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Abstract

Suppose X = {Xy, P, } is a d-dimensional super-Brownian motion with branch-
ing rate function A and general branching mechanism . We discuss conditions
on A to guarantee that X; has absolutely continuous states. For the particular
case of (s, r,z) = 2%, the analogous problem has been discussed by Dawson
and Fleischmann (1995). We generalize and simplify the conditions of Dawson

and Fleischmann based on an improvement on their argument.
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§1. Introduction

For every Borel measurable space (E,B(£)), we denote by M(E) the set of all finite measures
on B(E) endowed with the topology of weak convergence. The expression < f,u > stands for
the integral of f with respect to p. We write f € B(E) if f is a B(FE)-measurable function.

Writing f € pB(E)(bB(E)) means that, in addition, f is positive(bounded). We put bpB(E) =
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(bB(E) NpB(E)). If E = R4, we simply write B instead of B(RY) and M instead of M(R4). We
will use the symbol 7, to denote bounded pointwise convergence. (Recall that functions converge

boundedly pointwise if they are uniformly bounded and converge pointwise.)

Let W := {W,II, ,,r > 0,7 € R4} denote the canonical Brownian motion in RY with birth
time a. T (0 =7, W = x) = 1. Set F2, = o(Ws,s < 7); FL, = 0(Ws,5 > r) and Fy =
VAFE,.m >0}

Set S = [0,00) x R4, To every set Q C S there corresponds the first exit time 7 = inf{t :
t>a, (W) ¢ Q}. Put (r,z) € QU if I, . {r > r} = 1. A set Q € B(S) is called finely open if
Q" = Q. We denote by 7 the set of all exit times from finely open sets Q € B(S). For 7 € T, Put

C e FL, if C e FY and if, for each r, {C,7 > r} € FI,.

For s,z > 0,z € R, let
Y(s,x,2) = a(s,x)z + b(s, r)2* Jr/ (e — 1+ uz)n(s,z, du), (1.1)
0

where a, b are positive measurable functions, n is a kernel from R? to (0, 00) such that for every
finite interval A, a(s,z),b(s,x) and fooo u A u?n(s,z,du) are positive bounded Borel functions on

A x R4,

Suppose A is a continuous additive functional of W. A is called a branching rate functional if
there exists a time-inhomogeneous measure-valued Markov process X = {X;, P, ,,t > r > 0,1 €

M} with the Laplace functional

Prexp < —f, Xy >=exp < —u(r,-),up> 0<r<t,ueM,fecbpB (1.2)



where u is the unique bounded solution of the integral equation
t
u(r,x) =1L . (f(Wy)) — HT?I/ (s, We,u(s, We))A(ds), 0<r <t zecRL (1.3)
We call X = {X;, P, ,,t >r>0,p € M} asuper-Brownian motion with parameters (A, ).

Particularly, when (s, z,2) = 22, Dawson and Fleischmann[2] investigated conditions on
the additive functional A, which guarantee that X; is absolutely continuous with respect to the
Lebesgue measure in R4, But, if the branching mechanism 1 is given by the general form (1.1) and
the branching rate function A is a general continuous additive functional, how to guarantee the
state X; is absolutely continuous? In this paper we are devoted to impose some conditions on A to
guarantee that a super-Brownian motion X with general branching mechanism v has absolutely
continuous states. Our approach in the present paper is an improvement over that of Dawson
and Fleischmann[2] and the conditions imposed on A are simpler than that given by Dawson and

Fleischmann.

