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(1)

1 100

S

• e ∈ S e S e : S

• e /∈ S S e e /: S

SQUARES = {1, 4, 9, 16, 25}
Category = {vip, normal , dobiuos}

B
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(2)

∅ {}

comprehension

SQUARES = {x | n ∈ NAT1 ∧ n ≤ 5 ∧ x = n × n}
SQUARES = {n × n | n ∈ NAT1 ∧ n ≤ 5}

SQUARES = {x | n : NAT1 & n <= 5 & x = n * n}

S = {e | P}
P e
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(3)

S ∪ T S \/ T
S ∩ T S /\ T
S − T S - T

⋂
SS =̂ {e | for all s ∈ SS · e ∈ s} inter SS

⋃
SS =̂ {e | for some s ∈ SS · e ∈ s} union SS

VIP Normal Dubious
{VIP, Normal, Dubious}⋃ {VIP, Normal, Dubious}

Di i DS⋂
DS

⋃
DS
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(4)

P S =̂ {T | T ⊆ S} POW S

P1 S =̂ {T | T ⊆ S ∧ T �= ∅} POW1 S

S
∅ ∈ P S
S ∈ P S

S T (s, t)

S × T =̂ {(s, t) | s ∈ S ∧ t ∈ T} S * T
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(5)

B

Z INTEGER

N NATURAL

INT INT

NAT NAT

NAT1 NAT1 NAT

BOOL BOOL TRUE, FALSE

INT MININT MAXINT

INT
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(6)

m..n =̂ {i | i ∈ Z ∧ m ≤ i ∧ i ≤ n}

NAT = 0..MAXINT
NAT1 = NAT − {0}
INT = MININT..MAXINT
BOOL = {FALSE, TRUE}
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(7)

card(S)

card({2, 4, 6}) = 3
card(NAT) = MAXINT

S = T S T S = T

S �= T S T S /= T

S ⊆ T S T S <: T

S ⊂ T S T S <<: T

S � T S T S /<: T

S �⊂ T S T S /<<: T

S
S ⊆ S
∅ ⊆ S
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e ∈ S

assertion predicate

B

TRUE TRUE
FALSE FALSE

P Q

¬P not P
P ∧ Q P & Q
P ∨ Q P or Q
P ⇒ Q P => Q
P ⇔ Q P <=> Q
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S T

T ⊆ Q ⇔ T ∈ P S

P ⇒ Q ¬P ∨ Q
P ∧ Q ¬(¬P ∨ ¬Q)
P ∨ Q ¬(¬P ∧ ¬Q)

P ⇔ Q (P ⇒ Q) ∧ (Q ⇒ P )

“ ” P Q P Q

P Q P = Q

P = Q
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P ∧ P = P ∧
P ∨ P = P ∨

P ∧ ¬P = FALSE

P ∨ ¬P = TRUE

(P ∧ Q) ∧ R = P ∧ (Q ∧ R) ∧
(P ∨ Q) ∨ R = P ∨ (Q ∨ R) ∨

P ∧ Q = Q ∧ P ∧
P ∨ Q = Q ∨ P ∨

P ∧ TRUE = P ∧
p ∨ FALSE = P ∨
P ∨ TRUE = TRUE ∧
p ∧ FALSE = FALSE ∨

P ∧ (Q ∨ R) = (P ∨ Q) ∧ (P ∨ R) ∨ ∧
P ∨ (Q ∧ R) = (P ∧ Q) ∨ (P ∧ R) ∧ ∨
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B

∀x.P ! x . P
∃x.P # x . P

∀x.(x ∈ T ⇒ P )

∃x.(x ∈ T ∧ P )

T x P
T x P

∀x.(x ∈ N ⇒ x + 1 > 0)

∃x.(x ∈ N ⇒ x ∗ x ≤ x)

∀(x, y).(x ∈ N ∧ y ∈ N1 ⇒ x ∗ y ≥ x)

∀(x, y).(. . .) ∀x.∀y.(. . .)
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¬∀x.(x ∈ T ⇒ P ) = ∃x.(x ∈ T ∧ ¬P )

