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1. For ODE ¥y’ = f(t,y), consider the linear multi-step method

akYntk + Ak—1Yntk—1+ -+ a0Yn = bk frik +bk—1fnrk—1+ ... +bofn.
Show that the multistep is of order p
— (i) Z?:o a; = 0 and Zf:o a;i? = qu:O bl tqg=1,... p;
< (i) p(e”) —7o(e™) = O(7P*) as 7 — 0;
<~

(i) 2 = a(Q) = O((¢ — 1)P) as ¢ — 1.

Here, p(¢) and () are the generating functions of {a; }*_, and {b;}¥_,
respectively.

2. Assume u(t) is continuous on [0,7] and u(0) = 0. Show that

u(t) = T

(«

t
) /0 (t — €2 oPu(€)de.

Notice that the Caputo and Riemann-Liouville fractional derivatives
coincide due to u(0) = 0.
3. Consider the two-parameter Milttag-Leffler function

EO(,B(Z) = kZ:O m z € C.

For A > 0, @ > 0, and ¢ > 0, show that

COP B 1(—MY) = —AEq1(—Mt%),
Eq1(=Mt%) =1 = M"Eq11a(=AtY).

4. Assume that K(z) and 6,(¢) satisfy the conditions for parabolic type
irl} CQ. Verify that in the standard CQ for the incompatible part, the
tf—! term, yields the following result:

K(2)z7t + K0 (e ™) yp(e™™) s not O(7F),

where ) q )
¢
ne(C) == n [(Cdg) 1_4} .



5. Given 6 € (5, ), let

Yo(w) :=w+{z € C: |argz| < 6},
To(w) == 08g(w), T§(w):={z€Ty: |Im(z)| < g}.

Show the following estimates (for some w > 0):
/ |Z|6—Z—letnRe(z)|dZ| < CTkth_’B_k,
To(w)\I'G (w)

/ ‘Z|ﬁf€+kfletnRe(z) Idz| < th;kfﬁ.
7 (w)