§2. Main results

Assume that I is a halfopen interval [L,T),0 < L < T. We consider the absolute continuity of

Xr. For v e M set
(S")(r,y) == /V(dZ)p(T -ry—=z), relyeRd, (2.1)

vely) == / v(d2)pley — ) = vxp(e)(y), € RS, (2.2)
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where p(t,y) = (2rt)~%/? exp(—%;),t > 0,y € R9, is the Brownian transition density function.
With an abuse of notation we use v.(dy) to denote the measure with density v, given above. Note
that for each r € I,

STy (r,-) LN STu(r,-)as e 0. (2.3)



Consider the fundamental solutions of the integral equation (1.3). To be more precise, for v € M

consider the integral equation in the form

T
u(r,z) = STv(r,z) — H,.7x/ (s, W, u(s, W))A(ds), rel,zeRL (2.4)

Definition 2.1 Fix a halfopen interval I = [L,T),0 < L < T. Let v belong to M and A be
a branching rate functional. A is called v-regular for 1), if there is a zero sequence {e(n),n > 1}
(depending on I,v, A and 1), called a v-admissible sequence, such that for each fixed r € I and
r € RY,

T
lim sup Hr’x/ P(s, W, S’Il/e(n)(s7 W5))A(ds) — 0(¢ 1 T). (2.5)
t

n—oo

Note that there exists a constant C' such that
U(s,2,2) <Oz +2%), sel,z>0,zcR (2.6)
If A is v-regular for 22 then it is also v-regular for every v given by (1.1).

Definition 2.2 Fix a halfopen interval I = [L,T),0 < L < T. A branching rate functional
A is said to be a.e.-regular for 1 if there exists a Borel subset N of Lebesgue measure zero such

that A is v-regular for ¢ for all point measures v on R with finite support contained in R4\ N.

When 1) = 22, Dawson and Fleischmann[2] also defined v-regularity. For this particular case,

our regularity condition is weaker than Dawson and Fleischmann’s.

For fixed I = [L, T, let A} denote the set of all those continuous additive functionals A of the

d-dimensional Brownian motion W satisfying
I, . A(r,T) < oo, forallr €I,z R (2.7)

We write A € Ay, if A € A} for all finite interval I. We use notions A} and Ay to differentiate



notions A! and A in Dawson and Fleischmann[2]. It is obvious that A} C A and Ay C A.

Theorem 2.1(Fundamental Solutions) Suppose ¢ is given by (1.1). Let v belong to M

and A € Al be v-regular for ¥ with respect to the interval I = [L,T).

(1) (Existence and Uniqueness) There is exactly one measurable non-negative function

U![A,v] defined on I x R? which solves equation (2.4).

(2) (Continuity of Regularization) The solution U/[A,v] is continuous with respect to the

operation of regulation of v in the following sense: If {¢(n),n > 1} is a v-admissible sequence then

U'A, vy (r, ) LN UL (A, v)(r,-), as n — oo, for every r € I. (2.8)

(3) (First Derivative with Respect to Small Parameter) If a(s,z) =0, then

ALU(A, W) (r, ) LN STy(r,-) as A — 0, for every r € I. (2.9)

Theorem 2.2 Suppose ® is given by (1.1) with a(s,z) = 0. Let X = (Xy, P.,,) be a super-
Brownian motion with parameters (A,). Assume that A belong to AZ and is a.e.-regular for 1

with respect to the interval I = [L,T).

(1) For fixed time points 0 < r < L < T and p € M, there exists a random measurable function
27 on RY such that

P, {Xr(dz) = zr(2)dz} = 1.

(2) For each finite collection z(1),...,z(m) of points in RY \ N, the Laplace function of the

random vector [z7(2(1)),...,xz7(z(m))] with respect to P, , is given by

m

Pr,u exp [Z Asz(Z(Z))‘| =exp < —U(’/‘, ')? B>, )‘17 R )‘m 2 Oa
i=1



where u is the continuation of the fundamental solution U [A, v] of (2.4) to the interval [r, T], and

v =200 Aida gy
83. Proof of the Main Results

Let us first state some lemmas. The following lemma 3.1 is taken from [4] with a slight

modification and for completeness, we will give its proof below.

