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1. Let H be a Hilbert space with a norm || - ||z and inner product (-, ).
Let P: H — H be an idempotent, such that 0 # P? = P # I. Then,
the following indentity holds

| Pl zcer,mry = 1 = Pllzoe,my-

2. Assume that A € R™*" is symmetric positive definite and B € R™*"
is of full-rank m (m < n). Let S = BA~!BT. Show that the “precon-

ditioned” matrix
AL 0 A BT
0 SH/\B 0

only has three distinctive eigenvalues: 1, (1 & +/5)/2. Determine the
multiplicity of these eigenvalues.

3. Let V,Q be Banach spaces, B : V — @’ be a bound linear operator,
Z := N(B). For any S C V, define

Se:={feV'|(f,v)=0, VveS}.
For any F C V’, define
°F:={veV|{(f,v)=0, VfeF}

e Show that S° and °F are closed.

e Show that °(S°) = S if and only if S is closed in V; And (°F)° =
F if and only if F is closed in V.

o Show that °R(B') = Z.
e Show that R(B’) = Z° if and only if R(B’) is closed in V.

4. Let V,@ be Banach spaces, b(-,-) : V x @ — R be a bilinear form.
Show that the inf-sup condition

. b(v,
inf sup
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is equivalent to the following statement: Vq € ), Jv € V such that

d 6>0
q

b(v,q) = lla|* and o]l < Clqll.



5. For any p € L?(f), show that
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6. Consider the Stokes problem with homogeneous Dirichlet boundary
condition:

—Au+Vp=f infQ,
—divy =0 in €,
uloo = 0.
Let V = H}(Q) and Q = L3(€). Given a stable Stokes pair V}, x Q, C

V x @, we can obtain the following energy energy estimate

u—u +|lp — < inf Jlu—w + inf - .
= wall + = palle  inf Je =l + ing o=l

Assume further the approximation property of Vi, X Qp:

inf |z —wnllmn S hllzllae Yz € HA(Q),
VREVR

inf |7 — qulle S hllrllg, Ve HY(Q).
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Duality argument: Find appropriate regularity assumption of the dual
problem:

—Az+Vr=60 inQ,
divz =0 in ,
zloa = 0.

so that one can obtain the L? estimate of u:

lu—upllpz Sh| inf |lu—ovp|lg + inf [p—qnllz2 |-
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