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Abstract

Suppose X = {X t , t ≥ 0} is a supercritical superprocess. Let φ be the non-negative eigenfunction
f the mean semigroup of X corresponding to the principal eigenvalue λ > 0. Then Mt (φ) =
−λt

⟨φ, X t ⟩, t ≥ 0, is a non-negative martingale with almost sure limit M∞(φ). In this paper we
tudy the rate at which Mt (φ)− M∞(φ) converges to 0 as t → ∞ when the process may not have finite
ariance. Under some conditions on the mean semigroup, we provide sufficient and necessary conditions
or the rate in the almost sure sense. Some results on the convergence rate in L p with p ∈ (1, 2) are
lso obtained.
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1. Introduction and main results

Let {Zn, n ≥ 0} be a Galton–Watson process with Z0 = 1 and offspring mean m := E Z1 >

1, and let Wn := m−n Zn . Then {Wn, n ≥ 0} is a non-negative martingale with almost sure limit
W∞. It is well-known that Wn converges to W∞ in L1 if and only if E(Z1 log+ Z1) < ∞. In the
ase E(Z1 log+ Z1) < ∞, it is natural to consider the rate at which W∞−Wn converges to 0. In

this paper we are mainly concerned with the convergence rate in the almost sure sense, when
the process may not have finite variance. This type of results first appeared in Asmussen [2],
and then in the book of Asmussen and Hering [3]. The following result is from [3, Theorem
II.4.1, p. 36]:

Theorem A. (i) Let p ∈ (1, 2) and 1/p + 1/q = 1. Then

W∞ − Wn = o(m−n/q ) a.s. as n → ∞ (1.1)

if and only if E(Z p
1 ) < ∞.

(ii) Let α > 0. Then
∞∑

n=1

nα−1(W∞ − Wn) converges a.s.

if and only if E(Z1(log+ Z1)1+α) < ∞.
(iii) Let α > 0. Then W∞ − Wn = o(n−α) a.s. as n → ∞ if and only if

E
[

Z1

(
log Z1 − log n

)
1{Z1>n}

]
= o

(
(log n)−α

)
, as n → ∞.

Asmussen [2] also discussed corresponding results for finite type Galton–Watson pro-
esses, and continuous time Galton–Watson processes. For multigroup branching diffusions
n bounded domains, convergence rate corresponding to Theorem A(i) is considered in
3, VIII.13]. A sufficient condition, corresponding to E(Z p

1 ) < ∞, is given for (1.1) to hold,
ee [3, Theorem VIII.13.2, p.343]. The goal of this paper is to prove the counterparts of the
esults in Theorem A for a class of superprocesses.

Before we give our model and results, we first review some related work in the literature. For
ny p > 1, the L p convergence rate of Wn − W∞ to 0 is obtained in Liu [32, Proposition 1.3].
uang and Liu [17] obtained L p convergence rates for similar martingales in quenched and

nnealed senses for branching processes in random environment. In [1,18,19], a class of non-
egative intrinsic martingales Wn for supercritical branching random walks were investigated.
et W∞ be the almost sure limit of Wn as n → ∞. Necessary and sufficient conditions for the

L p-convergence, p > 1, of the series
∞∑

n=1

ean(W∞ − Wn), a > 0, (1.2)

ere obtained in [1], which may be viewed as the exponential rate of convergence of
E |W∞ − Wn|

p to 0 as n → ∞. In [18], sufficient conditions for the almost sure convergence
f the series

∞∑
n=0

f (n)(W∞ − Wn) (1.3)

ere obtained, where f is a function regularly varying at ∞ with index larger than −1.

19] investigated sufficient conditions for (1.2) to converge in the almost sure sense. For
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general supercritical indecomposable multi-type branching processes, sufficient conditions for
polynomial rate of convergence in the sense of convergence in probability were given in [20].

We now introduce the setup of this paper. We always assume that E is a locally compact
separable metric space. We will use E∂ := E ∪ {∂} to denote the one-point compactification
of E . We will use B(E) and B(E∂ ) to denote the Borel σ -fields on E and E∂ respectively.

b(E) (respectively B+(E), respectively B+

b (E)) will denote the set of all bounded (respectively
on-negative, respectively bounded and non-negative) real-valued Borel functions on E . All

functions f on E will be automatically extended to E∂ by setting f (∂) = 0.
We will always assume that ξ = {(ξt )t≥0;Πx , x ∈ E} is a Hunt process on E and

ζ = inf{t > 0 : ξt = ∂} is the lifetime of ξ . We use (Pt )t≥0 to denote the semigroup of ξ
cting on functions defined on E and (P t )t≥0 to denote the semigroup of ξ acting on functions
efined on E∂ . We mention in passing that it is important that we take E∂ to be the one-point
ompactification of E . For example, if E is a bounded smooth domain of Rd , ξ is the killed
rownian motion in E and ∂ was added as an isolated point, then ξ will not be a Hunt process.
et the branching mechanism ψ be a function on E × R+ given by

ψ(x, z) = −β(x)z +
1
2
α(x)z2

+

∫
(0,∞)

(e−zr
− 1 + zr )π (x, dr ), x ∈ E, z ≥ 0, (1.4)

here α ≥ 0 and β are both in Bb(E), and π is a kernel from (E,B(E)) to (R+,B(R+))
satisfying∫

∞

0
(r ∧ r2)π (·, dr ) ∈ B+

b (E). (1.5)

Note that this assumption implies that, for any fixed z > 0, ψ(·, z) is bounded on E . We extend
to a branching mechanism ψ on E∂ by defining ψ(∂, z) = 0 for all z ≥ 0.
Let M(E) (resp. M(E∂ )) denote the space of all finite Borel measures on E (resp. E∂ )

quipped with the topology of weak convergence. Any µ ∈ M(E) will be identified with
ts zero extension in µ ∈ M(E∂ ). Denote by 0 the null measure on E and E∂ . Write

0(E) = M(E) \ {0} and M0(E∂ ) = M(E∂ ) \ {0}. For any µ ∈ M(E∂ ) and f ∈ B(E∂ ), we
se ⟨ f, µ⟩ or µ( f ) to denote the integral of f with respect to µ whenever the integral is well-
efined. For f ∈ B+

b (E∂ ), there is a unique locally bounded non-negative map (t, x) ↦→ V t f (x)
on R+ × E∂ such that

V t f (x) + Πx

[∫ t

0
ψ
(
ξs, V t−s f (ξs)

)
ds
]

= Πx [ f (ξt )], t ≥ 0, x ∈ E∂ . (1.6)

ere, local boundedness of the map (t, x) ↦→ V t f (x) means that for any T > 0,

sup
0≤t≤T,x∈E

V t f (x) < ∞.

imilarly, for f ∈ B+

b (E), there is a unique locally bounded non-negative map (t, x) ↦→ Vt f (x)
n R+ × E such that

Vt f (x) + Πx

[∫ t∧ζ

0
ψ
(
ξs, Vt−s f (ξs)

)
ds
]

= Πx [ f (ξt )1{t<ζ }], t ≥ 0, x ∈ E . (1.7)

hen we can define a Markov transition semigroup (Qt )t≥0 on M(E∂ ) by∫
e−ν( f ) Qt (µ, dν) = e−µ(V t f ), µ ∈ M(E∂ ), f ∈ B+

b (E∂ ).

M(E∂ )
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If X = {(X t )t≥0;Pµ, µ ∈ M(E∂ )} is a Markov process in M(E∂ ) with transition semigroup
(Qt )t≥0, we call it a Dawson–Watanabe superprocess with parameters (ξ, ψ). Since ξ is Hunt,
X has a Hunt realization. We will always assume that X is a Hunt process. See [31, Section 2.3
nd Theorem 5.11] for more details. For other sources on the constructions of superprocesses
nd more basic facts on superprocesses we refer the reader to [8,10,14,15,31,36]. Let ι(µ) be
he restriction of a measure µ ∈ M(E∂ ) to E and X t = ι(X t ). It follows from the proof of [31,
heorem 5.12] that X = {(X t )t≥0;Pµ, µ ∈ M(E)} is an M(E)-valued Markov process such

hat

Pµ[e−X t ( f )] = e−µ(Vt f ), t ≥ 0, f ∈ B+

b (E).

owever, since we have taken E∂ to be the one-point-compactification of E , X is in general
ot a Hunt process and does not have good regularity properties. Since X t ( f ) = X t ( f ) for any
unction f on E and we are only interested in quantities of the form X t ( f ), we can work with
he Hunt process X when necessary.

The process X may be loosely described as a scaling limit of branching particle systems as
follows. Let µ ∈ M0(E). Suppose that, at time zero, a random number of particles are set in E ,
ccording to a Poisson random measure with intensity Nµ. The particles move independently
ccording to the law of ξ in E . A given particle lives an exponential amount of time with mean
ifetime bN , and upon its death gives birth to a random number of offspring. The offspring
ander and propagate in the same fashion. Offspring are born at the death site of their parent,

nd the distribution (pN
k (x); k ≥ 0) of the number of offspring is allowed to depend on the

eath site x , and on the parameter N . The mass distribution of particles alive at time t may
e viewed as a random measure X (N )

t (each particle being given weight 1/N ). Under suitable
ypotheses this sequence of measure-valued process converges in distribution, as N → ∞, to
limit measure-valued Markov process X with X0 = µ. The typical conditions are bN → 0

nd

lim
N→∞

[
∞∑

k=0

p(N )
k (x)(1 − z/N )k

− (1 − z/N )

]
(N/bN ) = ψ(x, z), z ≥ 0.

or details on superprocesses as limits of branching particle systems we refer to Dynkin [10]
nd Li [31].

When the initial value is δx , x ∈ E , we write Px for Pδx . We use (Pβ
t )t≥0 to denote the

ollowing Feynman–Kac semigroup

Pβ
t f (x) = Πx

(
exp

(∫ t

0
β(ξs)ds

)
f (ξt )1{t<ζ }

)
, x ∈ E, f ∈ B+

b (E).

hen it is known (see [31, Proposition 2.27]) that for any µ ∈ M(E),

Pµ[X t ( f )] = µ(Pβ
t f ), t ≥ 0, f ∈ B+

b (E). (1.8)

Pβ
t )t≥0 is called the mean semigroup of X . For this mean semigroup, we will always assume

hat

ssumption 1. There exist a constant λ > 0, a positive function φ ∈ Bb(E) and a probability
easure ν with full support on E such that for any t ≥ 0, Pβ

t φ = eλtφ, νPβ
t = eλtν and

ν(φ) = 1.

Denote by L+

1 (ν) the collection of non-negative Borel functions on E which are integrable

ith respect to the measure ν. We further assume that the following assumption holds:
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Assumption 2. For all t > 0, x ∈ E , and f ∈ L+

1 (ν), it holds that Pβ
t f (x) = eλtφ(x)ν( f )(1 +

t,x, f ) for some Ct,x, f ∈ R, and that limt→∞ ct = 0, where ct := supx∈E, f ∈L+

1 (ν) |Ct,x, f |.

Note that limt→∞ ct = 0 implies that there exists t0 > 0 such that

sup
t>t0

sup
x∈E, f ∈L+

1 (ν)
|Ct,x, f | < ∞.

ithout loss of generality, throughout this paper we will assume t0 = 1.
Here are two classes of examples satisfying Assumptions 1 and 2. For more examples,

ee [35, Section 1.3] and [37, Section 1.4].

xample 1.1. Suppose that E is the closure of a bounded connected C2 open set in Rd and that
denotes the Lebesgue measure on E . Let ξ be the reflecting Brownian motion in E . Then

has a transition density p(t, x, y), with respect to the Lebesgue measure, which is a strictly
ositive, continuous and symmetric function of (x, y) for any t > 0 and that there exists c > 0
uch that

p(t, x, y) ≤ c t−d/2, (t, x, y) ∈ (0,∞) × E × E .

he largest eigenvalue of the generator of the semigroup {Pt : t ≥ 0} of ξ is λ̃0 = 0 and
he corresponding eigenfunction φ̃0 is a positive constant. Using this and the argument on
37, pp. 241–243], one can easily see that Assumptions 1 and 2 are satisfied.

xample 1.2. Suppose that E is an open subset of Rd with finite Lebesgue measure and that m
enotes the Lebesgue measure on E . Let ξ be the subprocesses in E of any of the subordinate
rownian motions studied in [23,24]. Brownian motion and isotropic α-stable processes,
∈ (0, 2), are special cases of subordinate Brownian motions. Then it is known (see [4,5]) that
has a transition density p(t, x, y), with respect to the Lebesgue measure, which is a strictly

ositive, continuous, bounded, symmetric function of (x, y) for any t > 0. It follows from [22]
hat the semigroup {Pt : t ≥ 0} of ξ is intrinsic ultracontractive and that the eigenfunction
0̃ corresponding to the largest eigenvalue of the generator of {Pt : t ≥ 0} is bounded. Using

his and the argument on [37, pp. 241–243], one can easily see that Assumptions 1 and 2 are
atisfied.

Define

Mt (φ) := e−λt
⟨φ, X t ⟩, t ≥ 0. (1.9)

t follows from (1.8) and Assumption 1 that {Mt (φ), t ≥ 0} is a non-negative càdlàg martingale,
ee (2.11). By the martingale convergence theorem, Mt (φ) has an almost sure limit as t → ∞.
e denote this limit as M∞(φ). In this paper, we study the rate at which Mt (φ) converges to

M∞(φ) as t → ∞.
To state our results we need to introduce some notation. Define a new kernel πφ(x, dr ) from

E,B(E)) to (R+,B(R+)) such that for any non-negative Borel function f on R+,∫
∞

0
f (r )πφ(x, dr ) =

∫
∞

0
f (rφ(x))π (x, dr ), x ∈ E . (1.10)

y (1.5) and the boundedness of φ, πφ satisfies∫
∞

(r ∧ r2)πφ(x, dr ) = φ(x)
[∫ 1/φ(x)

r2φ(x)π (x, dr ) +

∫
∞

rπ (x, dr )
]

0 0 1/φ(x)
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≤ φ(x)
(

∥φ

∫ 1

0
r2π (·, dr )∥∞ + 2∥

∫
∞

1∧1/∥φ∥∞

rπ (x, dr )∥∞

)
.

et C := ∥φ
∫ 1

0 r2π (·, dr )∥∞ + 2∥
∫

∞

1∧1/∥φ∥∞
rπ (x, dr )∥∞. Then∫

∞

0
(r ∧ r2)πφ(x, dr ) ≤ Cφ(x). (1.11)

In [33], we studied the relationship between M∞(φ) being a non-degenerate random variable
nd the following function l:

l(y) :=

∫
∞

1
r ln rπφ(y, dr ), y ∈ E, (1.12)

nd established an L log L criterion (see Proposition 1.3) for a class of superdiffusions with
= 0.

roposition 1.3 ([33, Theorem 1.1]). Suppose that Assumptions 1–2 hold and µ ∈ M0(E).
hen Pµ(M∞(φ)) = ⟨φ,µ⟩ if and only if the following L log L condition holds:∫

E
l(y)ν(dy) < ∞. (1.13)

oreover, if (1.13) holds, then for any µ ∈ M0(E),

{M∞(φ) > 0} = {X t > 0, ∀t > 0}, Pµ-a.s.

therwise, M∞(φ) = 0, Pµ-a.s. for any µ ∈ M0(E).

If α ̸= 0, from the stochastic integral representation (2.11) of the martingale Mt (φ), one
an see that the continuous part (the part corresponding to the term 1

2α(x)z2 of the branching
mechanism ψ) is a martingale bounded in L2(Pµ), so it converges almost surely under our
setting. And thus the criterion (1.13) still holds for the superprocesses with general branching
mechanism ψ .