¬∃x.(x ∈ T ∧ P ) = ∀x.(x ∈ T ⇒ ¬P )

• T x P iff T x P

• T x P iff T x P

scope
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freev P P P

• NAT

•
freev(P ∧ Q) = freev P ∪ freev Q freev ¬P = freev P

•
freev ∀x.P = freev P − {x}
freev ∃x.P = freev P − {x}

x P x P
P

x x
B x \ E

x \ P x E P

P
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P Q x P Q x
P ∧ Q

• P Q y

• Q x y Q′

• P ∧ Q′ P ∧ Q

renaming

∀(n, m).(n ∈ N ∧ m ∈ N ∧ m = n ∗ n ⇒ ∃n.(n ∈ N ∧ n > m))

∀(n, m).(n ∈ N ∧ m ∈ N ∧ m = n ∗ n ⇒ ∃k.(k ∈ N ∧ k > m))
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∀x.(x ∈ N1 ⇒ (∃y.(y ∈ N ∧ y < x)) ∧ y = x ∗ x)

y = x ∗ x y y

∀x.(x ∈ N1 ⇒ (∃v.(v ∈ N ∧ v < x)) ∧ y = x ∗ x)
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B

B

B

• =, �=
• >, <, ≥, ≤
• ∈, /∈
• ⊂, ⊆, �⊂, �⊆
•

“ ”
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•
•
•

{x | x ∈ x}
{x | x /∈ x}
∃x.(x ∈ x)

B B

B
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B

•
•

1..2 ⊆ 1..10 ⊆ 0..20 ⊆ NAT ⊆ Z

1 2 Z

TRUE FALSE BOOL

1..2 P Z

x ∈ y x y
x ∈ y y x
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B

• BOOL Z

•
•

T1 T2

P T1 T

T1 × T2 (x1, x2) x1 ∈ T1 x2 ∈ T2

• INVARIANT

• PROPERTIES

• IF PRE

Formal Methods: Software Development in B Qiu Zongyan (March 16, 2010) 20

• Z

• P Z

•
P P Z

• (n, ok) ok
BOOL Z × BOOL

• P(Z × BOOL)

/ /

•
•
•
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e �→ e′

e, e′

∀(x, y).P

A1, B1 = A2, B2

ok , seats := TRUE, seats − 1 “ ”

e1 T1 e2 T2 e1, e2 T1 × T2

B

, �→ e1, e2, e3

(e1, e2), e3
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S1 S2

S1 ↔ S2 S1 <-> S2

S1 ↔ S2 =̂ P(S1 × S2)

courseSel n c1 c2

(n, c1) ∈ courseSel (n, c2) ∈ courseSel
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(1)

p ∈ S1 ↔ S2, q ∈ S2 ↔ S3, s ⊆ S1, t ⊆ S2

p−1 ~p {b, a | b ∈ S2 ∧ a ∈ S1 ∧ (a, b) ∈ p}
dom(p) dom(p) {a | a ∈ S1 ∧ ∃b.(b ∈ S2 ∧ (a, b) ∈ p)}
ran(p) ran(p) dom(p−1)
id(S1) id(S_1) {a, b | (a, b) ∈ S1 × S1 ∧ a = b}
p ; q p;q {a, c | (a, c) ∈ (S1 × S3)∧

∃b.(b ∈ S2 ∧ (a, b) ∈ p ∧ (b, c) ∈ q)}
s � p s <| p {a, b | (a, b) ∈ p ∧ a ∈ s}
p � t p |> t {a, b | (a, b) ∈ p ∧ b ∈ t}
s �− p s <<| p {a, b | (a, b) ∈ p ∧ a /∈ s}
p �− t p |>> t {a, b | (a, b) ∈ p ∧ b /∈ t}

s �− p = (dom(p) − s) � p
p �− t = p � (ran(p) − t)
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• p−1 p

