector χ˜ = (χ1, χ2, χ3)T ∈ H(curl,Ω), show that divΓTrχ˜ = curlχ˜ ·n˜|Γ,

where Trχ = n˜ × χ˜.

2. Show that for any p˜k ∈ P˜k, there exists a decomposition

p˜k = w˜k−1 +∇θ,

where w˜k−1 ∈ Nk−1 := P˜k−1 + x˜× P˜k−1.

3. Given any ε > 0, let X = H(curl)∩H˜ 1/2+ε. Given a Lipschitz domain

Ω, show that there exists δ(ε,Ω) > 0 so that curlX(Ω) ⊂ L˜2+δ(ε,Ω)(Ω).

Let W = H(div) ∩ L˜2+δ(ε). Show the following commutative diagram
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Find the similar version for BDMk(K) (no need to show the proof).

4. Let L : R3 → R3 be a linear transformation. Show that the pullback
L∗ : Alt2R3 → Alt2R3 has the matrix form (detL)L−1 : R3 → R3 by
the correspondence between Alt2R3 and R3.

5. Show the Leibniz rule

d(ω ∧ η) = dω ∧ η + (−1)kω ∧ dη, ω ∈ Λk(Ω), η ∈ Ωj(Ω).

6. For any increasing sequence σ : {1, · · · , k} → {1, · · · , n}, show that

d(aσdxσ(1) ∧ · · · dxσ(k)) =
n∑
i=1

∂aσ
∂xi

dxi ∧ dxσ(1) ∧ · · · dxσ(k).

7. Using the Poincaré inequality, show that

‖ω‖ . ‖δω‖, ∀ω ∈ Z∗k,⊥.
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