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1. Assume that Ω is triangulated as Th. Let R > 0, so that Ω satisfies

Ω ⊂ {x | x21 + · · ·+ x2d−1 + (xd −R)2 < R2},

and the two are tangent at the origin. For the point x0 = (0, · · · , 0, z)
on the d-axis, where 0 < z < δ, consider the following quadratic
function:

p(x) =
E1/d

2
(x21 + · · ·+ x2d−1 + (xd −R)2 −R2).

Show that the Lagrange interpolation of p(x) under Th, denoted as
ph := Ihp, satisfies

Tε[ph](xi) ≥ E ∀xi ∈ N 0
h ,

ph |∂Ωh
≤ 0,

|ph(z)| ≤ CE1/dδ.

2. Let vh be a piecewise linear function on the mesh Th. For any face
F = T+ ∩ T− with T± ∈ Th, define the jump

JvhK|F := −n+
F · ∇vh|T+ − n−

F · ∇vh|T− .

Show that vh is convex if and only if

JvhK|F ≥ 0 for all faces F.

3. Let p(x) = 1
2(x

2 + y2). A mesh Th is called Delaunay if the sum of
the angles opposite to any edge is less than or equal to π. Show that
Ihp = Γ(Ihp) if and only if Th is Delaunay, where Ih is the interpolant
to the continuous piecewise linear space.

4. Let S+ := {A ∈ S, A ≥ 0} and S1 = {B ∈ S+, tr(B) = 1}, where S
denotes the set of d× d symmetric real matrices. Define the Bellman
operator

H(A, f) := sup
B∈S1

(
−B : A+ f

d
√
detB

)
∀A ∈ S, f ∈ [0,∞),

and the Monge-Ampère operator

M(A, f) :=

(
f

d

)d

− detA ∀A ∈ S, f ∈ [0,∞).
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(a) Let f ∈ [0,∞) and A ∈ S. Show that H(A, f) = 0 holds if and
only if M(A, f) = 0 and A ∈ S+.

(b) Let A ∈ S+, f ∈ [0,∞) and let λ be the smallest eigenvalue of A.
Show that the function

ΦA,f : [−f,∞) → [−λ,∞), δ 7→ H(A, f + δ)

is continuous, strictly monotonically increasing and bijective.
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