For ¢ € pB, put

H¢(ry1,7m9) = exp (/Tl c(s7WS)A(ds)> , 0<r <. (3.1)

T2

Lemma 3.1 Suppose A(dt) is a non-negative continuous additive functional of the Brownian

motion W in R4, Let 7 € T, and ¢, g € bpB. Assume that w € B and F € f’ZT satisfy
Hnm/ w(s, Wy)|A(ds) < o0; T, ,|F| < oo, r>0,2€R%

Then
g(ra) =T, [Hc(r, F+ / " He(r, )o(s, WS)A(ds)} (3.2)
iff

o) +10s [ a5 W) =11 | F o [ (s, A (33)

Proof Using the Markov property of the Brownian motion W, it is easy to check that
10, / " (s, W) A(ds)
. / " A(ds)HC (r, $)e(s, W)Ly, / " (s, Wa ) A(dsy)
. / " HC(r, $)w(s, W) A(ds) (3.4)
= I, /T A(ds)c(s, Ws)ILs w, /T H(s,s1)w(s1, Ws,)A(ds1)

+1I, . / He(r, s)w(s, Ws)A(ds);



II, ,FF = 1II, ,(H®(r,7)F) —I—Hmc/ He(r, s)c(s, Ws) g w, F
= Hr7x(HC(T‘7T)F)—|—Hr7x/ c(s, W)l w, (H (s, T)F).

Using (3.4) and (3.5) we can get the result of this lemma. We omit the details here.
Using an analytic method, we can check that ¢ has the following properties:
Lemma 3.2 Suppose 1) is given by the form (1.1).

(1) For fixed s > 0, and = € RY, (s, 2, 2) is increasing and convex as a function of z, and for
2(1),...,2(l) € RY,

1/)(57357

l
j=

l
2(j)) < 2t Zw(mz(j)). (3.6)
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(2) For fixed s > 0, and # € R4, 27149 (s, x, 2) is increasing as a function of z.

(3) For 0 < A <1,s,2<0,x € RY,

)\_11/)(8,:5, Az) < P(s,x, 2); (3.7)
(4) If a(s,z) =0, then
1/3% A p(s,z, \z) = 0. (3.8)
Put
A(s,z) = 2b(s,z) + /0Oo uAu’n(s,x,du), s>0,z¢€RY (3.9)
For ¢ € pB(S), define
R y(s,x,2) =c(s,x)z —Y(s,x,2), s,z2>0,xz¢€ R (3.10)

Lemma 3.3 Forall M >1,s>0,0< z,29 SMandeRd,

|Ratant, (S, @, 21) — Raans,p (8, 2, 22)| < A(s, 2)M|z1 — 2a]. (3.11)



Proof Forz e R4, 0<2< M, M > 1,

A(s,2)M = [Ragam,y (s, 2, 2)]
= As, )M — 2b(s,x)z — / u(l —e " )n(s,z,du) >0
0

Thus the result of Lemma holds.

Proof of Theorem 2.1 Let {¢(n),n > 1} be a related v-admissible zero sequence. Assume
that u,, is a non-negative solution of the integral equation (2.4) with v replaced by v,,. We want
to show that u,(r,-),n > 1 are uniformly bounded for each fixed r € I and {u,(r,x);n > 1} is a
Cauchy sequence for fixed r € I,z € R9. First of all, for n > 1 and r € I, we have the following
domination:

0 < up(r,:) < Su,(r,:) <||v | ple(n) +T —r,0), e(n)>0, (3.12)

which means that u,(r,-) are uniformly bounded for each fixed r € I. Moreover, since p(e+s,0) <

p(s,0) = p(1,0)s~%42 s > 0, we have, for fixed 7 € I,
0 < un(r,-) < Svu(r,:) <|| v | p(1,00(T —t)~¥2,  for L<r<t. (3.13)
For each fixed t € I, let
M= (| v [ p(LONT =)~ V1 eyls,z) = (a+ AMy)(s, ).
Then by Lemma , for s >0, 0 < 21, 20 < M, x € R,
|Re, (S, @, 21) — Re, w(8, 2, 22)| < A(s, ) My|z1 — 22| < (s, x)|z1 — 22, (3.14)

where R., . is defined by (3.10). Using Lemma with c = ¢;, F' = l/n(WT)—ftT (s, Wy, un(s, Ws))A(ds) €