• dom(p) p

• ran(p) p

• id(S1) S1

• p ; q p q

• s � p p s

• p � t p t

• s �− p p s

• p �− t p t
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Student Course Building

courseSel ∈ Student ↔ Course
coursePos ∈ Course ↔ Building

math ∈ Student general ∈ Course

math � courseSel
math �− courseSel
courseSel �− general
courseSel �− genaral

courseSel−1

courseSel ; coursePos
math − dom(courseSel)
dom((courseSel ; coursePos) � {2})
dom(math � (courseSel ; coursePos) � {2})
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(2)

p ∈ s1 ↔ s2, r ∈ s1 ↔ s2, w ⊆ s1,
t ∈ s2 q ∈ s1 ↔ s3 h ∈ s3 ↔ s4

p[w] p[w] ran(w � p)
p �− r p <+ r (dom r �− p) ∪ r

p ⊗ q p >< q {a, (b, c) | (a, (b, c)) ∈ s1 × (s2 × s3)∧
(a, b) ∈ p ∧ (a, c) ∈ q}

prj1(s1, s2) prj1(s1,s2) {a, b, c | (a, b, c) ∈ s1 × s2 × s1 ∧ a = c}
prj2(s1, s2) prj2(s1,s2) {a, b, c | (a, b, c) ∈ s1 × s2 × s1 ∧ b = c}
p ‖ h p || h {(a, b), (c, d) |

((a, b), (c, d)) ∈ (s1 × s2) × (s3 × s4)∧
(a, c) ∈ p ∧ (c, d) ∈ h}

p[w] w p p �− r
r p p ⊗ q p q p ‖ q p q
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p = {3 �→ 5, 3 �→ 9, 6 �→ 3, 9 �→ 2}
w = {1, 2, 3}
p[w] = {5, 9}
q = {2 �→ 7, 3 �→ 4, 5 �→ 1, 9 �→ 5}
q �− p = {3 �→ 5, 3 �→ 9, 6 �→ 3, 9 �→ 2, 2 �→ 7, 5 �→ 1}
f = {8 �→ 10, 7 �→ 11, 2 �→ 11, 6 �→ 12}
g = {1 �→ 20, 7 �→ 20, 2 �→ 21, 1 �→ 22}
f ⊗ g = {7 �→ (11, 20), 2 �→ (11, 21)}
s = {1, 4}
t = {2, 3}
prj1(s, t) = {(1, 2) �→ 1, (1, 3) �→ 1, (4, 2) �→ 4, (4, 3) �→ 4}
prj2(s, t) = {(1, 2) �→ 2, (1, 3) �→ 3, (4, 2) �→ 2, (4, 3) �→ 3}
h = {1 �→ 11, 4 �→ 12}
k = {2 �→ 21, 7 �→ 22}
h ‖ k = {(1, 2) �→ (11, 21), (1, 7) �→ (11, 22),

(4, 2) �→ (12, 21), (4, 7) �→ (12, 22)}
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B Book 2.4

• p ; q ran(p) dom(q)
e1 ∈ s1 e2 ∈ s2 e1 e2

s1 s2

• p �− q

• p[w] dom(p) w

• f ⊗ g dom(f) dom(g)

• s � p s dom(p)

• p � t t ran(p)
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p = {3 �→ 5, 3 �→ 9, 6 �→ 3, 9 �→ 2}
p 3

f = {2 �→ 5, 3 �→ 9, 6 �→ 3, 9 �→ 2}

p[{2, 3, 6}] = {5, 9, 3}

f [{3}] = {9}

f(a) = b f(a) f [{a}] = {b}
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s �→ t s +-> t {r | s ↔ t ∧ (r−1; r) ∈ id(t)}
s → t s --> t {f | f ∈ s �→ t ∧ dom(f) = s}
s �� t s >+> t {f | f ∈ s �→ t ∧ f−1 ∈ t �→ s}
s � t s >-> t s �� t ∩ s → t

s �� t s +->> t {f | f ∈ s �→ t ∧ ran(f) = t}
s � t s -->> t s �� t ∩ s → t

s �� t s >->> t s � t ∩ s � t

a ∈ t (r−1; r) ∈ id(t)
b ∈ r−1[{a}] r[{b}] {a} r

s
s t

s “ ”
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•
discount = {vip �→ 90, normal �→ 100, dubious �→ 100}