The non-degeneracy of the limit M∞(φ) is closely related to the convergence of e−λt X t as a
rocess in M(E), which can be regarded as a law of large numbers. The earliest work along this
ine dates back to 1970’s when Watanabe [42,43] studied the asymptotic properties of branching
ymmetric diffusions. Since then, many people have worked on this topic, see, for instance,
hen and Shiozawa [7] for branching Hunt processes, Engländer et al. [12] for branching
iffusions, Engländer and Kyprianou [13] for branching diffusions and superdiffusions, and
ckhoff, Kyprianou and Winkel [11] for superprocesses. In the paper mentioned above, the
ranching Markov processes or superprocesses, under some conditions, increase exponentially.
ecently, some papers, for example, Kouritzin and Ren [27] and Wang [41], investigated

he strong law of large numbers of super-stable processes and super-Brownian motion with
ranching mechanism ψ(x, z) = −βz +

1
2αz2 with β, α > 0 being constants. It turns out

that in this case X t ( f ) grows with exponential rate multiplied by a polynomial of time t ,
where f is some test function. Kouritzin and Lê [25] studied the long-time behavior of α-
stable (α ∈ (0, 2]) Fleming–Viot process, and got asymptotic expansions for t

d
α X t ( f ) with f

eing some test function. Similar expansion for super-Brownian motion was given in Lê [29].
he law of large numbers for branching Gaussian processes, including fractional Brownian
otion and fractional Ornstein–Uhlenbeck processes with large Hurst parameters, was obtained

n Kouritzin et al. [26].
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In the Appendix, we will state an almost sure convergence of the superprocesses which is
sed in our proof. We will give a proof since the result is not available in the literature.

Throughout this paper, we assume that (1.13) holds. Thus Mt (φ) converges to M∞(φ)
Pµ-almost surely and in L1(Pµ) for any µ ∈ M0(E).

Since Ms(φ) is right continuous, for any a∗ > 0, we can define

At (a∗) =

∫ t

0
e
λs
a∗
(
M∞(φ) − Ms(φ)

)
ds, t ∈ [0,∞). (1.14)

ote that

At (a∗) − A1(a∗) =

∫ t

1
e
λs
a∗
(
M∞(φ) − Ms(φ)

)
ds, t ≥ 1.

he convergence of At (a∗) − A1(a∗) as t → ∞ is related to the rate at which M∞(φ) − Mt (φ)
onverges to 0 as t → ∞. Our first result is the following criterion for the L p convergence
ate of M∞(φ) − Mt (φ) to 0 as t → ∞. We use the usual notation ∥ · ∥p to denote the L p

orm with p ≥ 1.

heorem 1.4. Assume that Assumptions 1–2 and (1.13) hold. Let 1 < a < p ≤ 2 and
1
a +

1
a∗ = 1.

(1) If ∫
E
ν(dy)

∫
∞

1
r pπφ(y, dr ) < ∞, (1.15)

then for any µ ∈ M0(E), (At (a∗) − A1(a∗)) converges in L p(Pµ) and Pµ-almost surely
as t → ∞.

(2) If for some µ ∈ M0(E), (At (a∗) − A1(a∗)) converges in L p(Pµ) as t → ∞, then it must
converge Pµ-almost surely and (1.15) holds.

(3) If (1.15) holds, then ∥M∞(φ) − Mt (φ)∥p = o(e−
λt
a∗ ) as t → ∞.

(4) If ∥M∞(φ) − Mt (φ)∥p = o(1) as t → ∞, then (1.15) holds.

For a Galton–Watson process Z , it is proved in [32, Proposition 1.3] that if E(Z p
1 ) < ∞

or some p > 1, then there exists some c > 0 such that

∥Wn − W∞∥p ≤

{
cm−

1
q n
, if p ∈ (1, 2],

cm−
1
2 n, if p > 2,

here 1/q +1/p = 1. The above result implies that ∥Wn −W∞∥p = o(m−
n

a∗ ) for 1 < a < p ≤

, which corresponds to our Theorem 1.4(3), and ∥Wn − W∞∥p = o(ρ−n) for any ρ < m1/2.
If
∫

∞

1 r2π (x, dr ) is bounded (which implies that (1.15) holds for p = 2), by the central
imit theorem (see [38, Theorem 1.4]), e−λt/2(Mt (φ) − M∞(φ)) converges to Z

√
M∞(φ) with

Z being a normal random variable with mean zero and independent of M∞(φ). In [38], the
ean semigroup Pβ

t is assumed to be symmetric with respect to some measure m, and the
assumptions on (Pβ

t )t≥0 are slightly different, but the central limit theorem also holds in the
nonsymmetric case, see [39] for the corresponding results for branching Markov processes. A
question related to Theorem 1.4 is whether the results still holds for a = p < 2. The following
theorem gives necessary and sufficient conditions for the almost sure convergence for the case
of a = p < 2.

Theorem 1.5. Suppose that Assumptions 1–2 and (1.13) hold. Let 1 < p < 2, 1/p + 1/q = 1.
292
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(1) If (1.15) holds, then for any µ ∈ M0(E), as t → ∞, At (q) converges Pµ-a.s. and

Mt (φ) − M∞(φ) = o(e−
λt
q ), Pµ-a.s.

(2) Suppose there exist B > 0 and T0 > 0 such that

sup
x∈E

1
φ(x)

∫
∞

t
πφ(x, dr ) ≤ B

∫
E
ν(dy)

∫
∞

t
πφ(y, dr ), t > T0. (1.16)

If ∫
E
ν(dy)

∫
∞

1
r pπφ(y, dr ) = ∞, (1.17)

then for any µ ∈ M0(E), Mt (φ) − M∞(φ) = o(e−
λt
q ) Pµ-a.s. does not hold as t → ∞.

Theorem 1.6. Assume that Assumptions 1–2 and (1.13) hold.

(1) For any γ > 0,∫
E
ν(dx)

∫
∞

1
r (ln r )γ+1πφ(x, dr ) < ∞ (1.18)

implies that, for any µ ∈ M0(E),∫ t

0
sγ−1(M∞(φ) − Ms(φ))ds

converges Pµ-almost surely as t → ∞, and

M∞(φ) − Mt (φ) = o(t−γ ), Pµ-a.s.

If (1.18) holds with γ ≥ 1, then
∫

∞

0 (M∞(φ) − Mt (φ))dt exists Pµ-almost surely for any
µ ∈ M0(E).

(2) Suppose that there exist b > 0, T1 > 0 and a Borel set F ⊂ E with ν(F) > 0 such that

inf
x∈F

1
φ(x)

∫
∞

t
rπφ(x, dr ) ≥ b

∫
E
ν(dx)

∫
∞

t
rπφ(x, dr ), t > T1. (1.19)

If there is γ ∈ (0,∞) such that∫
E
ν(dx)

∫
∞

1
r (ln r )γ+1πφ(x, dr ) = ∞, (1.20)

then for any µ ∈ M0(E),
∫ t

0 sγ−1(M∞(φ) − Ms(φ))ds does not converge Pµ-a.s. as
t → ∞. If, as t → ∞,∫

E
ν(dx)

∫
∞

t
r (ln r − ln t)πφ(x, dr ) = o

(
(ln t)−γ

)
(1.21)

does not hold, then M∞(φ) − Mt (φ) = o(t−γ ), Pµ-a.s. does not hold as well.

It was noted in [3, Theorem II.4.1, p.36] that (1.18) implies (1.21), and (1.21) implies that∫
E
ν(dx)

∫
∞

1
r (ln r )γ+1−επφ(x, dr ) < ∞ for all 0 < ε ≤ γ.

This says that (1.18) is slightly stronger than (1.21).
293



R. Liu, Y.-X. Ren and R. Song Stochastic Processes and their Applications 154 (2022) 286–327

I

H

a

S

H

a

T
(
n
i

i
i
T
T

e
a

2

2

We make a few remarks about (1.16) and (1.19). Note that by definition,∫
∞

t
πφ(x, dr ) =

∫
∞

t/φ(x)
π (x, dr ) = π (x, (t/φ(x),∞)) .

f π (x, dr ) = γ (x)r−1−αdr with α ∈ (1, 2) and γ a bounded non-negative Borel function, then∫
∞

t
πφ(x, dr ) =

1
α
γ (x)t−αφ(x)α.

ence
1
φ(x)

∫
∞

t
πφ(x, dr ) =

1
α
γ (x)t−αφ(x)α−1

nd ∫
E
ν(dx)

∫
∞

t
πφ(x, dr ) =

t−α

α

∫
E
ν(dx)γ (x)φ(x)α.

ince γ and φ are bounded, (1.16) is satisfied. Similarly, by definition,∫
∞

t
rπφ(x, dr ) = φ(x)

∫
∞

t/φ(x)
rπ (x, dr ).

ence, we similarly have

1
φ(x)

∫
∞

t
rπφ(x, dr ) =

1
α − 1

γ (x)φ(x)α−1t1−α

nd ∫
E
ν(dx)

∫
∞

t
rπφ(x, dr ) =

t1−α

α − 1

∫
E
γ (x)φ(x)αν(dx).

hus (1.19) is satisfied if ν({x : γ (x) > 0}) > 0. It is easy to generalize the remarks above on
1.16) and (1.19) to the case when π (x, dr ) = γ (x)r−1−αs(r )dr with α ∈ (1, 2), γ a bounded
on-negative Borel function, and s a local bounded non-negative Borel function (0,∞) which
s slowly varying at ∞.

The remainder of this article is organized as follows. In Section 2.1, we present a stochastic
ntegral representation of superprocesses which will be used in later sections. In Section 2.2, we
ntroduce the spine decomposition of superprocesses which is used in the proof of Lemma 3.5.
he main results are proved in Section 3. Lemma 3.5 plays a key role in the proof of
heorem 1.5.

In this paper, we use the convention that an expression of the type a ≲ b means that there
xists a positive constant N which is independent of a and b such that a ≤ Nb. Moreover, if
≲ b and b ≲ a, we shall write a ≍ b.

. Superprocesses

.1. Stochastic integral representation of superprocesses

Without loss of generality, we assume that our process X is the coordinate process on

D := {w = (w ) : w is an M(E )-valued càdlàg function on [0,∞).}.
t t≥0 ∂
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We assume that (F∞, (Ft )t≥0) is the natural filtration on D, completed as usual with the
F∞-measurable and Pµ-negligible sets for every µ ∈ M(E∂ ). Let W+

0 be the family of M(E∂ )-
alued càdlàg functions on (0,∞) with 0 as a trap and with limt↓0wt = 0. W+

0 can be regarded
s a subset of D.

Throughout this paper assume that Px (X t (1) = 0) > 0 for any x ∈ E and t > 0, which
mplies that there exists a unique family of σ -finite measures {Nx ; x ∈ E} on W+

0 such that
or any µ ∈ M(E), if N (dw) is a Poisson random measure on W+

0 with intensity measure

Nµ(dw) :=

∫
E
Nx (dw)µ(dx),

hen the process defined by

X̃0 = µ, X̃ t =

∫
W+

0

wtN (dw), t > 0

s a realization of the superprocess X = {(X t )t≥0;Pµ, µ ∈ M(E)}. Furthermore, Nx (⟨ f, wt ⟩) =

x ⟨ f, X t ⟩ for any f ∈ B+(E) (see [31, Theorem 8.22] and [40, Section 2.2]). {Nx ; x ∈ E} can
e regarded as measures on D carried by W+

0 .
Let us recall the stochastic integral representation of superprocesses, for more details

ee [16] or [31, Chapter 7]. Let (A,D(A)) be the weak infinitesimal generator of ξ as defined
n [15, Section 4]. For any f ∈ D(A),

Pt f (x) − f (x)
t

→ A f (x), bounded and pointwisely as t → 0.

e will use the standard notation △X s = X s − X s− for the jump of X at time s. Let C2
0 (R)

enote the set of all twice continuously differentiable functions on R vanishing at infinity. It is
nown (cf. [15, Theorem 1.5]) that the superprocess X is a solution to the following martingale
roblem: for any ϕ ∈ D(A) and h ∈ C2

0 (R),

h(⟨ϕ, X t ⟩) − h(⟨ϕ,µ⟩) −

∫ t

0
h′(⟨ϕ, X s⟩)⟨(A + β)ϕ, X s⟩ds

−
1
2

∫ t

0
h′′(⟨ϕ, X s⟩)⟨αϕ2, X s⟩ds

−

∫ t

0

∫
E

∫
(0,∞)

(
h(⟨ϕ, X s⟩ + rϕ(x)) − h(⟨ϕ, X s⟩)

− h′(⟨ϕ, X s⟩)rϕ(x)
)
π (x, dr )X s−(dx)ds

(2.1)

is a Pµ-martingale for any µ ∈ M0(E∂ ).
By [16, Proposition 2.1] (also see [31, Theorem 7.13]), for any ϕ ∈ D(A) and µ ∈ M0(E∂ ),

⟨ϕ, X t ⟩ = ⟨ϕ,µ⟩ + S J
t (ϕ) + SC

t (ϕ) +

∫ t

0
⟨(A + β)ϕ, X s⟩ds, (2.2)

here SC
t (ϕ) is a continuous Pµ-local martingale and S J

t (ϕ) is a Pµ-pure jump martingale. The
uadratic variation process of the continuous local martingale SC

t (ϕ) is given by

⟨SC (ϕ)⟩t =

∫ t

0
⟨αϕ2, X s⟩ds. (2.3)

Next, we characterize the pure jump martingale (S J
t (ϕ), t ≥ 0). Let J denote the set of all

ump times of X and δ denote the Dirac measure. From the last part of (2.1), we see that the
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only possible jumps of X are point measures of the form rδx with r > 0 and x ∈ E∂ , see
30, Section 2.3]. Thus the predictable compensator of the random measure (for the definition
f the predictable compensator of a random measure, see, for instance [8, p. 107])

N :=

∑
s∈J

δ(s,△X s )

is a random measure N̂ on R+ ×M(E∂ ) such that for any nonnegative predictable function F
n R+ × Ω × M(E∂ ),∫

∞

0

∫
M(E∂ )

F(s, ω, υ)N̂ (ds, dυ) =

∫
∞

0
ds
∫

E
X s−(dx)

∫
∞

0
F(s, ω, rδx )π (x, dr ), (2.4)

here π (x, dr ) is the kernel of the branching mechanism ψ . Therefore we have

Pµ

[∑
s∈J

F(s, ω,△X s)

]
= Pµ

∫
∞

0
ds
∫

E
X s−(dx)

∫
∞

0
F(s, ω, rδx )π (x, dr ). (2.5)

ee [8, p.111].
Let F be a Borel function on R+ × M(E∂ ) satisfying

Pµ
[( ∑

s∈[0,t],s∈J

F(s,∆X s)2
)1/2]

< ∞, for all µ ∈ M(E∂ ).

hen the stochastic integral of F with respect to the compensated random measure N − N̂∫ t

0

∫
M(E∂ )

F(s, υ)(N − N̂ )(ds, dυ)

an be defined (cf. [30] and the references therein) as the unique purely discontinuous
artingale (vanishing at time 0) whose jumps are indistinguishable from 1J (s)F(s,∆X s).
Suppose that g is a Borel function on R+ × E . Define

Fg(s, υ) :=

∫
E

g(s, x)υ(dx), υ ∈ M(E∂ ), (2.6)

henever the integral above makes sense. When g is a bounded Borel function on R+ × E ,
for any µ ∈ M(E),

Pµ
[(∑

s∈[0,t],s∈J Fg(s,∆X s)2
)1/2

]
= Pµ

[(∑
s∈[0,t],s∈J

(∫
E g(s, x)(∆X s)(dx)

)2
)1/2

]

≤ ∥g∥∞Pµ

⎡⎢⎣
⎛⎝ ∑

s∈[0,t],s∈J

⟨1,∆X s⟩
21

{⟨1,∆X s ⟩≤1}
+

∑
s∈[0,t],s∈J

⟨1,∆X s⟩
21

{⟨1,∆X s ⟩>1}

⎞⎠1/2
⎤⎥⎦

≤ ∥g∥∞Pµ

⎡⎢⎣
⎛⎝ ∑

s∈[0,t],s∈J

⟨1,∆X s⟩
21

{⟨1,∆X s ⟩≤1}

⎞⎠1/2
⎤⎥⎦

+ ∥g∥∞Pµ

⎡⎢⎣
⎛⎝ ∑

s∈[0,t],s∈J

⟨1,∆X s⟩
21

{⟨1,∆X s ⟩>1}

⎞⎠1/2
⎤⎥⎦ .
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Using the first two displays on [30, p.203], we get

Pµ

⎡⎢⎣
⎛⎝ ∑

s∈[0,t],s∈J

Fg(s,∆X s)2

⎞⎠1/2
⎤⎥⎦ < ∞. (2.7)

herefore, if g is bounded on R+ × E , then the integral
∫ t

0

∫
M(E∂ ) Fg(s, υ)(N − N̂ )(ds, dυ) is

ell defined and is a martingale. Define the martingale measure S J (ds, dx) by∫ t

0

∫
E

g(s, x)S J (ds, dx) :=

∫ t

0

∫
M(E∂ )

Fg(s, υ)(N − N̂ )(ds, dυ). (2.8)

hus the pure jump martingale S J
t (ϕ) in (2.2) can be written as

S J
t (ϕ) =

∫ t

0

∫
E
ϕ(x)S J (ds, dx).

