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B Book 21

x E F

[x := E]F

F x E

[x := E]F =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

E F x

F x F

[x := E]P ∧ [x := E]Q F P ∧ Q

¬[x := E]P F ¬P

∀x.P F ∀x.P

∀y.[x := E]P F ∀x.P y x
y E

“ ” y
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HYP � ∀x.P

HYP � [x := E]P

HYP ∀x.P P x
E

“ ”

HYP � [x := E]P HYP � E = F

HYP � [x := F ]P

HYP � F1 = F2

HYP � [x := E]F1 = [x := E]F2
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B

“ ” “ ”

•
•

MACHINE . . .
VARIABLES . . .
INVARIANT . . .
INITIALISATION . . .
OPERATIONS . . .
END
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•
•

• 6

•
•
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x y {1, 2, 3}
9

x = y + 1

{(2, 1), (3, 2)}
x > y

{(2, 1), (3, 1), (3, 2)}
x = 3

{(3, 1), (3, 2), (3, 3)}
x = 3 ∧ y �= 2

{(3, 1), (3, 3)}
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seat ′ = seat + 1

seat ′ < seat

“ - ” VDM Z

B
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OPERATIONS

“ ”

B Book

“ ”

booking

MACHINE

booking
VARIABLES

seat
INVARIANT

seat ∈ N

OPERATIONS

book · · ·
cancel · · ·

END
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“ ”

booking cancel cancel
seat ∈ N

cancel

seat ′ = seat + 1

seat ′ = seat + 1
seta′ seat

seat ∈ N ⇒ ∀seat ′.(seat ′ = seat + 1 ⇒ seat ′ ∈ N)

cancel PO
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seat ∈ N ⇒ ∀seat ′.(seat ′ = seat + 1 ⇒ seat ′ ∈ N)

B

B

P x E

[x := E]P

P x E

[x := x + 1](x ∈ N)

x + 1 ∈ N
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cancel

seat ∈ N ⇒ ∀seat ′.(seat ′ = seat + 1 ⇒ seat ′ ∈ N)

∀x.(x = E ⇒ P ) ⇔ [x := E]P

“ ”

seat ∈ N ⇒ [seat ′ = seat + 1](seat ′ ∈ N)

seat ∈ N ⇒ seat + 1 ∈ N

seat ∈ N ⇒ [seat := seat + 1](seat ∈ N)

B
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I S

I ⇒ [S]I

“ ”

cancel
cancel = BEGIN seat := seat + 1 END

BEGIN S END

BEGIN END S

BEGIN S END =̂ S

BEGIN S END S

BEGIN S END S
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“ ”
booking book

book

book = BEGIN seat := seat − 1 END

seat ∈ N ⇒ [seat := seat − 1](seat ∈ N)

seat ∈ N ⇒ seat − 1 ∈ N

seat = 0

book “ ”

0 < seat
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B

P | S

P S

PRE P THEN S END P | S

book

book = PRE 0 < seat THEN seat := seat − 1 END

book =
PRE 0 < seat
THEN

seat := seat − 1
END

B
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S | P Q

[P | S]Q =̂ P ∧ [S]Q

P [P | S]
Q Q

“ ” B Book 6.3.1

I ∧ P ⇒ P ∧ [S]I

I ∧ P ⇒ [S]I

book
seat ∈ N ∧ 0 < seat ⇒ [seat := seat − 1](seat ∈ N)

= seat ∈ N ∧ 0 < seat ⇒ seat − 1 ∈ N
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Atelier B

CONSTRAINTS
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CONSTRAINTS

seat ∈ 0..max seat

seat
IF

INITIALISATION

? ⇒ [SI]I

I SI

booking “?”

? ⇒ [seat := max seat](seat ∈ 0..max seat)
= ? ⇒ max seat ∈ 0..max seat

MACHINE

booking(max seat)
CONSTRAINTS

max seat ∈ N

VARIABLES

seat
INVARIANT

seat ∈ 0..max seat
INITIALISATION

seat := max seat
OPERATIONS

book · · ·
cancel · · ·

END
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PRE

bookn

seat ∈ 0..max seat ∧ sn ∈ N ∧ sn ≤ seat
⇒
[seat := seat − sn](seat ∈ 0..max seat)