]—gw g(r,z) =up(r,z),r <t < Tandw(s,z) = ci(s, x)un(s,x)—(s, z, un(s,x)) = Re, (8, T, un(s, x)),



we get

T
() = Hm{Hct(r,t) [Vn(WT)— /t O, W, un(s, W) A(ds)

}

t
—l—HT’w/ A(ds)H (r, ) Re, (8, Ws,un (s, Wy)), n>1r<t<T,

For r € I,z € RY, put

hm,n(ry I) = HT,x[HCt (r; t)(’/m - Vn)(WT)];

(3.15)
gmn(r,x) = Y(rz, STvy(r,z)) + o(r, 2z, STv, (r, x)).
By (3.14), for m,n > 1,r € I and 2 € RY, we have
T
[, — un|(r,z) < | n(r, )| + 1L, 5 | HO (7, t)/ Im,n (s, Ws)A(ds)
K (3.16)
t
L. / HO (r, 5) (et — unl) (s, W) A(ds).

Iterating this inequality £ > 1 times and using the Markov property of W yields

[tm, — un|(r,z) < |hmn(r,z)| + E+ F + G, (3.17)

where we set

E= M,,%%, : Atds) [ Addss) .. / t

S1 Si—

i—1
A(dsi) H Ct(Sj, ng)
1 j=1
He (1, 83) (el hmnl) (si, Ws, );

k t t t i
F = HWZ/ A(dsl)/ A(dSQ).../ A(ds;) [ ] ee(s5, W)
i=1" 51 Si—1 j=1

T T
~H°'f(7“,t)/ Im.n(s, Ws)A(ds) + 11, , Hct(r,t)/ Imn(s, Ws)A(ds) | ;
t ¢

t t t k
G = Hr,z / A(dsl) / A(dSQ) e / A(d8k+1) H Ct(Sj7 Wsj)
T 51 Sk Jj=1

-He (T7 Sk+1)(ct|um - un‘)(SkJrl’ W5k+1)7

(with the interpretation: H?Zl ct(s5,Ws,) = 1,50 = r). Reversing the order of integration in all



integrals in FE, F' and G, we can get

=0

k—l el i
FE = rw/ ]7('t 'r 31)(Ct|h 81, 51 Z )A(dS)) A(dSl)
< HM‘,/ (ctlhmn]) (s, Wi) A(ds);

(f: c(s, WS)A(ds))i

i!

T k
F= T,, ]{Q(nt)j[ (5, W) A(ds) Y
t i=0

T
S Hr,.’I: / gmm(sa WS)A(dS)’
t

¢ (s, We) Alds F
6= T [ s o, W L ETIAEDy
y (3.13) and the definition of ¢,
s k
! W,)A(d
G <C,t,T) Tz/ He(r, sl)u c(s, k'() (d5)) A(dsy)

(3.18)

(3.19)

(3.20)

where C(v,t,T) is a constant depending only on v, ¢ and T'. Letting k — oo in (3.20), by (2.7) and

the dominated convergence theorem, we get

G —0as k — .

Therefore by (3.17), (3.18), (3.19) and (3.21) we have

|ty — wn|(r, x)

t T
< Jhyan(ry2)] 1T, / (ctlhn) (5, W) A(ds) + T, / G (5, W) A(ds).
r t

For each r € I,

Gman(r): = ”(SIVm - Sll/n)(ra Moo

< |wllllp(e(m) +T = r,-) = p(e(n) + T = 7,-)|oo-

Therefore

lim sup gmn(r)=0, tel.

m,n—0o0 LSTSt
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(3.21)

(3.22)

(3.23)

(3.24)



By the Markov property of W,

Bonn (ry @) = 1 o [H (1, 8) (U — vn) (Wr)| = 1L 2 [H (r, ) w, (Vi — vn) (W),

and therefore, by (3.24),

SUPr<r<t 1P (75 ) [Joo < ”(SIVm - SIVn)(tv Wi)lloo
(3.25)
= gmn(t) — 0, asm,n— .
Since A is v-regular for 1,
T
lim sup Hm;/ Gmon (s, Ws)A(ds) — 0(t 1 T), forallrel,zec R (3.26)
m,n— o0 t

Combining (3.22),(3.25), (3.26) and (2.7), we have {u, (r,z),n > 1} is a Cauchy sequence for fixed

rel,zeR4.