A martingale measure SC (ds, dx) can be defined (see [16] or [36] for the precise definition)
o that the continuous martingale in (2.2) can be expressed as

SC
t (ϕ) =

∫ t

0

∫
E
ϕ(x)SC (ds, dx).

umming up these two martingale measures, we get a martingale measure

M(ds, dx) = S J (ds, dx) + SC (ds, dx). (2.9)

Using this, [16, Proposition 2.14] and applying a limit argument, one can show that for any
ounded Borel function g on E ,

⟨g, X t ⟩ = ⟨Pβ
t g, µ⟩ +

∫ t

0

∫
E

Pβ
t−s g(x)S J (ds, dx) +

∫ t

0

∫
E

Pβ
t−s g(x)SC (ds, dx). (2.10)

n particular, taking g = φ in (2.10), where φ is the positive eigenfunction of Pβ
t given in

ssumption 1, we get the expression for the martingale (Mt (φ))t≥0:

Mt (φ) = ⟨φ,µ⟩ +

∫ t

0
e−λs

∫
E
φ(x)S J (ds, dx) +

∫ t

0
e−λs

∫
E
φ(x)SC (ds, dx). (2.11)

herefore the limit M∞(φ) of Mt (φ) can be written as

M∞(φ) = ⟨φ,µ⟩ +

∫
∞

0
e−λs

∫
E
φ(x)S J (ds, dx) +

∫
∞

0
e−λs

∫
E
φ(x)SC (ds, dx). (2.12)

For the jump part above, we always handle the ‘small jumps’ and the ‘large jumps’
separately. Now we give the precise definitions of ‘small jumps’ and ‘large jumps’. Given
ρ ∈ (0,∞], a jump at time s is called ‘small’ if 0 < ∆X s(φ) < e

λ
ρ s , and ‘large’ if

△X s(φ) ≥ e
λ
ρ s , where △X s(φ) = rφ(x) when △X s = rδx with r > 0 and x ∈ E . Define

N (1,ρ)
:=

∑
0<△X s (φ)<e

λ
ρ s

δ(s,△X s ), N (2,ρ)
:=

∑
△X s (φ)≥e

λ
ρ s

δ(s,△X s ),

and denote the compensators of N (1,ρ) and N (2,ρ) by N̂ (1,ρ) and N̂ (1,ρ) respectively. Then for
ny non-negative Borel function F on R+ × M(E∂ ),∫

∞
∫

F(s, υ)N̂ (1,ρ)(ds, dυ) =

∫
∞

ds
∫

X s−(dx)
∫ e

λ
ρ s

F(s, rφ(x)−1δx )πφ(x, dr )

0 M(E∂ ) 0 E 0
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and ∫
∞

0

∫
M(E∂ )

F(s, υ)N̂ (2,ρ)(ds, dυ) =

∫
∞

0
ds
∫

E
X s−(dx)

∫
∞

e
λ
ρ s

F(s, rφ(x)−1δx )πφ(x, dr ),

here πφ was defined in (1.10). Let J (1,ρ) denote the set of jump times of N (1,ρ), and let J (2,ρ)

enote the set of jump times of N (2,ρ). Then∫
∞

0

∫
M(E∂ )

F(s, υ)N (1,ρ)(ds, dυ) =

∑
s∈J (1,ρ)

F(s,△X s),∫
∞

0

∫
M(E∂ )

F(s, υ)N (2,ρ)(ds, dυ) =

∑
s∈J (2,ρ)

F(s,△X s).

imilar to the way we constructed S J (ds, dx) from N (ds, dυ), we can construct two martingale
measures S(1,ρ)(ds, dx) and S(2,ρ)(ds, dx) respectively from N (1,ρ)(ds, dυ) and N (2,ρ)(ds, dυ).

hen for any bounded Borel function g on R+ × E , we can obtain the following martingales,
or t > 0,

S(1,ρ)
t (g) =

∫ t

0

∫
E

g(s, x)S(1,ρ)(ds, dx) =

∫ t

0

∫
M(E∂ )

Fg(s, υ)(N (1,ρ)
− N̂ (1,ρ))(ds, dυ)

(2.13)

and

S(2,ρ)
t (g) =

∫ t

0

∫
E

g(s, x)S(2,ρ)(ds, dx) =

∫ t

0

∫
M(E∂ )

Fg(s, υ)(N (2,ρ)
− N̂ (2,ρ))(ds, dυ),

(2.14)

where Fg(s, υ) =
∫

E g(s, x)υ(dx).

2.2. Spine decomposition of superprocesses

Recall that {(ξt )t≥0;Πx , x ∈ E} is the spatial motion. Let (F ξ
t )t≥0 be the natural filtration

of (ξt )t≥0. For each x ∈ E , let Π̃x be the probability measure defined by

dΠ̃x |Fξ
t

dΠx |Fξ
t

=
e
∫ t

0 β(ξs )dsφ(ξt )1{t<ζ }

eλtφ(x)
, t ≥ 0. (2.15)

It can be verified (see [21] for example) that the process {(ξt )t≥0; Π̃x , x ∈ E} is a time
omogeneous Markov process. For any µ ∈ M(E), define (φµ)(dx) := φ(x)µ(dx). For any
∈ M0(E), we define

Πµ(·) := µ(E)−1
∫

E
Πx (·)µ(dx) and Π̃µ(·) := µ(E)−1

∫
E
Π̃x (·)µ(dx).

For any µ ∈ M0(E), we define the probability measure P̃µ by

dP̃µ|Ft

dPµ|Ft

=
Mt (φ)
µ(φ)

, t ≥ 0. (2.16)

o prove Theorem 1.5, we will use the spine decomposition of (X t ; P̃µ), which says that
(X ; P̃ ) has the same distribution as the sum of three different kinds of immigration along
t µ
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a spine process. This decomposition has been used for studying limit properties of super-
processes, see for example Engländer and Kyprianou [13], Liu et al. [33] in the case of

= 0, Kyprianou et al. [28] and Chen et al. [6] to mention some. Now we state the spine
ecomposition. On some probability space with probability measure Qµ, we have the following
rocesses:

(i) {(ξt )t≥0;Qµ} is a Markov process, called the spine process, with

{(ξt )t≥0;Qµ}
d
= {(ξt )t≥0; Π̃φµ};

(ii) Conditioned on (ξt )t≥0, the continuum immigration {(XC,σ )σ∈DC ;Qµ(·|(ξt )t≥0)} is a
D-valued point process such that

n(ds, dw) :=

∑
σ∈DC

δ(σ,XC,σ )(ds, dw) (2.17)

is a Poisson random measure on R+ × D with intensity

n(ds, dw) := α(ξs)ds · Nξs (dw),

where DC stands for the jumping time set of the point process (XC,σ ). Given ξ , {XC,σ
:

σ ∈ DC
} are independent.

(iii) Conditioned on (ξt )t≥0, the discrete immigration {(X J,σ )σ∈DJ ;Qµ(·|(ξt )t≥0)} is a D-valued
point process such that m(ds, dw) :=

∑
σ∈DJ δ(σ,X J,σ )(ds, dw) is a Poisson random

measure on R+ × D with intensity

m(ds, dw) := ds ·

∫
(0,∞)

yPyδξs (X ∈ dw)π (ξs, dy); (2.18)

and D J stands for the jumping time set of the point process (X J,σ ). Given ξ , {X J,σ , σ ∈

D J
} are independent, and independent of {XC,σ

: σ ∈ DC
}.

(iv) {(X t )t≥0;Qµ}, known as the immigration at time t = 0, is a copy of the superprocess
{(X t )t≥0;Pµ}, and is independent of (ξt )t≥0, (XC,σ )σ∈DC and (X J,σ )σ∈DJ .

{(ξt )t≥0, (XC,σ )σ∈DC , (X J,σ )σ∈DJ , (X t )t≥0;Qµ} is called a spine decomposition of {(X t )t≥0; P̃µ}.
The spine decomposition theorem says that(

X t ; P̃µ
)

d
=

(
X t +

∑
σ∈DC ∩[0,t]

XC,σ
t−σ +

∑
σ∈DJ ∩[0,t]

X J,σ
t−σ ; Qµ

)
, (2.19)

see, for instance, [33] for the case α = 0, [11, Proposition 2.17] and [6, Proposition 3.1] for
general branching mechanism ψ . Put

ZC
t :=

∑
σ∈DC ∩[0,t]

XC,σ
t−σ and Z J

t :=

∑
σ∈DJ ∩[0,t]

X J,σ
t−σ , t > 0.

Then the spine representation (2.19) of X can be simplified as for any t ≥ 0,(
X t ; P̃µ

)
d
=

(
X t + ZC

t + Z J
t ; Qµ

)
. (2.20)

3. Proofs of main results

3.1. Some lemmas

Recall the definition (1.14), i.e.,

At (q) =

∫ t

e
λs
q (M∞(φ) − Ms(φ))ds, t ∈ [0,∞).
0
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Let A∞(q) denote the almost sure limit of At (q) as t → ∞ whenever it exists. Recall the
efinition (2.9) of the martingale measure

M(ds, dx) = S J (ds, dx) + SC (ds, dx).

or any p > 0, g(s, x) := e
−λs

p φ(x) is bounded on R+×E , and thus we can define a martingale
( Ãt (p))t≥0 by

Ãt (p) =

∫ t

0
e

−λs
p

∫
E
φ(x)M(ds, dx), t ≥ 0. (3.1)

When the almost sure limit of this martingale exists as t → ∞, we denote the limit by Ã∞(p)
and write it in the integral form Ã∞(p) :=

∫
∞

0 e
−λs

p
∫

E φ(x)M(ds, dx). It follows from the
representation (2.11) of Mt (φ) that Mt (φ)−⟨φ,µ⟩ = Ãt (1). When the moment condition (1.13)

olds, we have shown that the limit M∞(φ) exists. Thus we have the following expression of
M∞(φ) − Mt (φ) in terms of the martingale measure M(ds, dx):

M∞(φ) − Mt (φ) = Ã∞(1) − Ãt (1) =

∫
∞

t
e−λs

∫
E
φ(x)M(ds, dx).

Lemma 3.1. Assume that (1.13) holds. Suppose p ∈ (1, 2], 1/p + 1/q = 1, r > 1, and
∈ M0(E).
(1) Ãt (p) converges Pµ-almost surely as t → ∞ if and only if At (q) converges Pµ-almost

surely and M∞(φ) − Mt (φ) = o
(

e−
λt
q
)

, Pµ-almost surely as t → ∞. In this case, we have

A∞(q) =
q Ã∞(p)

λ
−

q
λ

(M∞(φ) − M0(φ)), Pµ-a.s. (3.2)

(2) At (q) − A1(q) is in Lr (Pµ) and converges in Lr (Pµ) as t → ∞ if and only if
Ãt (p) − Ã1(p) is in Lr (Pµ) and converges in Lr (Pµ) as t → ∞. In this case, we have

A∞(q) − A1(q) =
q
λ

( Ã∞(p) − Ã1(p)) −
q
λ

e
λ
q (M∞(φ) − M1(φ)) in Lr (Pµ), (3.3)

here A∞(q) − A1(q) (resp. Ã∞(p) − Ã1(p)) is the Lr (Pµ)-limit of At (q) − A1(q) (resp.
Ãt (p) − Ã1(p)) as t → ∞.

roof. The assumption (1.13) implies the uniform integrability of Mt (φ), t ∈ [0,∞]. Conse-
uently, Mt (φ) is bounded on [0,∞] Pµ-almost surely. By the bounded convergence theorem
nd the stochastic Fubini theorem for martingale measures (c.f. [31, Theorem 7.24]), for any

T > 0,

AT (q) = lim
l→∞

∫ T

0
e
λt
q dt

∫ l

t
e−λs

∫
E
φ(x)M(ds, dx)

= lim
l→∞

∫ l

0
e−λs

∫
E
φ(x)M(ds, dx)

∫ s∧T

0
e
λt
q dt

=
q
λ

lim
l→∞

∫ l

0
e−λs(e

λ(s∧T )
q − 1)

∫
E
φ(x)M(ds, dx)

=
q
λ

∫ T

0
e

−λs
p

∫
E
φ(x)M(ds, dx) +

q
λ

e
λT
q
(
M∞(φ) − MT (φ)

)
−

q
λ

(M∞(φ) − M0(φ))

=
q

ÃT (p) +
q

e
λT
q
(
M∞(φ) − MT (φ)

)
−

q
(M∞(φ) − M0(φ)). (3.4)
λ λ λ
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0

Note that A′
t (q) :=

d At (q)
dt

= e
λt
q
(
M∞(φ) − Mt (φ)

)
for almost every t ∈ (0,∞). Therefore

3.4) can be rewritten as

−
λ

q
At (q) + A′

t (q) = (M∞(φ) − M0(φ)) − Ãt (p), a.e. t > 0. (3.5)

From this we get that

e−
λ
q t At (q) =

q
λ

(M∞(φ) − M0(φ))(1 − e−
λ
q t ) −

∫ t

0
e−

λ
q s Ãs(p)ds, a.e. t > 0.

Combining this with (3.5), we get that for almost every t ∈ (0,∞),

e−
λ
q t A′

t (q) = (M∞(φ) − M0(φ))(1 − e−
λ
q t ) −

λ

q

∫ t

0
e−

λ
q s Ãs(p)ds

+ e−
λ
q t (M∞(φ) − M0(φ)) − e−

λ
q t Ãt (p)

= (M∞(φ) − M0(φ)) − e−
λ
q t Ãt (p) −

λ

q

∫ t

0
e−

λ
q s Ãs(p)ds. (3.6)

Since for a.e. t > 0, e−
λ
q t A′

t (q) = M∞(φ) − Mt (φ), we have for almost all T, t > 0,

e−
λ
q t A′

t (q) − e−
λ
q (T +t) A′

T +t (q) = MT +t (φ) − Mt (φ).

sing (3.6), we get that for almost all T, t > 0,

e
λ
q T
(MT +t (φ) − MT (φ))

= e−
λ
q t ÃT +t (p) − ÃT (p) +

λ

q

∫ t

0
e−

λ
q s ÃT +sds

= (e−
λ
q t

− 1) ÃT +t (p) + ( ÃT +t (p) − ÃT (p)) +
λ

q

∫ t

0
e−

λ
q s ÃT +s(p)ds. (3.7)

Since (1 − e−
λ
q t ) ÃT +t =

λ

q

∫ t
0 e−

λ
q s ÃT +t ds, (3.7) can be written as: for almost all T, t > 0,

e
λ
q T
(MT +t (φ) − MT (φ)) = ÃT +t (p) − ÃT (p) −

λ

q

∫ t

0
e−

λ
q s ( ÃT +t (p) − ÃT +s(p)

)
ds.