•
func = {x �→ y | x ∈ 1..10 ∧ y ∈ Z ∧ y = x ∗ x + 1}

• B λ

λx.(x ∈ s | e) % x . (x IN s | e)
{x, y | (x, y) ∈ s × t ∧ y = e}

λx.(x ∈ s ∧ P | e) % x . (x IN s & P | e)
{x, y | (x, y) ∈ s × t ∧ P ∧ y = e}

s, t P x, y s, t
∀x.(x ∈ s ⇒ e ∈ t) λ s t
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• category

category ∈ client → Category

• allowance cliant

allowance ∈ client → 1..2000

• category
category−1[{normal}]

category−1[{vip}]
category−1[{dubious}]

• 1000

allowance[category−1[{normal}]] = {1000}
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B Book 77

•
•
•
•
•

“ ”
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PERSON

people, men, women, husband , mother

people ⊆ PERSON

men ⊆ people

women ⊆ PERSON ∧ women = people − men

husband ∈ women �→ men

mother ∈ person �→ dom(husband)

husband mother

•
•
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wife =̂ busband−1

spouse =̂ husband ∪ wife
father =̂ mother ; husband
parents =̂ mother ∪ father
children =̂ (mother ∪ father)−1

daughter =̂ children � women
boy =̂ children � men
sibling =̂ (children−1 ; children) − id(PERSON )
brother =̂ sibling �− women
sibInLaw =̂ (sibling ; spouse) ∪ (spouse ; sibling)∪

(spouse ; sibling ; spouse)
nephew niece =̂ (sibling ∪ sibInLaw) ; children
uncle aunt =̂ nephew niece−1

cousin =̂ uncle aunt ; children
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father ; father−1 = mother ; mother−1

father ; father−1

= (mother ; husband) ; (mother ; husband)−1 ( )

= (mother ; husband) ; (husband−1 ; mother−1) ( )

= mother ; (husband ; husband−1) ; mother−1 (“;” )

= mother ; id(dom(husband)) ; mother−1 ( )

= (mother � dom(husband)) ; mother−1 (“�” )

= mother ; mother−1 ( )

B Book 78
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MACHINE Access
SETS USER; PRINTER; OPTION ; PERMISSION = {ok , noaccess}
CONSTANTS options
PROPERTIES options ∈ PRINTER ↔ OPTION

dom(options) = PRINTER ∧ ran(options) = OPTION

PRINTER
PRINTER

printer

USER options
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“ ”

VARIABLES access
INVARIANT access ∈ USER ↔ PRINTER
INITIALISATION access := ∅

OPERATIONS

add(uu, pp) =
PRE uu ∈ USER ∧ pp ∈ PRINTER
THEN access := access ∪ {uu �→ pp}
END;

erase(uu, pp) =
PRE uu ∈ USER ∧ pp ∈ PRINTER
THEN access := access − {uu �→ pp}
END;
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/

OPERATIONS

ans ←− queryOption(uu, oo) =
PRE uu ∈ USER ∧ oo ∈ OPTION
THEN IF uu �→ oo ∈ (access ; options)

THEN ans := ok
ELSE ans := noaccess
END

END;

pri :∈ ran({uu} � access � options−1[{oo}])

uu �→ oo ∈ (access ; options)
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card
nn ←− queryPNumber(uu) =

PRE uu ∈ USER
THEN nn := card(ran({uu} � access))
END;

nn ←− queryOpUsers(oo) =
PRE oo ∈ OPTION
THEN nn := card( dom( (access ; options) � {oo} ) )
END;

oo

uus := (access ; options)−1[{oo}]
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unify(uu1 , uu2 ) =
PRE uu1 ∈ USER ∧ uu2 ∈ USER
THEN access := access ∪ {uu1} × access[{uu2}]

∪ {uu2} × access[{uu1}]
END;

ban(uu) =
PRE uu ∈ USER
THEN access := {uu} �− access
END;

“ ” :
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B

λ
IF

•
•
•

“ ”
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