Summarizing, we established the existence of a non-negative measurable function u on I x R4
such that

Up (7, +) e, u(r, )(n — o00), rel

Note that for any r € I, € (r,T) and = € R9,
t
Un(T7 93) = SIVn(Ta I) + Hr,ac/ 1/}(57 Weaun(sy WG))A(dS)

T
I, / (5, Wy un (5, W) A(ds).
t

Letting n — oo and then ¢ 1 T in the above equality, by noticing (2.5), we conclude that u solves

equation(2.4).

Suppose u1, uz are two solutions of (2.4). Repeating the procedure from the beginning with u
and us instead of u.,, and wu,, respectively, we get that

T
|U1 - U2| S HT‘,:C He (’/‘, t) / 27?(3’ W37 SIV(87 Wé))A(ds)
t

I, / HE (r, 8)(calur — us))(s, Wo) A(ds).

11



Iterating the above inequality similarly as above we get
T
fur — g < H/ 20(s, W, STu(s, W) A(ds).
t
By Fatou’s lemma, (2.5) also holds for €(n) = 0 and therefore
T
m,., / 20(s, W, STu(s, W,))A(ds) — 0(t 1 T).
t

So Uy = uUg.

It remains to verify the asymptotic property (2.9). Since (s, z,Az) < ¥(s,x, z) for all s,z >
0,z € R4, 0 < A < 1, we know that the branching functional A is Av-regular for all 0 < A\ < 1.

Fix r € I, by equation(2.4) (with v replaced by Av),
T
MU (A W] — STy|(r2) < Hm/ AN (s, W, ASTw (s, W) A(ds). (3.27)

Letting A | 0 in (3.27), by Fatou’s lemma, and by noticing (3.7),(3.8) and (2.5), we get that
limsupy o [A"'UT[A, A]=STv|(r, 2) = 0. Thus, \"'U'[A, \v](r,-)@ >> X | 0> STu(r,-) pointwisely.
But A"1UT[A, \v|(r,-) are all dominated by the same bounded function SZv(r,-). The statement

(3) follows.

Remark 3.1 Theorem 2.1 is a generalization of Theorem 2.5.2 in Dawson and Fleischmann|2]
from a special branching mechanism (z) = 22 to a general ¥. The conditions imposed in this
paper are simpler than that of Dawson and Fleischmann [2] because of an improvement over the

2

proof of Dawson and Fleischmann. If ¢)(z) = z* our regularity condition (2.5) is weaker than the

regularity conditions in [2]. But we imposed another condition (2.7), which is easy to check.

Proof of Theorem 2.2 The proof of Theorem 2.2 is similar to that of Theorem 2.6.2 in

Dawson and Fleischmann [2]. We omit the details here.
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84. Some particular cases

In this section we consider some particular cases such that the conditions of Theorem 2.2 hold.
Recall that I = [L,T). Throughout this section the branching rate functional A has the formal
structure:

A= A¢(ds) == ds/ﬁ(s,dy)%(Ws). (4.1)
¢ is called the branching rate kernel. We use C to denote a positive constant which may change

values from line to line.

Theorem 4.1 Suppose &(s,dy) = £(s,y)dy with £(-,-) € bpB(I x RY). And suppose, for
fixed I, there exist branching mechanism ¢o(z) = bo2? + [; (e7** — 1 4 uz)ng(du) such that
W(s,,2) < Yo(2),s € I, v € RY, where by is a non-negative constant, ng(du) is a measure on R?

such that [ u A ung(du) < co. If

T
/ ds(T — %20 ((T = s)~H2) = 0(¢ 1 T), (4.2)
t
then the results of Theorem 2.2 hold. In particular X is absolutely continuous.