(3.8)

(1) If AT (q) converges Pµ-almost surely as T → ∞ and limT →∞ e
λT
q
(
M∞(φ) − MT (φ)

)
=

Pµ-a.s. then by (3.4), ÃT (p) converges Pµ-almost surely as T → ∞, and (3.2) follows.
Conversely, if ÃT (p) converges Pµ-a.s. as T → ∞, then for any ε > 0, there is T̃ (ω) > 0
such that for T > T̃ (ω) and t, s ≥ 0,

⏐⏐ ÃT +t (p) − ÃT +s(p)
⏐⏐ < ε. Using (3.8) and the right

continuity of Mt (φ), we have for any t, T > 0,⏐⏐⏐e λ
q T
(MT +t (φ) − MT (φ))

⏐⏐⏐ ≤ | ÃT +t (p) − ÃT (p)| +
λ

q

∫ t

0
e−

λ
q s ⏐⏐ ÃT +t (p) − ÃT +s(p)

⏐⏐ ds

≤ ε + ε
λ
∫ t

e−
λ
q sds ≤ 2ε.
q 0
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Letting t → ∞, we get that for T > T̃ ,
⏐⏐⏐e λ

q T
(M∞(φ) − MT (φ))

⏐⏐⏐ ≤ 2ε. Since ε > 0 is
arbitrary, we have

Pµ
(

lim
T →∞

e
λ
q T
(M∞(φ) − MT (φ)) = 0

)
= 1.

hus by (3.4), AT (q) converges Pµ-almost surely as T → ∞.
(2) Now we consider the Lr (Pµ) convergence. For any T ≥ 1, note that∫ T +1

T
e
λ
q t (M∞(φ) − Mt (φ))dt

=

∫ T +1

T
e
λ
q t (M∞(φ) − MT +1(φ))dt +

∫ T +1

T
e
λ
q t (MT +1(φ) − Mt (φ))dt

=
q
λ

(M∞(φ) − MT +1(φ))e
λ
q (T +1) (1 − e−λ/q)

+ Pµ
(∫ T +1

T
e
λ
q t (M∞(φ) − Mt (φ))dt

⏐⏐FT +1

)
,

hich can be written as

AT +1(q) − AT (q)

=
q
λ

(M∞(φ) − MT +1(φ))e
λ
q (T +1) (1 − e−λ/q)

+ Pµ
(

AT +1(q) − AT (q)
⏐⏐FT +1

)
. (3.9)

y Jensen’s inequality,

Pµ
⏐⏐Pµ (AT +1(q) − AT (q)

⏐⏐FT +1
)⏐⏐r ≤ Pµ |AT +1(q) − AT (q)|r .

f At (q) − A1(q) is in Lr (Pµ) and has an Lr (Pµ) limit as t → ∞, then by (3.9), {(M∞(φ) −

MT (φ))e
λ
q T
, T ≥ 1} is bounded in Lr (Pµ). We obtain from (3.4) that the martingale {( Ãt (p) −

Ã1(p)); t ≥ 1} is Lr (Pµ) bounded as well. Thus the martingale Ãt (p) − Ã1(p) has an Lr (Pµ)
limit as t → ∞.

Conversely, if Ãt (p)− Ã1(p) is in Lr (Pµ) and has an Lr (Pµ) limit Ã∞(p)− Ã1(p) as t → ∞,
then thanks to (3.8) and Jensen’s inequality, for t ≥ 1,

Pµ
[⏐⏐e λt

q
(
M∞(φ) − Mt (φ)

)⏐⏐r]
≲ Pµ| Ã∞(p) − Ãt (p)|r +

λ

q

∫
∞

0
e−

λ
q sPµ

⏐⏐ Ã∞(p) − Ãt+s(p)
⏐⏐r ds. (3.10)

pplying the dominated convergence theorem to the second term of the right-hand above, we
et

lim
t→∞

Pµ
⏐⏐e λt

q
(
M∞(φ) − Mt (φ)

)⏐⏐r = 0. (3.11)

y Minkowski’s inequality, for any t1, t2 ≥ 1, in (3.4), we deduce that

∥At1 (q) − At2 (q)∥r

≤
q
λ

[
∥ Ãt1 (p) − Ãt2 (p)∥r + ∥e

λt1
q (M∞(φ) − Mt1 (φ))∥r + ∥e

λt2
q (M∞(φ) − Mt2 (φ))∥r

]
.

herefore, A (q) − A (q) is in Lr (P ) and has an Lr (P ) limit as t → ∞. □
t 1 µ µ
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Lemma 3.2. Suppose µ ∈ M0(E) and γ > 0 is a constant. Define for t ≥ 0,

C̃t (γ ) =

∫ t

0
e−λssγ

∫
E
φ(x)M(ds, dx), Ct (γ ) =

∫ t

0
sγ−1(M∞(φ) − Ms(φ))ds.

Then C̃t (γ ) converges Pµ-almost surely as t → ∞ if and only if Ct (γ ) converges and
tγ−1(M∞(φ) − Mt (φ)) = o(t−1), Pµ-almost surely as t → ∞. When C̃t (γ ) (resp. Ct (γ ))
converges as t → ∞, we denote its limit by C̃∞(γ ) (resp. C∞(γ )). Then we have

γ C̃∞(γ ) = C∞(γ ), Pµ-a.s. (3.12)

roof. The proof is similar to that of Lemma 3.1. Similar to (3.4), we have for any T > 0,

CT (γ ) =
1
γ

lim
l→∞

∫ l

0
e−λs(s ∧ T )γ

∫
E
φ(x)M(ds, dx)

=
1
γ

∫ T

0
e−λssγ

∫
E
φ(x)M(ds, dx) +

1
γ

T γ
(
M∞(φ) − MT (φ)

)
=

1
γ

C̃T (γ ) +
1
γ

T γ
[
M∞(φ) − MT (φ)

]
. (3.13)

uppose Ct (γ ) converges and tγ−1(M∞(φ) − Mt (φ)) = o(t−1) as t → ∞ Pµ-almost surely,
hen using (3.13), we get C̃T (γ ) converges Pµ-almost surely and (3.12) holds. We now deduce
he almost sure convergence of Ct (γ ) and tγ

[
M∞(φ) − Mt (φ)

]
from the a.s. convergence of

t̃ (γ ). From (3.13), we get

T γ
[
M∞(φ) − MT (φ)

]
= γCT (γ ) − C̃T (γ )

nd

T γ
[
M∞(φ) − MT +t (φ)

]
=

T γ

(T + t)γ
[
γCT +t (γ ) − C̃T +t (γ )

]
.

It follows from the two displays above that

T γ
[
MT +t (φ) − MT (φ)

]
= γ T γ

[
CT (γ )

T γ
−

CT +t (γ )
(T + t)γ

]
+

[
T γ

(T + t)γ
C̃T +t (γ ) − C̃T (γ )

]
. (3.14)

oticing that tγ (M∞(φ) − Mt (φ)) = t
dCt (γ )

dt
= tC ′

t (γ ) for a.e. t > 0, one has that (3.13) can
e written as

γCt (γ ) − tC ′

t (γ ) = C̃t (γ ), a.e. t > 0.

rom this we get that for any t, T > 0,

CT (γ )
T γ

−
CT +t (γ )
(T + t)γ

=

∫ T +t

T

C̃s(γ )
sγ+1 ds. (3.15)

imple calculations yield

T γ

C̃T +t (γ ) − C̃T (γ ) = C̃T +t (γ ) − C̃T (γ ) − γ T γ

∫ T +t C̃T +t (γ )
ds. (3.16)
(T + t)γ T sγ+1
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Combining (3.14)–(3.16), we get

T γ [MT +t (φ) − MT (φ)] = C̃T +t (γ ) − C̃T (γ ) − γ T γ

∫ T +t

T

C̃T +t (γ ) − C̃s(γ )
sγ+1 ds. (3.17)

f C̃t (γ ) converges Pµ-almost surely as t → ∞, by using the argument in the proof of
Lemma 3.1(1) after (3.8), we get

lim
t→∞

tγ [M∞(φ) − Mt (φ)] = 0, Pµ-a.s. (3.18)

Therefore, it follows from (3.13) that Ct (γ ) converges Pµ-almost surely and (3.12) holds as
ell. □

emark 3.3. Suppose that L(ds, dx) is a random measure on [0,∞)× E such that, as t → ∞,

L t :=

∫ t

0
e−λs

∫
E
φ(x)L(ds, dx) → L∞, Pµ-a.s.

where L∞ is a finite random variable. Using arguments similar to those in the proof of
Lemma 3.2, we can show that for any γ > 0,

∫ T
0 e−λssγ

∫
E φ(x)L(ds, dx) converges Pµ-almost

surely as T → ∞ if and only if∫ T

0
tγ−1dt

∫
∞

t
e−λs

∫
E
φ(x)L(ds, dx) =

∫ T

0
tγ−1(L∞ − L t )dt

converges and L∞ − LT = o(T −γ ), Pµ-almost surely as T → ∞.

Lemma 3.4. Assume that Assumptions 1–2 and (1.13) hold. Let 1 ≤ a < p ≤ 2.

(1) If (1.15) holds, then for any µ ∈ M0(E), ( Ãt (a) − Ã1(a)) is in L p(Pµ) and converges in
L p(Pµ) and therefore Pµ-almost surely as t → ∞.

(2) Suppose that for some µ ∈ M0(E), ( Ãt (a)− Ã1(a)) is in L p(Pµ) and converges in L p(Pµ)
as t → ∞, then it must converge Pµ-almost surely as t → ∞ and (1.15) holds.

Proof. (1) Suppose condition (1.15) holds. From the definition (3.1) of Ãt (a) and (2.9), we
only need to consider the convergences of∫ t

1
e−

λ
a s
∫

E
φ(x)S J (ds, dx) and

∫ t

1
e−

λ
a s
∫

E
φ(x)SC (ds, dx)

as t → ∞. Recall that definitions of S(1,∞)
t and S(2,∞)

t given in (2.13) and (2.14) with ρ = ∞.
For the “small jump” part, by the Burkholder–Davis–Gundy inequality, we have

Pµ
[

(sup
t≥0

S(1,∞)
t (e−

λ
a ·φ))2

]
≲ Pµ

(∫
∞

0

∫
M(E∂ )

F2

e−
λ
a ·φ

(s, υ)N̂ (1,∞)(ds, dυ)
)

= Pµ
∫

∞

0
ds
∫

E
Xs(dx)

∫ 1

0
F2

e−
λ
a ·φ

(s, rφ(x)−1δx )πφ(x, dr )

=

∫
∞

e−
2λ
a s

⟨Pβ
s

(∫ 1

r2πφ(·, dr )
)
, µ⟩ds.
0 0
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Thanks to (1.11), we have

Pµ

[(
sup
t≥0

S(1,∞)
t (e−

λ
a ·φ)

)2
]
≲
∫

∞

0
e−

2λ
a s

⟨Pβ
s φ,µ⟩ds

=
a

(2 − a)λ

∫
E
φ(y)µ(dy) < ∞, (3.19)

here in the last equality, we used the fact that e−λs Pβ
s φ = φ for s ≥ 0. Applying the

urkholder–Davis–Gundy inequality to S(2,∞)
t (e−

λ
a ·φ), we obtain that for 1 < p ≤ 2,

Pµ
[⏐⏐⏐ sup

t≥1

(
S(2,∞)

t (e−
λ
a ·φ) − S(2,∞)

1 (e−
λ
a ·φ)

)⏐⏐⏐p
]
≲ Pµ

[ ∑
s∈[1,∞)∩J (2,∞)

F
e−

λ
a ·φ

(s,∆X s)2
] p

2

≤ Pµ
[ ∑

s∈[1,∞)∩J (2,∞)

F
e−

λ
a ·φ

(s,∆X s)p
]

= Pµ
∫

∞

1
ds
∫

E
Xs(dx)

∫
∞

1
F p

e−
λ
a ·φ

(s, rφ(x)−1δx )πφ(x, dr )

=

∫
∞

1
e−

pλ
a s

⟨Pβ
s

(∫
∞

1
r pπφ(·, dr )

)
, µ⟩ds.

Set h(x) :=
∫

∞

1 r pπφ(x, dr ). Condition (1.15) says that h ∈ L+

1 (ν). Note that p > a. If
∈ M0(E), by Assumption 2,∫

∞

1
e−

pλ
a s

⟨Pβ
s

(∫
∞

1
r pπφ(·, dr )

)
, µ⟩ds

≲ µ(φ)ν(h)
(

1 + sup
t>1,x∈E

|Ct,x,h |

) ∫ ∞

1
e−( p

a −1)λsds < ∞.

herefore,

Pµ
[⏐⏐⏐ sup

t≥1

(
S(2,∞)

t (e−
λ
a ·φ) − S(2,∞)

1 (e−
λ
a ·φ)

)⏐⏐⏐p
]
< ∞. (3.20)

ombining (3.19) and (3.20), we get

Pµ
[⏐⏐⏐ sup

t≥1

∫ t

1
e−

λ
a s
∫

E
φ(x)S J (ds, dx)

⏐⏐⏐p
]
< ∞. (3.21)

e also have

sup
t≥0

Pµ
[(∫ t

0
e−

λ
a s
∫

E
φ(x)SC (ds, dx)

)2
]

= Pµ
∫

∞

0
e−

2
a λs

⟨αφ2, Xs⟩ds

=

∫
∞

0
e−

2
a λsds

∫
E

Pβ
s (αφ2)(y)µ(dy) ≤

a∥αφ∥∞

(2 − a)λ
⟨φ,µ⟩ < ∞. (3.22)

Consequently, by (3.21) and (3.22), supt≥1 Pµ
(
| Ãt (a) − Ã1(a)|p)

< ∞. Thus Ãt (a) − Ã1(a) is
n L p(Pµ) and converges in L p(Pµ) and Pµ-almost surely as t → ∞.

(2) Suppose that, for some µ ∈ M0(E), Ãt (a) − Ã1(a) → Ã∞(a) − Ã1(a) in L p(Pµ) as
→ ∞. Then supt≥0 Pµ

(
| Ãt (a) − Ã1(a)|p)

< ∞. Since Ãt (a) is a Pµ-martingale, by the
L p convergence theorem for martingales, it must converge P -almost surely as t → ∞. By
µ
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Jensen’s inequality, for any t > 1,

Pµ(| Ãt (a) − Ã1(a)|p) = Pµ
(⏐⏐Pµ ( Ã∞(a) − Ã1(a)

⏐⏐Ft
)⏐⏐p)

≤ Pµ(| Ã∞(a) − Ã1(a)|p) < ∞.

e have shown in (3.19) and (3.22) that

Pµ
[(

S(1,∞)
t (e−

λ
a ·φ)

)2
]
< ∞ and Pµ

[(∫ t

0
e−

λ
a s
∫

E
φ(x)SC (ds, dx)

)2
]
< ∞.

