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1. Let Ω be a connected domain with a Lipschitz boundary. Given a
space H1

0 (Ω) ⊂ V ⊂ H1(Ω), if V 6⊂ {u˜ | ∫∂Ω u˜ · n˜ds = 0}, then the
following inf-sup condition holds

inf
q∈L2(Ω)

sup
v˜∈V

(divv˜, q)‖v˜‖H˜1(Ω)‖q‖L2(Ω)
= β > 0.

2. Let Ω be a connected domain with a Lipschitz boundary. Assume that
ΓD ⊂ ∂Ω satisfies meas(ΓD) 6= 0. Show that

‖v˜‖H˜1(Ω) . ‖ε(v˜)‖, ∀v˜ ∈ H˜ 1
D(Ω),

where H˜ 1
D(Ω) := {v˜ ∈ H˜ 1(Ω) : v˜ = 0 on ΓD}.

3. Let Th is a shape-regular triangulation of Ω ⊂ R2. For any edge e
connected by Vi and Vj , define

be := 6φi(x)φj(x)/|e|,

where φi(x) is the piecewise linear basis function associated with Vi.
Let

Πhv˜ :=
∑
e

(∫
e
v˜ds
)
be.

Show that
‖Πhv˜‖2L2 . ‖v˜‖2L2 + h2|v˜|2H1 .

4. For the Stokes problem, assume the modified inf-sup condition

inf
qh∈Qh

sup
v˜h∈Vh

(divv˜h, qh)

‖v˜h‖V ‖qh − q̄h‖Q = k0 > 0,

where k0 is independent of h and q̄h is the L2 projection of qh. Assume
further that Vh is such that, for any qh ∈ P−1

0 ,

sup
v˜h∈Vh

(divv˜h, qh)

‖v˜h‖V ≥ γ0‖qh‖Q,

with γ0 independent of h. Then, Vh ×Qh is inf-sup stable.

1



5. Let K̂ ⊂ Rn, F be a smooth mapping from Rn to Rn, and K = F (K̂).
Assume that F is globally invertible on K and its Jacobian DF is
invertible. For any q̂˜ ∈ (C∞(K̂))n, define

G(q̂˜)(x) :=
1

J(x̂)
DF (x̂)q̂˜(x̂), x̂ = F−1(x),

where J(x) = |detDF (x̂)|. Show that

divq˜ =
1

J
d̂ivq̂˜.

Here, d̂iv means the derivatives on x̂.

6. Let v = F(v̂) := v̂(F−1(x)), and q˜ = G(q̂˜), where F (x̂) = Bx̂ + b0 is

an affine mapping. Show that∫
K
q˜ · gradv dx =

∫
K̂
q̂˜ · ˆgradv̂ dx̂,∫

K
v divq˜dx =

∫
K̂
v̂ d̂ivq̂˜dx̂,∫

∂K
q˜ · n˜v ds =

∫
∂K̂

q̂˜ · n̂˜v̂ dŝ.

7. Define

Hk(K) := {q˜ ∈ P˜k(K) | divq˜ = 0 and q˜ · n˜|∂K = 0}.

Show that in 2D, Hk(K) = curl(bKPk−2(K)).

8. Let Ω ⊂ R2 be a simply connected domain. For any v˜ ∈ (L2(Ω))2,
show that there exists ψ ∈ H1

0 (Ω) and φ ∈ H1(Ω), such that

v˜ = ∇ψ + curlφ,

and
‖∇φ‖L2 + ‖∇ψ‖L2 . ‖v˜‖L2 .

(Hint: R(curl) = N(div) on simply connected domain.)
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