Proof Suppose{(s,y) < C. It is obvious that A¢ € A. Forv = Zl.

=1 d.(;) with z(1),...,2(l) €

RY, by property (1) of Lemma , we have

M5/ U(s W, 81 Un (5, Ws))Ae(ds)

l (4.3)
< C/ ds/dypsfr,yfxz n)+T —s,y—2(j)))

By property (2) of Lemma , we have
Yo(ple(n) +T — s,y — 2(5))) < [20(T = )20 ([27(T — 5)]%?). (4.4)

p(e(n) +T = s,y — 2(j)))

13



Note that

/ p(s — 1y — 2)ple(n) + T — 5,2 — 2(7)))dy

(4.5)
= ple(n) + T —r,y —z(j)) < (T —r)~4/2
Thus by (4.3), (4.4) and (4.5),
m,, / (s, Wi, S"vn (s, W,)) A (ds) <
t (4.6)

C(T — 1)~ /2 /T(T — 5)Y 20 (27 (T — 5)]"Y?)ds — 0(t 1 T).

Therefore the results of Theorem 2.2 hold.
From Theorem 4.1 we easily have the following well-known results:

Corollary 4.2 Suppose ¢ is bounded regular, i.e., £(s,dy) = &(s, y)dy with £(s,y) € bpB(Z x
RY). Then under one of the following conditions, the corresponding super-Brownian motion X

with parameters (¢, A¢) has absolutely continuous states.
(1) d < 225 and ¢ is given by
(s, x,2) =v(s,2)2% 1 < a < 2,7 € phB, (4.7)
where 7 is bounded on A x R for each finite interval A;
(2) d =1 and 9 is given by (1.1) with a = 0.

Theorem 4.3 Suppose v is given by (4.7) and A¢ € AJ. If there exists a Borel subset N of
Lebesgue measure 0 such that, for every z € RY\ N, one of the following conditions (1) and (2)
holds, then A is a.e.-regular, and the results of Theorem 2.2 hold. Particularly, X7 is absolutely

continuous with respect to the Lebesgue measure on R?, P, ,-ae..

(1) d < 2, and there exists 0. > 0 such that

sup&(s, B(z,0,)) < oo. (4.8)
sel

14



(2) there exists 0 < 0, < %4 A1 and o, > 0 such that

sup/ (y — 2)T2+29:)¢(5, dy) < oo. (4.9)
s€l JB(z,0,)

Proof Forv =Y 8.(j),2(1),- -+, 2(1) e RT\ N, let

7j=1
T
Re(roa,t,T) =TI, /t (STvn) (s, Wa) Ae (ds), (4.10)
Then
T ! “
=/t ds/&(s,dy)/d?p(s—n?—m)%@) [Zp(e(n)+T—s7y—z(j))]
l " o
/ ds/gsdy p(s —r,y —x) {Zp +T—SZ/—Z(J))]
(4.11)
l
/ ds/fsdy p(s — 7,y — ) Zp )+ T — s,y —2(7)"
<2« Z[Il( (7)) + I2(2(5))],
j=1
where
T
[ asf £, dy)pls —ry — Dp(e(m) + T — s,y — ()%, (412)
t B(2(5),02(;))
T
— [ as / (s, dy)p(s — r,y — o)ple(n) + T — s,y — 2 (4.13)
t B(z(j), Uz(j))c
Note that,
Ir(2(j <C, ds s,d s—ry—=
(2(5)) ,d/t /B(z(j))az(])) &(s, dy)p( y—x) i
< Ca’dAg(t,T) — O(t ) T);
T
< ds s,dy)(2m(s — )" Y2pe(n) + T — s,y — 2(4))®
<[asf o sda)(ants =) plela) + 7 = 5.y = 2(7)
< Oyt — 1)/ /T(T— 5)~0ds- (4.15)
su _%d+eex _a(y—z(j))2 s
~/B(Z(j)70z(j))0<t<p°°t P( 2t )5( e

where C, 4 denotes a constant depends only on o and d, and Cy denotes a constant depends only
on d.
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If for z = z(j) condition (1) holds, then

BEG) S Coalt =)~ 2s1pE(s, BE),02(1) / (T — 5)=*ds o

— 0t17).