Therefore, by the definition of Ãt (a) given in (3.1), we have that for any t ≥ 0,

Pµ
(⏐⏐⏐S(2,∞)

t (e−
λ
a ·φ) − S(2,∞)

1 (e−
λ
a ·φ)

⏐⏐⏐p)
< ∞. (3.23)

ote that it follows from (3.10) that Pµ(|M∞(φ) − M1(φ)|p) < ∞ when Pµ(| Ã∞(a) − Ã1(a)|p)
∞. Therefore,

Pµ
[

M∞(φ)p
⏐⏐⏐F1

]
≲ Pµ

[
|M∞(φ) − M1(φ)|p

⏐⏐⏐F1

]
+ M1(φ)p < ∞.

ince {Mt (φ); t ≥ 1} is a martingale with respect to (Ft )t≥1 under Pµ(·|F1), we have almost
urely

Pµ
[

sup
t≥1

Mt (φ)p
⏐⏐⏐F1

]
≲ Pµ

[
M∞(φ)p

⏐⏐⏐F1

]
< ∞.

hus for the compensator N̂ (2,∞) of the “big jumps”, we have Pµ-almost surely

Pµ
[(∫ t

1

∫
M(E∂ )

F
e−

λ
a ·φ

(s, υ)N̂ (2,∞)(ds, dυ)
)p⏐⏐⏐F1

]
= Pµ

[(∫ t

1
e−

λ
a sds

∫
E

Xs(dx)
∫

∞

1
rπφ(x, dr )

)p⏐⏐⏐F1

]
≲ Pµ

[(∫ t

1
e
λ

a∗ s Ms(φ)ds
)p⏐⏐⏐F1

]
≤ f p

a (t)Pµ
(

sup
s≤t

Ms(φ)p
⏐⏐⏐F1

]
≲ f p

a (t)Pµ
(

Mt (φ)p
⏐⏐⏐F1

]
≤ f p

a (t)Pµ
(

M∞(φ)p
⏐⏐⏐F1

]
< ∞, t ≥ 1, (3.24)

here
1
a∗

+
1
a

= 1 and fa(t) =

⎧⎨⎩
a∗

λ
e
λ

a∗ t
, a > 1

t, a = 1,
and in the first inequality we used the

oment assumption (1.5) and (1.11). It follows from (3.23) and (3.24) that for any t > 1,

Pµ
[(∫ t

1

∫
M(E∂ )

F
e−

λ
a ·φ

(s, υ)N (2,∞)(ds, dυ)
)p⏐⏐⏐F1

]
< ∞.

ince p > 1, {X t } is Markov and Fe−λ·φ(s, υ) ≥ 0, for any t > 0,

∞ > PX1

[(∫ t

0

∫
M(E∂ )

F
e−

λ
a ·φ

(s + 1, υ)N (2,∞)(ds, dυ)
)p
]

= PX1

⎡⎣( ∑
s∈(0,t]

⋂
J (2,+∞)

F
e−

λ
a ·φ

(s + 1,∆X s)
)p

⎤⎦
≥ PX1

⎡⎣ ∑
⋂

(
F

e−
λ
a ·φ

(s + 1,∆X s)
)p

⎤⎦

s∈(0,t] J (2,+∞)

306



R. Liu, Y.-X. Ren and R. Song Stochastic Processes and their Applications 154 (2022) 286–327

w

w
f
C
t

I
w

S

T

L

N

= PX1

(∫ t

0
e−

pλ
a (s+1)ds

∫
E

Xs(dx)
∫

∞

1
r pπφ(x, dr )

)
=

∫ t

0
e−

pλ
a (s+1)ds

∫
E

Pβ
s

(∫ ∞

1
r pπφ(·, dr )

)
(y)X1(dy),

hich implies that for any T ≥ 1,∫ 1+T

T
e−

pλ
a sds

∫
E

Pβ
s h(y)X1(dy) < ∞,

here h(x) =
∫

∞

1 r pπφ(x, dr ) as before. Since ν is a probability measure, h ∧ L ∈ L+

1 (ν)
or any L > 0. Let ct = supx∈E, f ∈L+

1 (ν)

⏐⏐Ct,x, f
⏐⏐ be as in Assumption 2. Then limt→∞ ct = 0.

hoose T > 0 such that when t > T , ct ≤ 1/2. Applying Assumption 2 again, we get that for
> T ,

eλtφ(y)ν(h ∧ L) ≤ 2Pβ
t h(y).

ntegrating both sides of the above inequality with respect to e−
p
a λt dt X1(dy) on [T, T +1]× E ,

e obtain

ν(h ∧ L)X1(φ)
( p

a − 1)λ
e−( p

a −1)λT
(

1 − e−( p
a −1)λ

)
≤

∫ T +1

T
e−

p
a λt dt

∫
E
ν(h ∧ L)eλtφ(y)X1(dy)

≤ 2
∫ 1+T

T
e−

p
a λt dt

∫
E

Pβ
s h(y)X1(dy) < ∞.

ince the last term in the above inequality does not depend on L , letting L → ∞ we get

ν(h) =

∫
E
ν(dx)

∫
∞

1
r pπφ(x, dr ) < ∞.

he proof is now complete. □

emma 3.5. Suppose (1.16) holds and T0 is the constant in (1.16). Then there is a constant
K > 0 such that, for any µ ∈ M0(E), and any t, n, a, b > 0 satisfying 0 < b < a and
ebn > T0,

P̃µ(⟨φ, X t ⟩ > ean) ≤ 3⟨φ,µ⟩eλt−an
+ K eλt−(a−b)n

+ K t
∫

E
ν(dy)

∫
∞

ebn
rπφ(y, dr ).

Proof. It follows from the spine decomposition that

P̃µ(⟨φ, X t ⟩ > ean) = Qµ

(
⟨φ, X t ⟩ + ⟨φ, ZC

t ⟩ + ⟨φ, Z J
t ⟩ > ean

)
≤ Qµ

(
⟨φ, X t ⟩ >

1
3

ean
)

+ Qµ

(
⟨φ, ZC

t ⟩ >
1
3

ean
)

+ Qµ

(
⟨φ, Z J

t ⟩ >
1
3

ean
)

≤
3Qµ⟨φ, X t ⟩

ean
+

3Qµ⟨φ, ZC
t ⟩

ean
+ Qµ

(
⟨φ, Z J

t ⟩ >
1
3

ean
)
. (3.25)

oting that Qµ⟨φ, X t ⟩ = Pµ⟨φ, X t ⟩ = eλt
⟨φ,µ⟩, we get

3Qµ⟨φ, X t ⟩
≤ 3⟨φ,µ⟩eλt−an.
ean
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Since Qµ⟨φ, ZC
t ⟩ = Π̃φµ

[∫ t
0 α(ξs)φ(ξs)eλ(t−s)ds

]
≤

2∥αφ∥∞eλt

λ
, it follows that

3Qµ⟨φ, ZC
t ⟩

ean
≤

6∥αφ∥∞eλt e−an

λ
. (3.26)

ecall that the process (X J,σ
t )t≥0 for σ ∈ D J is the discrete immigration at time σ in the spine

ecomposition. Let mσ = X J,σ
0 (E) be the mass immigrated at time σ at the spine position ξσ .

rom the construction of Z J
t , we can estimate the third term in (3.25) as follows:

Qµ

(
⟨φ, Z J

t ⟩ >
1
3

ean
)

≤ Qµ

⎛⎜⎜⎜⎝ ∑
σ∈DJ ∩[0,t]

mσ φ(ξσ )>ebn

⟨φ, X J,σ
t−σ ⟩ >

1
6

ean

⎞⎟⎟⎟⎠

+ Qµ

⎛⎜⎜⎜⎝ ∑
σ∈DJ ∩[0,t]

mσ φ(ξσ )≤ebn

⟨φ, X J,σ
t−σ ⟩ >

1
6

ean

⎞⎟⎟⎟⎠ .
y the Markov inequality, (1.10) and (2.18),

Qµ

⎛⎜⎜⎜⎝ ∑
σ∈DJ ∩[0,t]

mσ φ(ξσ )≤ebn

⟨φ, X J,σ
t−σ ⟩ >

1
6

ean

⎞⎟⎟⎟⎠ ≤ 6e−anQµ

⎛⎜⎜⎜⎝ ∑
σ∈DJ ∩[0,t]

mσ φ(ξσ )≤ebn

⟨φ, X J,σ
t−σ ⟩

⎞⎟⎟⎟⎠
= 6e−anΠ̃φµ

[∫ t

0
eλ(t−s)φ−1(ξs)ds

∫ ebn

0
r2πφ(ξs, dr )

]

= 6e−anΠ̃φµ

∫ t

0
eλ(t−s)φ−1(ξs)ds

(∫ 1

0
r2πφ(ξs, dr ) +

∫ ebn

1
r2πφ(ξs, dr )

)

≤ 6e−(a−b)nΠ̃φµ

∫ t

0
eλ(t−s)φ−1(ξs)ds

∫
∞

0
(r ∧ r2)πφ(ξs, dr ). (3.27)

hus by (1.11) and (3.27),

Qµ

⎛⎜⎜⎜⎝ ∑
σ∈DJ ∩[0,t]

mσ φ(ξσ )≤ebn

⟨φ, X J,σ
t−σ ⟩ >

1
6

ean

⎞⎟⎟⎟⎠ ≤
6C
λ

eλt−(a−b)n
:= Aeλt−(a−b)n, (3.28)

here A =
6C
λ

and C is the constant in (1.11). It is obvious that A is independent of µ, t, a

nd b. When the event

{∑
σ∈DJ ∩[0,t] ⟨φ, X J,σ

t−σ ⟩ >
1
6

ean

}
occurs, ♯{σ ∈ D J

∩[0, t]; mσφ(ξσ ) >

mσ φ(ξσ )>ebn
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W
s

T

P

3

P
(
(

B
w
L

a

T

ebn
} ≥ 1. Thus

Qµ

⎛⎜⎜⎜⎝ ∑
σ∈DJ ∩[0,t]

mσ φ(ξσ )>ebn

⟨φ, X J,σ
t−σ ⟩ >

1
6

ean

⎞⎟⎟⎟⎠ ≤ Qµ

⎛⎜⎜⎜⎝ ∑
σ∈DJ ∩[0,t]

mσ φ(ξσ )>ebn

1 ≥ 1

⎞⎟⎟⎟⎠

≤ Qµ

⎛⎜⎜⎜⎝ ∑
σ∈DJ ∩[0,t]

mσ φ(ξσ )>ebn

1

⎞⎟⎟⎟⎠ = Π̃φµ

[∫ t

0
ds
∫

∞

ebn
rπφ(ξs, dr )

]
.

hen ebn
≥ T0, by (1.16), we have that

∫
∞

ebn rπφ(ξs, dr ) ≤ Bφ(ξs)
∫

E ν(dy)
∫

∞

ebn rπφ(y, dr ) for
ome constant B > 0, and thus,

Π̃φµ

[∫ t

0
ds
∫

∞

ebn
rπφ(ξs, dr )

]
≤ BΠ̃φµ

[∫ t

0
φ(ξs)ds

∫
E
ν(dy)

∫
∞

ebn
rπφ(y, dr )

]
.

herefore,

Qµ

⎛⎜⎜⎜⎝ ∑
σ∈DJ ∩[0,t]

mσ φ(ξσ )>ebn

⟨φ, Xm,σ
t−σ ⟩ >

1
6

ean

⎞⎟⎟⎟⎠ ≤ Bt∥φ∥∞

∫
E
ν(dy)

∫
∞

ebn
rπφ(y, dr ). (3.29)

ut K =
6∥αφ∥∞

λ
+ A + B∥φ∥∞, which is independent of µ, t, a and b. Combining (3.25),

(3.26), (3.28) and (3.29), we obtain

P̃µ(⟨φ, X t ⟩ > ean) ≤ 3⟨φ,µ⟩eλt−an
+ K eλt−(a−b)n

+ K t
∫

E
ν(dy)

∫
∞

ebn
rπφ(y, dr ). □

.2. Proofs of main results

In this subsection, we give the proofs of our main results.

roof of Theorem 1.4. (1) Suppose (1.15) holds. Using Lemma 3.4(1) with 1 < a < p ≤ 2,
Ãt (a)− Ã1(a)) converges in L p(Pµ) and Pµ-almost surely as t → ∞. Then by Lemma 3.1(2),
At (a∗) − A1(a∗)) converges in L p(Pµ) as t → ∞.

(2) Suppose that for some µ ∈ M0(E), (At (a∗) − A1(a∗)) converges in L p(Pµ) as t → ∞.
y Lemma 3.1(2), ( Ãt (a) − Ã1(a)) converges in L p(Pµ) as t → ∞. Applying Lemma 3.4(2),
e get that it converges Pµ-almost surely as t → ∞ and (1.15) holds. It now follows from
emma 3.1(1) that (At (a∗) − A1(a∗)) converges Pµ-almost surely as t → ∞.

(3) According to (1), ( Ãt (a∗) − Ã1(a∗)) converges in L p(Pµ) as t → ∞. Repeating the
rgument leading to (3.11), we get

lim
t→∞

Pµ
⏐⏐e λt

a∗
(
M∞(φ) − Mt (φ)

)⏐⏐p
= 0.

hus the assertion of (3) holds.
(4) This is the result of Lemma 3.4(2) with a = 1. □
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Proof of Theorem 1.5. (1) Suppose (1.15) holds and µ ∈ M0(E). Since ( Ãt (p)) is a
artingale, it converges Pµ-almost surely as t → ∞ if it is uniformly integrable. Note that

Ãt (p) =

∫ 1

0
e

−λs
p

∫
E
φ(x)M(ds, dx) +

∫ t

1
e

−λs
p

∫
E
φ(x)M(ds, dx), t ≥ 1.

e only need to consider the convergence of∫ t

1
e

−λs
p

∫
E
φ(x)M(ds, dx)

s t → ∞.
For the “small jumps” part, we have, for t > 0,

Pµ
[(∫ t

1
e−

λ
p s
∫

E
φ(x)S(1,p)(ds, dx)

)2
]

≲
∫ t

1
e

−2λ
p sds

∫
E

Pβ
s

(∫ e
λ
p s

0
r2πφ(·, dr )

)
(y)µ(dy)

≲ µ(φ)
∫

∞

1
e(1−

2
p )λsds

∫
E
ν(dx)

∫ e
λ
p s

0
r2πφ(x, dr )

≤

∫
∞

1
eλs(1−

2
p )ds

∫
E
ν(dx)

∫ 1

0
r2πφ(x, dr )

+

∫
∞

1
eλs(1−

2
p )ds

∫
E
ν(dx)

∫ e
λ
p s

1
r2πφ(x, dr )

= I + I I,

here in the second inequality we used Assumption 2. Since p < 2, we have I < ∞. When
(1.15) holds, by Fubini’s theorem, we get

I I ≤

∫
E
ν(dx)

∫
∞

1
r2πφ(x, dr )

∫
∞

p
λ

ln r
eλs(1−

2
p )ds

≲
∫

E
ν(dx)

∫
∞

1
r pπφ(x, dr ) < ∞.

t follows that

sup
t>1

Pµ
[(∫ t

1
e−

λ
p s
∫

E
φ(x)S(1,p)(ds, dx)

)2
]
< ∞. (3.30)

For the “big jumps” part, by (2.14),⏐⏐⏐ ∫ t

1
e−

λ
p s
∫

E
φ(x)S(2,p)(ds, dx)

⏐⏐⏐
≤ 2

∫ t

1
ds
∫

E
Xs(dx)

∫ t

eλs/p
F

e−
λ
p ·
φ
(s, rφ(x)−1δx )πφ(x, dr ).

hen using Assumption 2 and Fubini’s theorem again, we get

Pµ sup
t>1

⏐⏐⏐ ∫ t

1
e−

λ
p s
∫

E
φ(x)S(2,p)(ds, dx)

⏐⏐⏐
≤ 2Pµ

∫
∞

ds
∫

Xs(dx)
∫

∞

F
−
λ

·
(s, rφ(x)−1δx )πφ(x, dr )
1 E eλs/p e p φ
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F
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W

a

T
t

≲
∫

∞

1
e
λ
q sds

∫
E
ν(dx)

∫
∞

e
λ
p s

rπφ(x, dr )

≲
∫

E
ν(dx)

∫
∞

1
r pπφ(x, dr ) < ∞. (3.31)

or the continuum part, we have the following estimates:

sup
t>1

Pµ

[(∫ t

1
e−

λ
p s
∫

E
φ(x)SC (ds, dx)

)2
]

= Pµ
∫

∞

1
e−

2λ
p sds

∫
E
α(x)φ(x)2 Xs(dx)

≲
∫

∞

1
e−λs(2/p−1)ds

∫
E
α(x)φ(x)2ν(dx).

ince p < 2,

sup
t>1

Pµ

[(∫ t

1
e−

λ
p s
∫

E
φ(x)SC (ds, dx)

)2
]
< ∞. (3.32)

ombining (3.30)–(3.32), we obtain that
∫ t

1 e
−λs

p
∫

E φ(x)M(ds, dx) is uniformly integrable.
Thus Ãt (p) converges Pµ-almost surely as t → ∞. By Lemma 3.1, At (q) converges Pµ-almost
surely as t → ∞ and

M∞(φ) − Mt (φ) = o
(

e−
λ
q t
)
, Pµ-a.s. as t → ∞.