= seat ∈ 0..max seat ∧ sn ∈ N ∧ sn ≤ seat
⇒
seat − sn ∈ 0..max seat

bookn(sn) =
PRE

sn ∈ N ∧
sn ≤ seat

THEN

seat := seat − sn
END;

canceln(sn) =
PRE

sn ∈ N ∧
seat + sn ≤ max seat

THEN

seat := seat + sn
END
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seat ∈ 0..max seat ∧ sn ∈ N ∧ sn ≤ seat
⇒ seat − sn ∈ 0..max seat

canceln

seat ∈ 0..max seat ∧ sn ∈ N ∧ seat + sn ≤ max seat
⇒[seat := seat + sn](seat ∈ 0..max seat)

seat ∈ 0..max seat ∧ sn ∈ N ∧ seat + sn ≤ max seat
⇒ seat + sn ∈ 0..max seat

“←−”

snum ←− seat aval = BEGIN snum := seat END

snum N
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[x1, x2 := E1, E2]F

[x1, x2 := E1, E2]F =̂ [y := E2][x1 := E1][x2 := y]F

y x1, x2 F, E1, E2

[y := 1][x := y + 1](x + y > 0) = [y := 1](2y + 1 > 0) = 3 > 0

[y, x := 1, y + 1](x + y > 0) = y + 2 > 0

B Book
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x1, . . . , xn := E1, . . . , En

x1, . . . , xn n E1, . . . , En n

[x1, . . . , xn := E1, . . . , En]P

P x1, . . . , xn E1, . . . , En

x1 := E1 ||
x2 := E2

x1 := E1 || x2 := E2 =̂ [x1, x2 := E1, E2]F

x :∈ s

x := E = x :∈ {E}
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[skip]P = P P

IF . . . THEN . . . ELSE . . . END

[IF P THEN S1 ELSE S2 END]Q =̂ (P ⇒ [S1]Q) ∧ (¬P ⇒ [S2]Q)

IF P THEN S1 ELSE S2 END

I

I ⇒ (P ⇒ [S1]I) ∧ (¬P ⇒ [S2]I)

(I ⇒ (P ⇒ [S1]I)) ∧ (I ⇒ (¬P ⇒ [S2]I))

(I ∧ P ⇒ [S1]I) ∧ (I ∧ ¬P ⇒ [S2]I)

I ∧ P ⇒ [S1]I I ∧ ¬P ⇒ [S2]I
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IF P THEN S1 END =̂ IF P THEN S1 ELSE skip END

[IF P THEN S1 END]Q =̂ (P ⇒ [S1]Q) ∧ (¬P ⇒ Q)

IF

IF

I ⇒ (P ⇒ [S1]I) ∧ (¬P ⇒ I)

= (I ∧ P ⇒ [S1]I) ∧ (I ∧ ¬P ⇒ I)

= I ∧ P ⇒ [S1]I

IF P THEN S END PRE P THEN S END

I ∧ P ⇒ [S]I
IF PRE
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MACHINE

enum machine
VARIABLES

tnext , snext
INVARIANT

tnext ∈ 1..80000∧
snext ∈ 1..80000∧
snext ≤ tnext

INITIALISATION

tnext , snext := 1, 1
OPERATIONS

reset = BEGIN

tnext , snext := 1, 1
END;
nn ←− waitn = BEGIN

nn := tnext − snext
END;

N 80000 I

[tnext , snext := 1, 1]I
= 1 ∈ 1..N ∧ 1 ∈ 1..N ∧ 1 ≤ 1

reset

I ⇒ [tnext , snext := 1, 1]I
= I ⇒ 1 ∈ 1..N ∧ 1 ∈ 1..N ∧ 1 ≤ 1

waitn
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nn ←− takeNaxt = IF

tnext < 80000
THEN

nn, tnext := tnext , tnext + 1
ELSE

nn := 0
END;

nn ←− serveNext = IF

snext < tnext
THEN

nn, snext := snext, snext + 1
ELSE

nn := 0
END

END

takeNext IF

I ∧ tnext < N⇒
[nn, tnext := tnext, tnext + 1]I

= snext ∈ 1..N ∧ snext ≤ tnext∧
tnext ∈ 1..N ∧ tnext < N
⇒
snext ∈ 1..N ∧ snext ≤ tnext + 1∧
tnext + 1 ∈ 1..N

skip

serveNext

tnext ∈ 1..N ∧ snext ≤ tnext∧
snext ∈ 1..N ∧ snext < tnext
⇒
tnext ∈ 1..N ∧ snext + 1 ∈ 1..N∧
snext + 1 < tnext
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SETS

•
•

VALUES
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CONSTANTS PROPERTIES

∧
•
•

PROPERTIES

max num ∈ NAT ∧
max num = 10000 ∧
some num ∈ NAT ∧
some num ∈ 1..100
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•
c ∈ T

