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1. Show the existence of the wide stencil scheme by constructing the
discrete Perron iteration.

2. For every symmetric positive semi definite (SPSD) matrix A, show
that

1
(det A)V/4 = —inf {tx(AB) | B is SPD and det B =1}.

3. Show that the function A — (det A)Y/¢ is concave on SPSD matrices.

4. Let S :={A € S,A >0} and S; = {B € Sy, tr(B) = 1}, where S
denotes the set of d x d symmetric real matrices. Define the Bellman
operator

H(A,f) = sup (—B LA+ f¥det B) VAES, fe[0,00),
€51

and the Monge-Ampére operator

d
M(A, f) = <‘§> —detA VAeS, fel0,00).

(a) Let f € [0,00) and A € S. Show that H(A, f) = 0 holds if and
only if M(A,f)=0and A€ S,.

(b) Let A€ S,, f €[0,00) and let A be the smallest eigenvalue of A.
Show that the function

(I)A,f : [_fv OO) - [_)‘700)75 = H(Aaf + 5)
is continuous, strictly monotonically increasing and bijective.

5. Let v be a piecewise linear function on the mesh 7. For any face
F=T+tNT" with T* € T}, define the jump

[orllp == —n} - Vop|r+ — ng - Vop|p-.
Show that vy is convex if and only if

[or]|F >0 for all faces F.



6. Let p(z) = 3(2% + y?). A mesh 7}, is called Delaunay if the sum of
the angles opposite to any edge is less than or equal to w. Show that
Inp = T'(Ip) if and only if 7}, is Delaunay, where I}, is the interpolant
to the continuous piecewise linear space.