(2) Now we suppose∫
E
ν(dy)

∫
∞

1
r pπφ(y, dr ) = ∞ (3.33)

and µ ∈ M0(E). By Assumption 2, there is t0 > 0 such that for any f ∈ L+

1 (ν) and t > t0,

Pβ
t f (x) ≥

1
2

eλtφ(x)ν( f ), x ∈ E . (3.34)

ithout loss of generality, we assume t0 = 1/2. Set ρt = eλt/q (M∞(φ) − Mt (φ)), t > 0. For
any n ∈ N and 1/2 ≤ t ≤ 1, note that

∆ρn+t = −e−λ(n+t)/p∆Xn+t (φ),

nd thus ∆Xn+t (φ) > 2eλn/p implies that

|ρn+t | > e−λ/p or
⏐⏐ρ(n+t)−

⏐⏐ > e−λ/p.

Define

Bn =

⎧⎪⎨⎪⎩
∑

1
2 ≤t<1

1
{△Xn+t (φ)>2eλn/p}

> 0

⎫⎪⎬⎪⎭ .
hen we have {Bn, i.o.} implies ρt = o(1) does not hold as t → ∞. Therefore, we only need

o prove Pµ(Bn, i.o.) > 0. If we can prove that
∞∑

Pµ
(

Bn

⏐⏐⏐Fn

)
= ∞, a.s. on {M∞(φ) > 0}, (3.35)
n=1
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then by the second conditional Borel–Cantelli lemma (see, [9, Theorem 5.3.2]),

Pµ(Bn, i.o.) = Pµ
( ∞∑

n=1

Pµ
(

Bn

⏐⏐⏐Fn

)
= ∞

)
≥ Pµ

(
M∞(φ) > 0

)
> 0.

herefore, we only need to prove (3.35).
To prove (3.35), we will estimate the probability P(Y > 0) for the non-negative random

ariable Y :=
∑

n+
1
2 ≤t<n+1 1

{△X t (φ)>2eλn/p}
defined on some probability space with probability

P. Our basic idea is to use the inequality P(Y > 0) ≥
(PY )2

PY 2 , which follows trivially from
he Cauchy–Schwarz inequality. However, Y may not have second moment. Thus we consider

n+1/2≤t<n+1 1
{△X t (φ)>2eλn/p}

⋂
C A

n (t) for some appropriate events C A
n (t). We will prove (3.35)

n 4 steps.
Step 1. We first prove that

∞∑
n=1

Pµ
( ∑

n+
1
2 ≤t<n+1

1
{△X t (φ)>2eλn/p}

⏐⏐⏐Fn

)
= ∞ a.s. on {M∞(φ) > 0}. (3.36)

sing (3.34) with t0 = 1/2, we have

Pµ
( ∑

n+
1
2 ≤t<n+1

1
{△X t (φ)>2eλn/p}

⏐⏐⏐Fn

)
=

⟨∫ 1

1
2

ds Pβ
s

(∫ ∞

2eλn/p
πφ(·, dr )

)
, Xn

⟩
≳ ⟨φ, Xn⟩

∫
E
ν(dx)

∫
∞

2eλn/p
πφ(x, dr ). (3.37)

herefore,
∞∑

n=1

Pµ
( ∑

n+
1
2 ≤t<n+1

1
{△X t (φ)>2eλn/p}

⏐⏐⏐Fn

)
≳

∞∑
n=1

⟨φ, Xn⟩

∫
E
ν(dx)

∫
∞

2eλn/p
πφ(x, dr ). (3.38)

ince limn→∞ e−λn
⟨φ, Xn⟩ = M∞(φ) almost surely, on the event {M∞(φ) > 0}, the

onvergence of the right-hand side of (3.38) is equivalent to the convergence of the series
∞∑

n=1

eλn
∫

E
ν(dx)

∫
∞

2eλn/p
πφ(x, dr ).

ince eλs is increasing and
∫

∞

2eλs/p π
φ(x, dr ) is decreasing in s, we have

∞∑
n=1

eλn
∫

E
ν(dx)

∫
∞

2eλn/p
πφ(x, dr )

≥

∫
∞

0
eλsds

∫
E
ν(dx)

∫
∞

2eλ/peλs/p
πφ(x, dr )

=

∫
E
ν(dx)

∫
∞

2eλ/p
πφ(x, dr )

∫ p
λ

ln r−
p
λ

ln(2eλ/p)

0
eλsds

≳
∫

E
ν(dx)

∫
∞

2eλ/p
r pπφ(x, dr ).

Therefore (3.36) follows from (3.33).
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Step 2. Suppose A > 0 is an arbitrary fixed constant. For any integer n ≥ 1, define

C A
n (t) =

{
⟨
∫

2eλn/p π
φ(·, dr ), X t−⟩

eλn⟨
∫

2eλn/p πφ(·, dr ), ν⟩
< L

}
, n +

1
2

≤ t < n + 1, (3.39)

nd

C>
n (t) =

{
⟨
∫

2eλn/p π
φ(·, dr ), X t−⟩

eλn⟨
∫

2eλn/p πφ(·, dr ), ν⟩
> L/2

}
,

1
2

≤ t < 1, (3.40)

here L is chosen large enough so that for any µ ∈ M0(E) satisfying ⟨φ,µ⟩ < A,

Pµ
(
(C A

n (t))c) < 1
4
, n ≥ 1, n +

1
2

≤ t < n, (3.41)

nd for any µ ∈ M0(E) satisfying ⟨φ,µ⟩ < Aeλn ,

Pµ
(
C>

n (t)
)
<

1
2
, n ≥ 1, t ∈ [

1
2
, 1]. (3.42)

he existence of such an L is guaranteed by

Pµ

(
⟨
∫

2eλn/p π
φ(·, dr ), X t−⟩

eλn⟨
∫

2eλn/p πφ(·, dr ), ν⟩
> L

)
≤

Pµ
(
⟨
∫

2eλn/p π
φ(·, dr ), X t−⟩

)
Leλn⟨

∫
2eλn/p πφ(·, dr ), ν⟩

≤
(1 + ct )eλt

⟨φ,µ⟩

Leλn
≤

Aeλ(1 + ct )
L

,

if n +
1
2

≤ t < n + 1 and ⟨φ,µ⟩ < A, or if
1
2

≤ t < 1 and ⟨φ,µ⟩ < Aeλn . The first inequality
above is the Markov inequality, and ct is the quantity in Assumption 2 which is bounded for
t > 1/2. Thus L can be chosen large enough to assure both (3.41) and (3.42) hold. In this step,
we will prove that there is N ∈ N such that when n > N , Pµ-almost surely on {Mn(φ) ≤ A},

Pµ
( ∑

n+1/2≤t<n+1

1
{△X t (φ)>2eλn/p}

⋂
C A

n (t)

⏐⏐⏐Fn

)

≥
1
4
Pµ

⎛⎝ ∑
n+1/2≤t<n+1

1
{△X t (φ)>2eλn/p}

⏐⏐⏐Fn

⎞⎠ . (3.43)

e divide Xn into [eλn] disjoint parts each with value [eλn]−1 Xn . For i = 1, 2, . . . , [eλn], let
(X (i)

s , 0 ≤ s < 1) be the superprocess with the i th part as its initial mass. By the branching
property of superprocesses, X (i)

s , i = 1, 2, . . . , [eλn], are independent and identically distributed
s P[eλn ]−1 Xn under Pµ

(
·

⏐⏐⏐Fn

)
= PXn (·). Thus for any i = 1, 2, . . . , [eλn],

(C A
n (s))c

=

{
⟨
∫

2eλn/p π
φ(·, dr ), X s−⟩

eλn⟨
∫

2eλn/p πφ(·, dr ), ν⟩
> L

}

⊂

{
⟨
∫

2eλn/p π
φ(·, dr ), X

(i)
s−⟩

eλn⟨
∫

2eλn/p πφ(·, dr ), ν⟩
> L/2

}⋃⎧⎨⎩
∑

j ̸=i ⟨
∫

2eλn/p π
φ(·, dr ), X

( j)
s−⟩

eλn⟨
∫

2eλn/p πφ(·, dr ), ν⟩
> L/2

⎫⎬⎭
:= C (i)

n (s)
⋃

C (̸=i)
n (s), n +

1
2

≤ s < n + 1, n ≥ 1.
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O
C

Consider the conditional expectation:

En := Pµ
( ∑

n+
1
2 ≤t<n+1

1
{△X t (φ)>2eλn/p}\C A

n (t)

⏐⏐⏐Fn

)

= PXn

(∫ 1

1
2

1(C A
n (s))c ds

∫
E

X s−(dx)
∫

∞

2e
λ
p n
πφ(x, dr )

)

=

[eλn ]∑
i=1

PXn

(∫ 1

1
2

1(C A
n (s))c ds

∫
E

X
(i)
s−(dx)

∫
∞

2e
λ
p n
πφ(x, dr )

)

≤

[eλn ]∑
i=1

PXn

(∫ 1

1
2

(1C (i)
n (s) + 1

C (̸=i)
n (s))ds

∫
E

X
(i)
s−(dx)

∫
∞

2e
λ
p n
πφ(x, dr )

)

≤

[eλn ]∑
i=1

PXn

(∫ 1

1
2

1C (i)
n (s)ds

∫
E

X
(i)
s−(dx)

∫
∞

2e
λ
p n
πφ(x, dr )

)

+

[eλn ]∑
i=1

PXn

(∫ 1

1
2

1
C (̸=i)

n (s)ds
∫

E
X

(i)
s−(dx)

∫
∞

2e
λ
p n
πφ(x, dr )

)
:= I (1)

n + I (2)
n .

Since X (i) and X (̸=i)
=
∑

j ̸=i X ( j) are independent,

1{Mn (φ)≤A} I (2)
n =

[eλn ]∑
i=1

I{Mn (φ)≤A}PXn

(∫ 1

1
2

1
C (̸=i)

n (s)ds
∫

E
X

(i)
s−(dx)

∫
∞

2e
λ
p n
πφ(x, dr )

)

=

[eλn ]∑
i=1

∫ 1

1
2

ds1{Mn (φ)≤A}PXn

(
C (̸=i)

n (s)
)
PXn

(∫
E

X
(i)
s−(dx)

∫
∞

2e
λ
p n
πφ(x, dr )

)

≤

[eλn ]∑
i=1

∫ 1

1
2

ds1{Mn (φ)≤A}PXn

(
C>

n (s)
)
PXn

(∫
E

X
(i)
s−(dx)

∫
∞

2e
λ
p n
πφ(x, dr )

)
.

n the event {Mn(φ) ≤ A}, we have ⟨φ, Xn⟩ ≤ Aeλn . Therefore, from the setting (3.42) of
>
n (s) for n ≥ 1 and 1/2 ≤ s < 1, it follows that

PXn

(
C>

n (s)
)

≤ 1/2.

As a consequence,

1{Mn (φ)≤A} I (2)
n ≤ 1{Mn (φ)≤A}

1
2
PXn

(∫ 1

1
2

ds
∫

E
X s−(dx)

∫
∞

2e
λ
p n
πφ(x, dr )

)

≤ 1{Mn (φ)≤A}

1
2
Pµ

⎛⎜⎝ ∑
n+

1
2 ≤t<n+1

1
{△X t (φ)>2eλn/p}

⏐⏐⏐Fn

⎞⎟⎠ . (3.44)

As for I (1)
n , when 2e

λ
p n
> T0, by assumption (1.16),∫

X
(i)
s−(dx)

∫
∞

λ πφ(x, dr ) ≤ B⟨φ, X
(i)
s−⟩

∫
ν(dx)

∫
∞

λ πφ(x, dr ), s ∈ [
1
, 1).
E 2e p n E 2e p n 2
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a

N
a
s

w
=

C

Therefore,

C (i)
n (s) ⊂ {⟨φ, X

(i)
s−⟩ ≥

L
2B

eλn
}, s ∈ [

1
2
, 1)

nd

I (1)
n =

[eλn ]∑
i=1

PXn

(∫ 1

1
2

1C (i)
n (s)ds

∫
E

X
(i)
s−(dx)

∫
∞

2e
λ
p n
πφ(x, dr )

)

≤ Beλn
∫

E
ν(dx)

∫
∞

2e
λ
p n
πφ(x, dr )P[eλn ]−1 Xn

∫ 1

1
2

⟨φ, X s−⟩1
{⟨φ,X s−⟩≥

L
2B eλn}

ds

= Beλn
∫

E
ν(dx)

∫
∞

2e
λ
p n
πφ(x, dr )

∫ 1

1
2

P[eλn ]−1 Xn ⟨φ, Xs⟩1{⟨φ,Xs ⟩≥
L

2B eλn}
ds

= Beλn[eλn]−1 Xn(φ)
∫

E
ν(dx)

∫
∞

2e
λ
p n
πφ(x, dr )

∫ 1

1
2

eλsdsP̃[eλn ]−1 Xn

(
⟨φ, Xs⟩ ≥

L
2B

eλn
)
.

ote that we may choose L large enough that L
2B ≥ 1. From Lemma 3.5, for any 0 < b < λ,

nd any 1/2 < s < 1, on the set {Mn(φ) ≤ A}, there is a constant K̃ > 0 such that almost
urely

P̃[eλn ]−1 Xn

(
⟨φ, Xs⟩ ≥

L
2B

eλn
)

≤ P̃[eλn ]−1 Xn

(
⟨φ, Xs⟩ ≥ eλn)

≤ 3[eλn]−1
⟨φ, Xn⟩eλs−λn

+ K eλs−(λ−b)n
+ K s

∫
E
ν(dy)

∫
∞

ebn
rπφ(y, dr )

≤ K̃ e−(λ−b)n
+ K̃

∫
E
ν(dy)

∫
∞

ebn
rπφ(y, dr ).

