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1. For ODE y′ = f(t, y), consider the linear multi-step method

akyn+k + ak−1yn+k−1+ . . .+ a0yn = bkfn+k + bk−1fn+k−1+ . . .+ b0fn.

Show that the multistep is of order p

⇐⇒ (i)
∑k

i=0 ai = 0 and
∑k

i=0 aii
q = q

∑k
i=0 bii

q−1, q = 1, . . . , p;

⇐⇒ (ii) ρ(eτ )− τσ(eτ ) = O(τp+1) as τ → 0;

⇐⇒ (ii) ρ(ζ)
log(ζ) − σ(ζ) = O((ζ − 1)p) as ζ → 1.

Here, ρ(ζ) and σ(ζ) are the generating functions of {ai}ki=0 and {bi}ki=0,
respectively.

2. Assume u(t) is continuous on [0, T ] and u(0) = 0. Show that

u(t) =
1

Γ(α)

∫ t

0
(t− ξ)α−1∂α

ξ u(ξ)dξ.

Notice that the Caputo and Riemann-Liouville fractional derivatives
coincide due to u(0) = 0.

3. Consider the two-parameter Milttag-Leffler function

Eα,β(z) =

∞∑
k=0

zk

Γ(kα+ β)
z ∈ C.

For λ > 0, α > 0, and t > 0, show that

C∂α
t Eα,1(−λtα) = −λEα,1(−λtα),

Eα,1(−λtα) = 1− λtαEα,1+α(−λtα).

4. Assume that K(z) and δτ (ζ) satisfy the conditions for parabolic type
in CQ. Verify that in the standard CQ for the incompatible part, the
tℓ

ℓ! term, yields the following result:

K(z)z−ℓ−1 +K(δτ (e
−τz))τ ℓ+1ηℓ(e

−τz) is not O(τk),

where

ηℓ(ζ) :=
1

ℓ!

[(
ζ
d

dζ

)ℓ 1

1− ζ

]
.
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5. Given θ ∈ (π2 , π), let

Σθ(ω) := w + {z ∈ C : |argz| < θ},

Γθ(ω) := ∂Σθ(ω), Γτ
θ(ω) := {z ∈ Γθ : |Im(z)| ≤ π

τ
}.

Show the following estimates (for some ω > 0):∫
Γθ(ω)\Γτ

θ (ω)
|z|β−ℓ−1etnRe(z)|dz| ≤ Cτktℓ−β−k

n ,∫
Γτ
θ (ω)

|z|β−ℓ+k−1etnRe(z)|dz| ≤ Ctℓ−k−β
n .
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