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1. Show that the optimal SSPERK(3,3) is

Q(1) = Qn + kL(Qn)

Q(2) =
3

4
Qn +

1

4
Q(1) +

k

4
L(Q(1))

Qn+1 =
1

3
Qn +

2

3
Q(2) +

2k

3
L(Q(2)).

That is, no 3-state third-order explicit Shu-Osher form has better SSP
coefficient than the above scheme.

2. Consider the modified s-stage SSPRK for qt = −L(q):
Q(i) = viQ

n +

s∑
j=1

[αijQ
(j) + kβijL(Q(j))] i = 1, · · · , s+ 1,

Qn+1 = Q(s+1).

Define α,β ∈ R(s+1)×(s+1) as

α =


α11 · · · α1s 0
α21 · · · α2s 0
...

...
...

αs+1,1 · · · αs+1,s 0

 , β =


β11 · · · β1s 0
β21 · · · β2s 0
...

...
...

βs+1,1 · · · βs+1,s 0

 .

Show that the above SSPRK can be recast into the s-stage Runge-
Kutta method:

Q(i) = Qn + k
s∑

j=1

aijL(Q(j)) i = 1, · · · , s,

Qn+1 = Qn + k
s∑

i=1

biL(Q(i)),

under the following condition:

(I −α)−1β =

(
A 0
bT 0

)
.

Here, A = (aij) ∈ Rs×s, b = (b1, · · · , bs)T ∈ Rs.
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3. Consider the WENO reconstruction

vi+1/2 =

m−1∑
r=0

ωrv
(r)
i+1/2,

where the weights are chosen as

ωr =
αr∑m−1

s=0 αs

, αr =
dr

(ϵ+ βr)2
.

Here, dr are the coefficients such that
∑m−1

r=0 drv
(r)
i+1/2 coincides with

the reconstruction using all the (2m− 1) cell averages. Show that

(a) For m = 2, d0 =
2
3 , d1 =

1
3 ;

(b) For m = 3, d0 =
3
10 , d1 =

3
5 , d2 =

1
10 ;

(c) dr is away positive.

4. In the WENO reconstruction, let the reconstruction polynomial on the
stencil Sr(i) be denoted by pr(x). Define

βr =
m−1∑
l=1

∫
Ii

h2l−1

(
∂lpr(x)

∂xl

)
dx r = 0, · · · ,m− 1.

(a) Show that when m = 2,

β0 = (v̄i+1 − v̄i)
2, β1 = (v̄i − v̄i−1)

2.

(b) Verify the condition that

βr = D(1 +O(hm−1)) (1)

when m = 2, where D is a nonzero quantity independent of r
(but may depend on h).

(c) Find the expression of β0, β1 and β2 for m = 3 and verify the
condition (1).

5. Consider the elliptic problem in non-divergence form:

A(x) : D2u(x) = f(x), A(x) ≥ 0.

If there exists Λ0 ≥ λ0 > 0, such that λ0I ≤ A(x) ≤ Λ0I for all x ∈ Ω,
show that the non-divergence form is uniformly elliptic.

6. Consider the following problem: find u : Ω̄ → R such that

F (x, u(x),∇u(x), D2u(x)) = 0 in Ω, u(x) = g(x) on ∂Ω,

where F is elliptic. If further F is strictly decreasing in the r variable
or uniformly elliptic and Lipschitz in p, show that the problem cannot
have more than one classical solution.
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