Therefore,

1{Mn (φ)≤A} I (1)
n

≲ 1{Mn (φ)≤A} Xn(φ)
(∫

E
ν(dx)

∫
∞

2e
λ
p n
πφ(x, dr )

)[
e−(λ−b)n

+

∫
E
ν(dy)

∫
∞

ebn
rπφ(y, dr )

]
≲ 1{Mn (φ)≤A}Pµ

( ∑
n+

1
2 ≤t<n+1

1
{△X t (φ)>2eλn/p}

⏐⏐⏐Fn

) [
e−(λ−b)n

+

∫
E
ν(dy)

∫
∞

ebn
rπφ(y, dr )

]
,

here the last inequality follows from (3.37). Since limn→∞ e−(λ−b)n
+
∫

E ν(dy)
∫

∞

ebn rπφ(y, dr )
0, we can choose N > 0 such that when n ≥ N , we have ebn > T0 and

1{Mn (φ)≤A} I (1)
n ≤

1
4

1{Mn (φ)≤A}Pµ
( ∑

n+
1
2 ≤t<n+1

1
{△X t (φ)>2eλn/p}

⏐⏐⏐Fn

)
, Pµ-a.s. (3.45)

ombining (3.44) and (3.45), we get, when n > N , on {Mn(φ) ≤ A},

En ≤ I (1)
n + I (2)

n ≤
3
4

1{Mn (φ)≤A}Pµ
( ∑

n+
1
2 ≤t<n+1

1
{△X t (φ)>2eλn/p}

⏐⏐⏐Fn

)
, Pµ-a.s.
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a

B

D

Therefore, when n > N , on {Mn(φ) ≤ A},

Pµ
( ∑

n+1/2≤t<n+1

1
{△X t (φ)>2eλn/p}

⋂
C A

n (t)

⏐⏐⏐Fn

)
≥ Pµ

( ∑
n+1/2≤t<n+1

1
{△X t (φ)>2eλn/p}

⏐⏐⏐Fn

)
− En

≥
1
4
Pµ

⎛⎝ ∑
n+1/2≤t<n+1

1
{△X t (φ)>2eλn/p}

⏐⏐Fn

⎞⎠ , Pµ-a.s.

his proves (3.43).
Step 3. In this step, we prove that, on {M∞(φ) > 0, supn Mn(φ) ≤ A},

∞∑
n=1

Pµ

⎛⎝ ∑
n+1/2≤t<n+1

1
{△X t (φ)>2e

λn
p }

⋂
C A

n (t)
> 0

⏐⏐⏐Fn

⎞⎠ = ∞, Pµ-a.s. (3.46)

Let N be a number large enough so that (3.43) almost surely holds on {Mn(φ) ≤ A} for
ny n ≥ N . Then on the event {M∞(φ) > 0, supn Mn(φ) ≤ A},

m∑
n=N

1{Mn (φ)≤A}Pµ
( ∑

n+1/2≤t<n+1

1
{△X t (φ)>2eλn/p}

⋂
C A

n (t)

⏐⏐⏐Fn

)

≥
1
4

m∑
n=N

1{Mn (φ)≤A}Pµ

⎛⎝ ∑
n+1/2≤t<n+1

1
{△X t (φ)>2eλn/p}

⏐⏐⏐Fn

⎞⎠
=

1
4

m∑
n=N

Pµ

⎛⎝ ∑
n+1/2≤t<n+1

1
{△X t (φ)>2eλn/p}

⏐⏐⏐Fn

⎞⎠ , Pµ-a.s.

y (3.36), letting m → ∞ in the display above, we get that, on {supn>1 Mn(φ) ≤ A,M∞(φ) >
0},

∞∑
n=1

Pµ
( ∑

n+1/2≤t<n+1

1
{△X t (φ)>2eλn/p}

⋂
C A

n (t)

⏐⏐⏐Fn

)
= ∞, Pµ-a.s.

Let C̃n(t) :=

{
△X t (φ) > 2e

λn
p
}⋂

C A
n (t). Now we consider the second moments:

Pµ

⎡⎣( ∑
n+1/2≤t<n+1

1
{△X t (φ)>2e

λn
p }

⋂
C A

n (t)

)2⏐⏐⏐Fn

⎤⎦
= 2Pµ

[ ∑
n+1/2≤t1<t2<n+1

1C̃n (t1)1C̃n (t2)

⏐⏐⏐Fn

]
+ Pµ

[ ∑
n+1/2≤t<n+1

1{
△X t (φ)>2e

λn
p
}⋂

C A
n (t)

⏐⏐⏐Fn

]
.

efine I (3)
n := 2Pµ

[∑
n+1/2≤t1<t2<n+1 1C̃n (t1)1C̃n (t2)

⏐⏐⏐Fn

]
, then

I (3)
n = 2Pµ

[ ∑
n+1/2≤t1<n+1

1C̃n (t1)Pµ

⎛⎝ ∑
t1<t2<n+1

1C̃n (t2)

⏐⏐⏐Ft1

⎞⎠⏐⏐⏐Fn

]
≤ 2Pµ

[ ∑
1C̃n (t1)PX t1

(∫ n+1

t
1C A

n (s)ds
∫

E
X s−(dx)

∫
∞

2eλn/p
πφ(x, dr )

) ⏐⏐⏐Fn

]

n+1/2≤t1<n+1 1

316



R. Liu, Y.-X. Ren and R. Song Stochastic Processes and their Applications 154 (2022) 286–327

s

N

a

i

≤ 2Leλn
∫

E
ν(dx)

∫
∞

2eλn/p
πφ(x, dr ) · Pµ

[ ∑
n+1/2≤t1<n+1

1C̃n (t1)

⏐⏐⏐Fn

]
≲ eλn

⟨φ, Xn⟩
−1P2

µ

[ ∑
n+1/2≤t1<n+1

1{
△X t1 (φ)>2e

λn
p
}⏐⏐⏐Fn

]
,

where the last inequality comes from (3.37) and L is the constant in the definition of C A
n (s),

ee (3.39). Consequently

Pµ

⎡⎣( ∑
n+1/2≤t<n+1

1
{△X t (φ)>2e

λn
p }

⋂
C A

n (t)

)2⏐⏐⏐Fn

⎤⎦
≲

1
Mn(φ)

P2
µ

[ ∑
n+1/2≤t<n+1

1{
△X t (φ)>2e

λn
p
}⏐⏐⏐Fn

]
+ Pµ

[ ∑
n+1/2≤t<n+1

1{
△X t (φ)>2e

λn
p
}⋂

C A
n (t)

⏐⏐⏐Fn

]
. (3.47)

ow by the Cauchy–Schwarz inequality, when n > N , on the event {M∞(φ) > 0, supn Mn(φ)
≤ A},

Pµ

⎛⎝ ∑
n+1/2≤t<n+1

1
{△X t (φ)>2e

λn
p }
⋂

C A
n (t)

> 0
⏐⏐⏐Fn

⎞⎠

≥

P2
µ

(∑
n+1/2≤t<n+1 1

{△X t (φ)>2e
λn
p }
⋂

C A
n (t)

⏐⏐⏐Fn

)
Pµ
((∑

n+1/2≤t<n+1 1
{△X t (φ)>2e

λn
p }
⋂

C A
n (t)

)2⏐⏐⏐Fn

)

≳

1
16

P2
µ

(∑
n+1/2≤t<n+1 1

{△X t (φ)>2e
λn
p }

⏐⏐⏐Fn

)
Mn(φ)−1P2

µ

[∑
n+1/2≤t1<n+1 1{

△X t1 (φ)>2e
λn
p
}⏐⏐⏐Fn

]
+ Pµ

[∑
n+1/2≤t1<n+1 1{

△X t1 (φ)>2e
λn
p
}⏐⏐⏐Fn

]

≳
Pµ
(∑

n+1/2≤t<n+1 1
{△X t (φ)>2e

λn
p }

⏐⏐⏐Fn

)
Mn(φ)−1Pµ

[∑
n+1/2≤t1<n+1 1{

△X t1 (φ)>2e
λn
p
}⏐⏐⏐Fn

]
+ 1

≳ Mn(φ)
⋀

Pµ

⎛⎝ ∑
n+1/2≤t<n+1

1
{△X t (φ)>2e

λn
p }

⏐⏐⏐Fn

⎞⎠ , Pµ-a.s.

where the second inequality comes from (3.43) and (3.47), and the last inequality comes from
the fact that x

y+1 ≥
x

2(y∧1) ≳ x
y ∧ x for any x, y > 0. Since we are working on {M∞(φ) > 0}

nd we have proved (3.36), (3.46) follows from the inequalities above.
Step 4. By the second conditional Borel–Cantelli lemma (see, [9, Theorem 5.3.2]), (3.46)

mplies that

Pµ
(

Bn i.o.
⏐⏐⏐M∞(φ) > 0, sup

n
Mn(φ) ≤ A

)
= 1.
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Note that supn≥1 Mn(φ) < ∞ Pµ-almost surely. The above equation holds for any constant
A > 0. Letting A → ∞, we get (3.35). Consequently,

lim sup
t→∞

⏐⏐eλt/q (M∞(φ) − Mt (φ))
⏐⏐ ≥ e−λ/p

ith positive probability. The proof is complete. □

For γ > 0, define

f (s) = eλss−γ , s > 0. (3.48)

irect computation shows that

f ′(s) = f (s)(λ− γ s−1).

hus when s > γ/λ, f (s) is a strictly increasing function. If g is the inverse function of f on
γ /λ,∞), then

(g(r ))′ =
1

r (λ− γ g(r )−1)
.

t is obvious that

lim
r→∞

g(r ) = ∞.

herefore, there is a constant R > γ/λ such that for r > R,
1
λr

≤ (g(r ))′ ≤
2
λr
. (3.49)

onsequently, when r → ∞,

g(r ) ≍ ln r. (3.50)

roof of Theorem 1.6. (1) The main idea is similar to that of the proof of Theorem 1.5. We
ill use Lemma 3.2 and different truncating functions to analyze the convergency of C̃t (γ ).
irst, for the continuous part, by the Burkholder–Davis–Gundy inequality,

Pµ

[(
sup
t>1

∫ t

1
e−λssγ

∫
E
φ(x)SC (ds, dx)

)2
]

≲ sup
t>1

Pµ
∫ t

1
e−2λss2γ ds

∫
E
α(x)φ(x)2 Xs(dx)

≲
∫

∞

1
e−λss2γ ds

∫
E
α(x)φ(x)2ν(dx) < ∞. (3.51)

or the jump part, we still handle the ‘small jumps’ and the ‘large jumps’ separately. Define

N (1)
:=

∑
0<△X s (φ)<eλs s−γ

δ(s,△X s ) and N (2)
:=

∑
△X s (φ)≥eλs s−γ

δ(s,△X s ),

nd denote the compensators of N (1) and N (2) by N̂ (1) and N̂ (2) respectively. We write S(J,1)

nd S(J,2) for the corresponding martingale measures. For the ‘large jumps’,

Pµ
⏐⏐⏐ ∫ ∞

1
e−λssγ

∫
E
φ(x)S(J,2)(ds, dx)

⏐⏐⏐
≤ 2Pµ

∫
∞

e−λssγ ds
∫

Xs(dx)
∫

∞

rπφ(x, dr )

1 E eλs s−γ
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T
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t

≲
∫

∞

1
sγ ds

∫
E
ν(dx)

∫
∞

eλs s−γ

rπφ(x, dr )

=

∫ R∨1

1
sγ ds

∫
E
ν(dx)

∫
∞

eλs s−γ

rπφ(x, dr ) +

∫
∞

R∨1
sγ ds

∫
E
ν(dx)

∫
∞

eλs s−γ

rπφ(x, dr )

:= I + I I,

where R > γ/λ is a number such that (3.49) holds for r > R. It is obvious that I < ∞, we
nly need to investigate the finiteness of I I . Recall that f is defined by (3.48) and g is the
nverse of f on (γ /λ,∞). Applying Fubini’s Theorem,

I I ≤

∫
E
ν(dx)

∫
∞

f (γ /λ)
rπφ(x, dr )

∫ g(r )

0
sγ ds

t follows from (3.50) that∫ g(r )

0
sγ ds =

g(r )γ+1

γ + 1
≍ (ln r )γ+1 for r > R.

hus when (1.18) holds, we have

sup
t>1

Pµ
⏐⏐⏐ ∫ t

1
e−λssγ

∫
E
φ(x)S(J,2)(ds, dx)

⏐⏐⏐ < ∞.

herefore the process
∫ t

1 e−λssγ
∫

E φ(x)S(J,2)(ds, dx) converges Pµ-a.s. and in L1(Pµ). Now
let us analyze the ‘small jumps’ part.

Pµ
[(

sup
t>1

∫ t

1
e−λssγ

∫
E
φ(x)S(J,1)(ds, dx)

)2
]

=

∫
∞

1
e−2λss2γ ds

∫
E

Pβ
s

(∫ f (s)

0
r2πφ(·, dr )

)
(y)µ(dy)

≲
∫

∞

1
sγ / f (s)ds

∫
E
ν(dx)

∫ f (s)

0
r2πφ(x, dr )

≤

∫
∞

1
sγ / f (s)ds

∫
E
ν(dx)

∫ 1

0
r2πφ(x, dr )

+

∫ 1∨R

1
sγ / f (s)ds

∫
E
ν(dx)

∫ 1∨ f (s)

1
r2πφ(x, dr )

+

∫
∞

1∨R
sγ / f (s)ds

∫
E
ν(dx)

∫ 1∨ f (s)

1
r2πφ(x, dr )

:= I I I + I V + V .

t is easy to check that both I I I and I V are finite. Applying Fubini’s theorem in V , we get

V ≤

∫
E
ν(dx)

∫
∞

1
r2πφ(x, dr )

∫
∞

g(r )
sγ / f (s)ds.

et H (r ) =
∫

∞

g(r ) sγ / f (s)ds, then limr→∞ H (r ) = 0. Note that as r → ∞,

H ′(r ) =
g(r )γ g′(r )

f (g(r ))
≍

(ln r )γ

r2 .

Thus H (r ) ≍
(ln r )γ

r
as r → ∞. Therefore, V < ∞ when (1.18) holds. Hence it follows that

he martingale
∫ t e−λssγ

∫
φ(x)S(J,1)(ds, dx) converges P -a.s. and in L2(P ) as t → ∞. In
1 E µ µ
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conclusion, when the moment condition (1.18) holds, the martingale C̃t (γ ) converges Pµ-almost
surely and in L1(Pµ) as t → ∞. It follows from Lemma 3.2 that∫ t

0
sγ−1(M∞(φ) − Ms(φ))ds converges Pµ-a.s.

and M∞(φ) − Mt (φ) = o(t−γ ), Pµ-a.s. as t → ∞. In particular, when γ ≥ 1,∫
∞

0
(M∞(φ) − Mt (φ))dt < ∞, Pµ-a.s.

(2) Now let us consider the case that
∫

E ν(dx)
∫

∞

1 r (ln r )1+γπφ(x, dr ) = ∞. Without loss
f generality, we may assume that∫

E
ν(dx)

∫
∞

1
r (ln r )γπφ(x, dr ) < ∞. (3.52)

n fact, if∫
E
ν(dx)

∫
∞

1
r (ln r )γπφ(x, dr ) = ∞,

then by assumption (1.13), γ > 1. Therefore there is some γ̃ > 0 and some integer n > 0
such that γ = n + γ̃ ,∫

E
ν(dx)

∫
∞

1
r (ln r )1+γ̃πφ(x, dr ) = ∞ (3.53)

and ∫
E
ν(dx)

∫
∞

1
r (ln r )γ̃πφ(x, dr ) < ∞.