If for 2 = z(j) condition (2) holds, choose 0 < 0, < &£ A 1. For fixed 8 > 0,z € R? and a > 0,

-B
the function g(t) := t % exp (— 0‘2‘12) gets its maximum value (0522) exp(—0) at tg = %22. Then

we have

T
I(z(y)) < C’md(t—r)*d“/t (T — s)"%ds-

(4.17)
sup | (y — 2(3)) ¢ (s,dy) — O(¢ 1 T).
s€l JB(2(4),0(;))
Thus, by (4.11), (4.14), (4.16) and (4.17),
Re(r,z,t,T) — 0(t 1 T). (4.18)

Therefore, A is a.e.-regular. The results of Theorem 2.2 hold.

Now we give an example of application of Theorem 4.3. We consider factored branching rate

kernels &, i.e.,

&(s,dy) = €a—1(8,ya-1)dya—1&1(s,dyr), s €1,y =[ya—1,1n] € R xR, (4.19)

where & is a one-dimensional kernel, whereas £;_; is a bounded measurable function on I x R471,
Factorize the d-dimensional Brownian motion and transition density function as follows: for ¢ >

0,y = [ya—1,91] € R x R,
W =W W' pa(t,y) = pa-1(t,ya—1)p1(t, 91)-
(In the extreme case d = 1, we read W}, & and dy,—1 as W, € and dy, respectively.)
Suppose &; is given by
&1(s,dyr) =T(0) = iaiéx(i), s€eR, (4.20)
i=1
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where T'(0) a stable random measure on R with index v € (0,1), characterized by its Laplace

functional

Fexp(T(0), — f) = exp (/ _f(x)vdx> Cf>o0. (4.21)

Corollary 4.4 Suppose ¢ is given by (4.7) and ¢ is given by (4.19) and (4.20). If 1/v >
(a — 1)d — 1, then X7 is absolutely continuous with respect to the Lebesgue measure on R?,

P, ,-ae..

Proof It is easy to check that A¢ € A}. Let

g(z) = sup / (y — 2) " H20E (s, dy). (4.22)
s€l JB(z,6.)

Then

z1+1
E(g(2)) < ESUP/ 51(87052/1)/ (y —2) 20 dy, 4
sel z1—1 B(Zd,hl)

1 1
= Esup/ 51(8,dy1)/ (yi + %) 0 2ar (4.23)
sel J—1 0

1 1/y1
= Esup/ fl(s,dyl)yg_adﬁgﬁd_l)/ (1+r2)*%d+92rd’2dr.
sel J -1 0

Choose 0, < (o —1)d/2+ 1/2, then [;°(1+ r2) = F A2 < 5o, By (4.23),

1
E(g(z) < / yi AR gy, (4.24)

1
If we choose 0, > (o —1)d/2 +1/2 — 1/(27), then (—ad + 20, +d — 1)y > —1, and therefore,
E(g(z)) < oo. By the above discussions, if we choose 6, satisfying

(a—1)d/241/2> 0, > (a—1)d/2+1/2—1/(27),

0<d, <1.

then E(g(z)) < oo. This 0, exists iff 1/y > (a — 1)d — 1. Consequently, A¢ is a.e.-regular and we

are done.
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Remark 4.1 Dawson & Fleischmann showed that if « = 2, d > 1, then for v € (0,1/(2d — 1)),
Xr is absolutely continuous, P, ,-a.e. (see Example 4.4.4 in [2]). By our result, f o« =2, d > 1,
then for v € (0,1/(d —1)), X is absolutely continuous, P, ,-a.e.. Therefore our result is an

improvement upon Dawson & Fleischmann’s.
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