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1. Let © be a connected domain with a Lipschitz boundary. Given a
space Hj(Q) C V € Hi(Q),if V ¢ {u| [,qu-nds = 0}, then the
following inf-sup condition holds
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2. Let Q2 be a connected domain with a Lipschitz boundary. Assume that
I'p C 0N satisfies meas(I'p) # 0. Show that
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where HL(Q) :=={v € H}(Q): v=0o0nTp}.

3. Let T} is a shape-regular triangulation of Q@ C R2. For any edge e
connected by V; and Vj, define

be := 60i(2) 9 (x)/|el,
where ¢;(x) is the piecewise linear basis function associated with V.

Let
I = Z </yds> be.
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Show that
Iaell7e S llullie + R%[ulF.

4. For the Stokes problem, assume the modified inf-sup condition
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where kg is independent of h and @, is the L? projection of gj,. Assume
further that V}, is such that, for any g, € P, L
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with 9 independent of h. Then, V} x @Qy, is inf-sup stable.



5. Let K C R, F be a smooth mapping from R” to R”, and K = F(K)
Assume that F' is globally invertible on K and its Jacobian DF' is
invertible. For any ¢ € (C*°(K))", define

G(@)(x) = —

q @) DF(#)q(#), &=F'(a),

where J(z) = |det DF(&)|. Show that
divg = ~divg
ivg = —divg.
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Here, div means the derivatives on z.

6. Let v = F(0) := 9(F~!(x)), and q = G(q), where F(&) = B& + bg is
an affine mapping. Show that

/ q - gradvdx = / q 'grAad{) dz,

K~ K~
/vdiqux:/ ddivgdz,
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/q-@vds:/ q - nods.
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Hi(K) :={q € Pp(K) | divg=0 and gq-nlox = 0}.

7. Define

Show that in 2D, Hy(K) = curl(bxPr_o(K)).

8. Let © C R? be a simply connected domain. For any v € (L?(2))?,
show that there exists ¢ € Hg () and ¢ € H(Q), such that

v = V) 4 curle,

and
VA2 + VY2 S llullpe-

(Hint: R(curl) = N(div) on simply connected domain.)