•
c ∈ S → T c ∈ S1 × · · · × Sn → T

•
c ∈ P T
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•
•
• CONSTRAINTS

PROPERTIES INVARIANT

• OPERATIONS

• OPERATIONS INVARIANT

• PROPERTIES B

• CONSTRAINTS
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MACHINE

Reading
SETS

READER; BOOK ; COPY ; RESPONSE = {yes, no}
CONSTANTS

copy
PROPERTIES

copy ∈ COPY � BOOK
VARIABLES

hasread , reading
INVARIANT

hasread ∈ READER ↔ BOOK∧
reading ∈ READER �→ COPY ∧
(reading; copy) ∩ hasread = ∅

INITIALISATION

hasread := ∅ || reading := ∅
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OPERATIONS

take(rd , cp) =
PRE

rd ∈ READER ∧ cp ∈ COPY ∧ copy(cp) /∈ hasread [{rd}]∧
rd /∈ dom(reading) ∧ cp /∈ ran(reading)

THEN

reading := reading ∪ {rd �→ cp}
END;

return(rd , cp) =
PRE

rd ∈ READER ∧ cp ∈ COPY ∧ cp ∈ ran(reading)
THEN

hasread := hasread ∪ {rd �→ copy(cp)}||
reading := {rd} �− reading

END;
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res ←− isreading(rd) =
PRE rd ∈ READER
THEN IF rd ∈ dom(reading) THEN res := yes

ELSE res := no END

END;

bk ←− curreading(rd) =
PRE rd ∈ READER ∧ rd ∈ dom(reading)
THEN bk := copy(reading(rd)) END;

res ←− rdhasread(rd , bk) =
PRE rd ∈ READER ∧ bk ∈ BOOK
THEN IF bk ∈ hasread [{rd}] THEN res := yes

ELSE res := no END

END

END
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B Book 3.7

sequence

genius = [Lao tzu, Chuang tzu, Congfucius]

[ ]

s

size(s) s

first(s) s

last(s) s

tail(s) s

front(s) s

rev(s) s
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s1 ˆ s2 ˆ

e → s ->

s ← e <-

s ↑ n n /|\

s ↓ n n \|/

conc(s) conc

s = first(s) → tail(s)

s = front(s) ← last(s)

n

n
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seq(S) S

seq(S)

seq(S) =̂
⋃

n.(n ∈ N | 1..n → S)

seq(S) 1 S n = 0
1..0

genius = {1 �→ Lao tzu, 2 �→ Chuang tzu, 3 �→ Congfucius}

s(1), s(2), . . .

s . . .

card(s−1[{e}])
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B

seq1(S) S seq1()

iseq(S) S iseq()

iseq1(S) S iseq1()

perm(S) S perm()

S S S

iseq(S) =̂ {s | s ∈ seq(S) ∧ s ∈ N1 �� S}
perm(S) =̂ {s | s ∈ iseq(s) ∧ s ∈ N1 �� S}

•
• S
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Payment

bill ∈ seq1(Payment)

seq1
iseq1(Payment)

1. (s ↑ n) ˆ(s ↓ n) = s n ≤ size(s)

2. 0 ≤ m ≤ n ≤ size(s) ⇒ (s ↑ n ↑ m = s ↑ m)

3. n + m ∈ 0.. size(s) ⇒ (s ↓ n ↓ m = s ↓ (n + m))

4. 0 ≤ m ≤ n ≤ size(s) ⇒ s ↑ n ↓ m = s ↓ m ↑ (n − m)

5. first(x → s) = x tail(x → s) = s

6. last(s ← x) = x front(s ← x) = s
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RUNNER

finish ∈ seq(RUNNER)

MACHINE

Results
SETS

RUNNER
VARIABLES

finish
INVARIANT

finish ∈ iseq(RUNNER)
INITIALISATION

finish := [ ]
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OPERATIONS

finished(rn) =
PRE

rn ∈ RUNNER ∧ rn /∈ ran(finish)
THEN

finish := finish ← rn
END;

rn ←− query(pos) =
PRE

pos ∈ N1 ∧ pos ≤ size(finish)
THEN

rn := finish(pos)
END;

• finish query pos
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dequalify(pos) =
PRE

pos ∈ N1 ∧ pos ≤ size(finish)
THEN

finish := (finish ↑ (pos − 1)) ˆ(finish ↓ pos)
END;

ss ←− medals =
BEGIN

ss := finish ↑ 3
END

END

• dequalify

• medals
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B

•
•
• B

•
•
•
•
•
•
•
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