If we can prove that Ct (γ̃ ) does not converge as t → ∞, then Ct (γ ) does not converge either.
Let N̂ (2) be the compensator of N (2). Then for any non-negative Borel function F on

R+ × M(E∂ ),∫
∞

0

∫
M(E∂ )

F(s, υ)N̂ (2)(ds, dυ) =

∫
∞

0
ds
∫

E
Xs(dx)

∫
∞

f (s)
F(s, rφ(x)−1δx )πφ(x, dr ).

efine a measure L(ds, dx) on [0,∞) × E such that for any non-negative Borel function g on
+ × E ,∫

∞

0

∫
E

g(s, x)L(ds, dx) =

∫
∞

0

∫
M(E∂ )

Fg(s, υ)N̂ (2)(ds, dυ),

hich is equivalent to∫
∞

0

∫
E

g(s, x)L(ds, dx) =

∫
∞

0
ds
∫

E
φ−1(x)Xs(dx)

∫
∞

f (s)
rg(s, x)πφ(x, dr ).

uppose µ ∈ M0(E). We claim that as t → ∞,

Kt (γ ) :=

∫ t

1
e−λssγ

∫
E
φ(x) [M(ds, dx) + L(ds, dx)] converges Pµ-a.s. (3.54)

n fact, for the continuous part of M , by (3.51),
∫ t

1 e−λssγ
∫

E φ(x)SC (ds, dx) converges Pµ-
lmost surely as t → ∞. For the ‘small jump’ part, using the arguments for the ‘small jumps’
n (1), assumption (3.52) is enough to guarantee that

∫ t e−λssγ
∫
φ(x)S(J,1)(ds, dx) converges
1 E
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Pµ-almost surely as t → ∞. We are left to analyze the ‘big jumps’ part. Thanks to assumption
(3.52),

Pµ

⎛⎜⎜⎝ ∑
∆Xs (φ)≥ f (s)

s>1

1

⎞⎟⎟⎠ = Pµ
(∫

∞

1
ds
∫

E
Xs(dx)

∫
∞

f (s)
πφ(x, dr )

)

=

∫
E
µ(dy)

∫
∞

1
ds Pβ

s

(∫ ∞

f (s)
πφ(·, dr )

)
(y)

≲ µ(φ)
∫

E
ν(dx)

∫
∞

1
eλsds

∫
∞

f (s)
πφ(x, dr )

≤

∫
E
ν(dx)

∫
∞

f ( γ
λ

)
πφ(x, dr )

∫ g(r )

0
eλsds

≲
∫

E
ν(dx)

∫
∞

1
r (ln+ r )γπφ(x, dr ) < ∞,

here the second to last inequality comes from (3.50) and the fact that∫ g(r )

0
eλsds =

1
λ

f (s)sγ
⏐⏐⏐g(r )

0
=

1
λ

(rg(r )γ − 1).

Thus N (2) is a finite measure. Consequently we have as t → ∞,∫ t

1

∫
M(E)

Fe−λs sγ φ(x)(s, υ)N (2)(ds, dυ) →

∑
∆Xs (φ)≥ f (s)

s>1

e−λssγ∆X s(φ) < ∞, (3.55)

ince the sum is a finite sum. Now (3.55) implies our claim (3.54).
Set L t =

∫ t
0 e−λs

∫
E φ(x)L(ds, dx) and let L∞ denote its increasing limit. Then

L∞ =

∫
∞

0
e−λs

∫
E
φ(x)L(ds, dx).

e first claim that L∞ < ∞, Pµ-a.s. In fact, by the definition (3.48) of f , f (s) ≥ f (γ /λ) for
ny s > 0. Thus it follows from (1.11) that for any s > 0,∫

∞

f (s)
rπφ(x, dr ) ≤

∫
∞

f (γ /λ)
rπφ(x, dr ) ≲ φ(x).

hus ∫ γ /λ

0
e−λs

∫
E
φ(x)L(ds, dx) =

∫ γ /λ

0
e−λsds

∫
E

X s−(dx)
∫

∞

f (s)
rπφ(x, dr )

≲
∫ γ /λ

0
e−λsds

∫
E
φ(x)Xs(dx) =

∫ γ /λ

0
Ms(φ)ds < ∞, Pµ-a.s.

y Assumption 2,

Pµ
(∫

∞

γ /λ

e−λs
∫

E
φ(x)L(ds, dx)

)
= Pµ

(∫
∞

γ /λ

e−λsds
∫

E
X s−(dx)

∫
∞

f (s)
rπφ(x, dr )

)
=

∫
∞

e−λsds
∫
µ(dy)Pβ

s

(∫
∞

rπφ(·, dr )
)

(y)

γ /λ E f (s)
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≲
∫

∞

γ /λ

ds
∫

E
ν(dx)

∫
∞

f (s)
rπφ(x, dr )

=

∫
E
ν(dx)

∫
∞

f (γ /λ)
rπφ(x, dr )

∫ g(r )

γ /λ

ds

≤

∫
E
ν(dx)

∫
∞

f (λ/γ )
rg(r )πφ(x, dr ) < ∞,

hich implies our claim.
Now using Lemma 3.2 and Remark 3.3, (3.54) implies that∫ t

0
sγ−1 (M∞(φ) − Ms(φ) + L∞ − Ls) ds

onverges and (M∞(φ)−Mt (φ))+(L∞−L t ) = o(t−γ ) Pµ-a.s. Thus the Pµ-almost sure conver-
ence of

∫ t
0 sγ−1 (M∞(φ) − Ms(φ)) ds as t → ∞ is equivalent to that

∫ t
0 sγ−1 (L∞ − Ls) ds

onverges Pµ-almost surely to a finite random variable as t → ∞, and M∞(φ) − Mt (φ) =

(t−γ ) if and only if (L∞ − L t ) does. Since the integrand is non-negative, we always have
imit

∫
∞

1 sγ−1 (L∞ − Ls) ds ≤ ∞. Suppose we can prove that, under the assumption (1.19),

Pµ
(∫

∞

1
sγ−1 (L∞ − Ls) ds = ∞

)
> 0. (3.56)

hen
∫ t

0 sγ−1 (M∞(φ) − Ms(φ)) ds does not converge Pµ-almost surely as t → ∞. Now we
re left to prove (3.56). Note that by (1.19), there exists T2 > max(T1, γ /λ) such that for
≥ T2,

L∞ − L t =

∫
∞

t
e−λsds

∫
E

X s−(dx)
∫

∞

f (s)
rπφ(x, dr )

≳
∫

∞

t
e−λsds

∫
F
φ(x)X s−(dx)

∫
∞

f (s)
r
∫

E
ν(dy)πφ(y, dr ).

ut ρ(dr ) =
∫

E ν(dy)πφ(y, dr ). Then for t ≥ T2,

L∞ − L t ≳
∫

∞

t
e−λs Xs(φ1F )ds

∫
∞

f (s)
rρ(dr )

≳
∞∑

n=1+[t]

∫ n+1

n
dse−λs Xs(φ1F )

∫
∞

f (s)
rρ(dr )

≳
∞∑

n=1+[t]

∫
∞

f (n+1)
rρ(dr )

∫ n+1

n
e−λs Xs(φ1F )ds. (3.57)

he third inequality comes from the fact that f (s) is an increasing function for s > γ/λ. It is
asy to check that

∫ 1+T2
0 tγ−1dt

∑
∞

n=1+[t]

∫
∞

f (n+1) rρ(dr )
∫ n+1

n e−λs Xs(φ IF )ds < ∞ Pµ-almost
urely. So

∫
∞

1+T2
tγ−1dt

∑
∞

n=1+[t]

∫
∞

f (n+1) rρ(dr )
∫ n+1

n e−λs Xs(φ1F )ds have the same conver-
ence property as

∫
∞

0 tγ−1dt
∑

∞

n=1+[t]

∫
∞

f (n+1) rρ(dr )
∫ n+1

n e−λs Xs(φ1F )ds. By Theorem A.1 in
he Appendix, the two integrals above converge almost surely on {M∞(φ) > 0} if and only if
he following integral∫

∞

0
tγ−1dt

∞∑ ∫
∞

f (n+1)
rρ(dr )
n=1+[t]
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is finite. Exchanging the order of integration, we obtain∫
∞

0
tγ−1dt

∞∑
n=1+[t]

∫
∞

f (n+1)
rρ(dr ) ≥

∫
∞

0
tγ−1dt

∫
∞

t+1
ds
∫

∞

f (s)
rρ(dr )

=

∫
∞

1
ds
∫ s−1

0
dt
∫

∞

f (s)
rρ(dr ) =

1
γ

∫
∞

1
(s − 1)γ ds

∫
∞

f (s)
rρ(dr )

≥
1
γ

∫
∞

f (γ /λ)
r
∫ g(r )∨1

(γ /λ)∨1
(s − 1)γ ds

=
1

γ (γ + 1)

∫
∞

f (γ /λ)
r [(g(r ) − 1)γ+1

− (γ /λ ∨ 1 − 1)γ+1]ρ(dr )

= ∞.

he last equality is due to that g(r ) ≍ ln r as r → ∞ and (1.20). Thus on the event
M∞(φ) > 0}, which has positive probability,∫

∞

0
sγ−1 (L∞ − Ls) ds = ∞,

lmost surely. Thus (3.56) is valid and the proof is complete.
Now we analyze the convergence rate of L∞ − L t . It follows from (3.57), Theorem A.1 and

he monotonicity of f that, on {M∞(φ) > 0}, almost surely when t ≥ T2,

L∞ − L t ≳
∫

∞

t
ds
∫

∞

f (s)
rρ(dr ) =

∫
∞

f (t)
r [g(r ) − t]ρ(dr ).

f L∞ − L t = o(t−γ ), then
∫

∞

f (t) r [g(r ) − t]ρ(dr ) = o(t−γ ), or equivalently,
∫

∞

t r [g(r ) −

g(t)]ρ(dr ) = o(g(t)−γ ) as t → ∞. From (3.49),∫
∞

t
r [g(r ) − g(t)]ρ(dr ) =

∫
∞

t
rρ(dr )

∫ r

t
g′(u)du ≍

∫
∞

t
r [ln r − ln t]ρ(dr ).

y (3.50),
∫

∞

t r [g(r ) − g(t)]ρ(dr ) = o(g(t)−γ ) is equivalent to
∫

∞

t r [ln r − ln t]ρ(dr ) =

((ln t)−γ ). Conversely, when
∫

∞

t r [ln r − ln t]ρ(dr ) = o((ln t)−γ ) as t → ∞ does not hold,
L∞ − L t = o(t−γ ) does not hold almost surely. Consequently M∞(φ) − Mt (φ) = o(t−γ ) does
ot hold almost surely. □
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Appendix

In this Appendix, we prove the following result used in the proof of Theorem 1.6.

heorem A.1. For any Borel subset F of E and µ ∈ M(E),

lim
n→∞

∫ n+1

n
e−λs

⟨φ1F , Xs⟩ds = ⟨φ1F , ν⟩M∞(φ), Pµ-a.s.

The proof of this theorem is based on the following five results. The idea of the proof is
ainly from [34]. For any n ∈ N, u > 0, and h ∈ B+

b (E), define

Hn+u(h) := e−λ(n+u)
∫ n+u

0

∫
E

Pβ

(n+u)−s(φh)(x)S(1,1)(ds, dx),

Ln+u(h) := e−λ(n+u)
∫ n+u

0

∫
E

Pβ

(n+u)−s(φh)(x)S(2,1)(ds, dx),

and

Cn+u(h) := e−λ(n+u)
∫ n+u

0

∫
E

(Pβ

(n+u)−sφh)(x)SC (ds, dx).

emma A.2. If
∫

E l(x)ν(dx) < ∞, then for any u > 0, µ ∈ M(E) and h ∈ B+

b (E),
∞∑

n=1

Pµ
[
Hn+u(h) − Pµ(Hn+u(h)

⏐⏐Fn)
]2
< ∞ (A.1)

nd

lim
n→∞

(
Hn+u(h) − Pµ[Hn+u(h)

⏐⏐Fn]
)

= 0, in L2(Pµ) and Pµ-a.s. (A.2)

oreover,

lim
n→∞

∫ 1

0

(
Hn+u(h) − Pµ[Hn+u(h)

⏐⏐Fn]
)

du = 0, Pµ-a.s. (A.3)

emma A.3. If
∫

E l(x)ν(dx) < ∞, then for any u > 0, µ ∈ M(E) and h ∈ B+

b (E) we have

lim
n→∞

(
Ln+u(h) − Pµ

[
Ln+u(h)

⏐⏐Fn
])

= 0, in L1(Pµ) and Pµ-a.s. (A.4)

nd

lim
n→∞

∫ 1

0

(
Ln+u(h) − Pµ

[
Ln+u(h)

⏐⏐Fn
])

du = 0, Pµ-a.s. (A.5)

emma A.4. For any u > 0, µ ∈ M(E) and h ∈ B+

b (E) we have

lim
n→∞

(
Cn+u(h) − Pµ[Cn+u(h)

⏐⏐Fn]
)

= 0, in L2(Pµ) and Pµ-a.s. (A.6)

nd

lim
n→∞

∫ 1

0

(
Cn+u(h) − Pµ[Cn+u(h)

⏐⏐Fn]
)

du = 0, Pµ-a.s. (A.7)

The proofs of the above three lemmas are similar to those of corresponding results in [33,
ection 3]. We omit the details here. Combining the three lemmas above, we have
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Lemma A.5. If
∫

E l(x)ν(dx) < ∞, then for any u > 0, µ ∈ M(E) and h ∈ B+

b (E) we have

lim
n→∞

(
e−λ(n+u)

⟨φh, Xn+u⟩ − Pµ
[
e−λ(n+u)

⟨φh, Xn+u⟩
⏐⏐Fn

])
= 0, in L1(Pµ) and Pµ-a.s.

(A.8)

Using the arguments similar to that of [33, Theorem 3.5], we have

Theorem A.6. If
∫

E l(x)ν(dx) < ∞, then for any µ ∈ M(E) and h ∈ B+

b (E) we have

lim
n→∞

e−λn
⟨φh, Xn⟩ = M∞(φ)

∫
E
φ(z)h(z)ν(dz), in L1(Pµ) and Pµ-a.s.

Proof of Theorem A.1. For any s > n

e−λs
⟨φ1F , Xs⟩

= e−λs
⟨Pβ

s−n(φ1F ), Xn⟩ + e−λs
∫ s

n
Pβ

s−u(φ1F )(x)M(du, dx)

= e−λs
⟨Pβ

s−n(φ1F ), Xn⟩ +
(
Hs(φ1F ) − Pµ[Hs(φ1F )

⏐⏐Fn]
)

+
(
Ls(φ1F ) − Pµ [Ls(φ1F )|Fn]

)
+ Cs(φ1F ) − Pµ [Cs(φ1F )|Fn] .

ence,∫ n+1

n
e−λs

⟨φ1F , Xs⟩ds

=

∫ n+1

n
e−λs

⟨Pβ
s−n(φ1F ), Xn⟩ds +

∫ n+1

n

(
Hs(φ1F ) − Pµ[Hs(φ1F )

⏐⏐Fn]
)

ds

+

∫ n+1

n

(
Ls(φ1F ) − Pµ [Ls(φ1F )|Fn]

)
ds +

∫ n+1

n
Cs(φ1F ) − Pµ [Cs(φ1F )|Fn] ds

= e−λn
⟨

(∫ 1

0
e−λs Pβ

s (φ1F )ds
)
, Xn⟩ +

∫ 1

0

(
Hn+s(φ1F ) − Pµ[Hn+s(φ1F )

⏐⏐Fn]
)

ds

+

∫ 1

0

(
Ls+n(φ1F ) − Pµ [Ls+n(φ1F )|Fn]

)
ds

+

∫ 1

0
Cn+s(φ1F ) − Pµ [Cn+s(φ1F )|Fn] ds.

= In + I In + I I In + I Vn.

t has been shown in Lemmas A.2–A.4 that

lim
n→∞

I In + I I In + I Vn = 0.

ince
∫ 1

0 e−λs Pβ
s (φ1F )(x)ds ≤ φ(x), by Theorem A.6,

lim
n→∞

e−λn
⟨

(∫ 1

0
e−λs Pβ

s (φ1F )ds
)
, Xn⟩ = M∞(φ)⟨

∫ 1

0
e−λs Pβ

s (φ1F )(x)ds, ν⟩

= M (φ)⟨φ1 , ν⟩. □
∞ F
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