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1. Given a symmetric matrix A (A 6= 0), show that γ = trA
‖A‖2F

is the

minimizer of
min
τ∈R
‖τA− I‖2F .

Here ‖ · ‖F represents the Frobenius norm. Find the minimum.

2. Consider the following problem: find u : Ω̄→ R such that

F (x, u(x),∇u(x), D2u(x)) = 0 in Ω, u(x) = g(x) on ∂Ω,

where F is elliptic. If further F is strictly decreasing in the r variable
or uniformly elliptic and Lipschitz in p, show that the problem cannot
have more than one classical solution.

3. Let A and B be two nonempty compact subsets of Rd for d ≥ 1. Then
the following inequality holds:

|A+B|1/d ≥ |A|1/d + |B|1/d,

where the Minkowski sum is defined by

A+B := {v + w ∈ Rd : v ∈ A and w ∈ B}.

4. Consider a function u(x, y) = x2 +y2 +x2y2 and discretize the Monge-
Ampère operator using 9-point stencil, i.e.

Gθ =
{
{(1, 0)T , (0, 1)T }, {(1, 1)T , (−1, 1)T }

}
.

Show that

min
{w1,w2}∈Gθ

(∆w1u(0, 0))+(∆w2u(0, 0))+ = 4,

and

min
w∈{w1,w2}∈Gθ

(∆wu(0, 0))+ max
w∈{w1,w2}∈Gθ

(∆wu(0, 0))+ = 4 + 2h2.
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5. Let uε be a sequence of the uniformly bounded functions on Ω̄, where
ε can be understood as a discretization parameter. Define

ū(x) = lim
y→x

sup
ε↓0

uε(y).

Let ϕ ∈ C2(Ω̄) and assume that ū−ϕ has a strictly local maximum at
x0 ∈ Ω̄ with ū(x0) = ϕ(x0). Show that there are sequences {εn}∞n=1 ⊂
R+ and {yn}∞n=1 ⊂ Ω̄, such that

εn ↓ 0, yn → x0, uεn(yn)→ ū(x0)

and the sequence of functions uεn − ϕ attains its maximum at yn.

6. Let w ∈ R2 be such that |w| = 1. Then, for every ε > 0, there exists
v ∈ Q2 such that |v| = 1 and

|w − v| ≤ ε.

Moreover, if v = (p1q1 ,
p2
q2

)T with p1, p2 ∈ Z and q1, q2 ∈ N, then we have
that

0 < qi ≤
64

ε2
.
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